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PREFACE
Pur pose/Goals

Thisbook describes data structures, methods of organizing large amounts of data, and
algorithmanalysis, the estimation of the running time of algorithms. As computers
become faster and faster, the need for programs that can handle large amounts of input
becomes more acute. Paradoxically, this requires more careful attention to efficiency,
sinceinefficiencies in programs become most obvious when input sizes are large. By
analyzing an algorithm before it is actually coded, students can decide if a particular
solution will be feasible. For example, in this text students look at specific problems and
see how careful implementations can reduce the time constraint for large amounts of data
from 16 years to less than a second. Therefore, no algorithm or data structure is presented
without an explanation of its running time. In some cases, minute details that affect the
running time of the implementation are explored.

Once a solution method is determined, a program must still be written. As computers
have become more powerful, the problems they solve have become larger and more
complex, thus requiring development of more intricate programs to solve the problems.
The goal of thistext isto teach students good programming and algorithm analysis skills
simultaneously so that they can devel op such programs with the maximum amount of
efficiency.

This book is suitable for either an advanced data structures (CS7) course or afirst-year
graduate course in algorithm analysis. Students should have some knowledge of
intermediate programming, including such topics as pointers and recursion, and some
background in discrete math.

Approach

| believeit isimportant for studentsto learn how to program for themselves, not how to
copy programs from a book. On the other hand, it is virtually impossible to discuss
realistic programming issues without including sample code. For this reason, the book
usually provides about half to three-quarters of an implementation, and the student is
encouraged to supply the rest.

The algorithms in this book are presented in ANSI C, which, despite some flaws, is
arguably the most popular systems programming language. The use of C instead of
Pascal allows the use of dynamically allocated arrays (see for instance rehashing in Ch.
5). It also produces simplified code in several places, usually because the and (&&)
operation is short-circuited.



Most criticisms of C center on the fact that it is easy to write code that is barely readable.
Some of the more standard tricks, such as the simultaneous assignment and testing
against Ovia

it (x=y)

are generally not used in the text, since the loss of clarity is compensated by only afew
keystrokes and no increased speed. | believe that this book demonstrates that unreadable
code can be avoided by exercising reasonable care.

Overview

Chapter 1 contains review material on discrete math and recursion. | believe the only way
to be comfortable with recursion is to see good uses over and over. Therefore, recursion
isprevalent in this text, with examples in every chapter except Chapter 5.

Chapter 2 deals with algorithm analysis. This chapter explains asymptotic analysis and its
major weaknesses. Many examples are provided, including an in-depth explanation of
logarithmic running time. Simple recursive programs are analyzed by intuitively
converting them into iterative programs. More complicated divide-and-conquer programs
are introduced, but some of the analysis (solving recurrence relations) isimplicitly
delayed until Chapter 7, whereit is performed in detail.

Chapter 3 covers lists, stacks, and queues. The emphasis here is on coding these data
structuresusing aors, fast implementation of these data structures, and an exposition of
some of their uses. There are amost no programs (just routines), but the exercises contain
plenty of ideas for programming assignments.

Chapter 4 covers trees, with an emphasis on search trees, including external search trees
(B-trees). The unix file system and expression trees are used as examples. avL trees and
splay trees are introduced but not analyzed. Seventy-five percent of the code iswritten,
leaving similar cases to be completed by the student. Additional coverage of trees, such
as file compression and game trees, is deferred until Chapter 10. Data structures for an
external medium are considered as the final topic in several chapters.

Chapter 5 isarelatively short chapter concerning hash tables. Some analysisis performed
and extendible hashing is covered at the end of the chapter.

Chapter 6 is about priority queues. Binary heaps are covered, and there is additional
material on some of the theoretically interesting implementations of priority queues.

Chapter 7 covers sorting. It is very specific with respect to coding details and analysis.
All theimportant general - purpose sorting algorithms are covered and compared. Three
algorithms are analyzed in detail: insertion sort, Shellsort, and quicksort. External sorting
is covered at the end of the chapter.



Chapter 8 discusses the digjoint set algorithm with proof of the running time. Thisisa
short and specific chapter that can be skipped if Kruskal's algorithm is not discussed.

Chapter 9 covers graph agorithms. Algorithms on graphs are interesting not only because
they frequently occur in practice but also because their running time is so heavily
dependent on the proper use of data structures. Virtually al of the standard algorithms are
presented along with appropriate data structures, pseudocode, and analysis of running
time. To place these problems in a proper context, a short discussion on complexity
theory (including NP-compl eteness and undecidability) is provided.

Chapter 10 covers algorithm design by examining common problem-solving techniques.
This chapter is heavily fortified with examples. Pseudocode is used in these later chapters
so that the student's appreciation of an example algorithm is not obscured by
implementation details.

Chapter 11 deals with amortized analysis. Three data structures from Chapters 4 and 6
and the Fibonacci heap, introduced in this chapter, are analyzed.

Chapters 1-9 provide enough material for most one-semester data structures courses. If
time permits, then Chapter 10 can be covered. A graduate course on agorithm analysis
could cover Chapters 7-11. The advanced data structures analyzed in Chapter 11 can
easily be referred to in the earlier chapters. The discussion of NP-completenessin
Chapter 9 isfar too brief to be used in such a course. Garey and Johnson's book on NP-
completeness can be used to augment this text.

Exercises

Exercises, provided at the end of each chapter, match the order in which material is
presented. The last exercises may address the chapter as a whole rather than a specific
section. Difficult exercises are marked with an asterisk, and more challenging exercises
have two asterisks.

A solutions manual containing solutions to ailmost all the exercises is available separately
from The Benjamin/Cummings Publishing Company.

References

References are placed at the end of each chapter. Generally the references either are
historical, representing the original source of the material, or they represent extensions
and improvements to the results given in the text. Some references represent solutions to
exercises.
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CHAPTER 1: INTRODUCTION

In this chapter, we discuss the aims and goals of thistext and briefly review programming
concepts and discrete mathematics. We will

*See that how a program performs for reasonably large input is just asimportant as its
performance on moderate amounts of input.

*Review good programming style.
*Summarize the basic mathematical background needed for the rest of the book.

*Briefly review recursion.

1.1. What'sthe Book About?

Suppose you have a group of n numbers and would like to determine the kth largest. This
isknown asthe selection problem. Most students who have had a programming course or
two would have no difficulty writing a program to solve this problem. There are quite a
few "obvious' solutions.

One way to solve this problem would be to read the n numbers into an array, sort the
array in decreasing order by some simple algorithm such as bubblesort, and then return
the element in position k.

A somewhat better algorithm might be to read the first k elementsinto an array and sort
them (in decreasing order). Next, each remaining element is read one by one. As anew
element arrives, it isignored if it is smaller than the kth element in the array. Otherwise, it
isplaced in its correct spot in the array, bumping one element out of the array. When the
algorithm ends, the element in the kth position is returned as the answer.

Both algorithms are simple to code, and you are encouraged to do so. The natural
guestions, then, are which agorithm is better and, more importantly, is either algorithm
good enough? A ssmulation using arandom file of 1 million elements and k = 500,000
will show that neither algorithm finishesin a reasonable amount of time--each requires
several days of computer processing to terminate (albeit eventually with a correct answer).
An aternative method, discussed in Chapter 7, gives a solution in about a second. Thus,
although our proposed algorithms work, they cannot be considered good algorithms,
because they are entirely impractical for input sizes that athird algorithm can handlein a
reasonable amount of time,



A second problem is to solve a popular word puzzle. The input consists of atwo-
dimensional array of letters and alist of words. The object isto find the words in the
puzzle. These words may be horizontal, vertical, or diagonal in any direction. Asan
example, the puzzle shown in Figure 1.1 contains the words this, two, fat, and that. The
word this begins at row 1, column 1 (1,1) and extends to (1, 4); two goes from (1, 1) to (3,
1); fat goesfrom (4, 1) to (2, 3); and that goesfrom (4, 4) to (1, 1).

Again, there are at least two straightforward algorithms that solve the problem. For each
word in the word list, we check each ordered triple (row, column, orientation) for the
presence of the word. This amountsto lots of nested for loops but is basically
straightforward.

Alternatively, for each ordered quadruple (row, column, orientation, number of
characters) that doesn't run off an end of the puzzle, we can test whether the word
indicated isin the word list. Again, this amounts to lots of nested for loops. It is possible
to save some timeif the maximum number of charactersin any word is known.

Itisrelatively easy to code up either solution and solve many of the real-life puzzles
commonly published in magazines. These typically have 16 rows, 16 columns, and 40 or
so words. Suppose, however, we consider the variation where only the puzzle board is
given and the word list is essentially an English dictionary. Both of the solutions

proposed require considerable time to solve this problem and therefore are not acceptable.
However, it is possible, even with alarge word list, to solve the problem in a matter of
seconds.

An important concept is that, in many problems, writing aworking program is not good
enough. If the program is to be run on alarge data set, then the running time becomes an
issue. Throughout this book we will see how to estimate the running time of a program
for large inputs and, more importantly, how to compare the running times of two
programs without actually coding them. We will see techniques for drastically improving
the speed of a program and for determining program bottlenecks. These techniques will
enable usto find the section of the code on which to concentrate our optimization efforts.

Figure 1.1 Sample word puzzle

1.2. Mathematics Review

This section lists some of the basic formulas you need to memorize or be able to derive
and reviews basic proof techniques.



1.2.1. Exponents

x& xPb = xat
xa
= xa-b
xb
(xa)b = xab

Xn + xn = 2xn 5"'- x2n
2n + 2n = 2n+1

1.2.2. Logarithms

In computer science, all logarithms are to base 2 unl ess specified otherwise.
DEFINITION: xa=bifandonlyiflog b=a
X

Several convenient equalitiesfollow fromthisdefinition.

THEOREM 1.1.
log, &
= =
log, & og. 2 €
PROOF:

Letx=log b,y=log a,andz=1log b. Then, by thedefinition of logarithms, cx = b, cy = a, and az = b. Combining these three
equalitiesyields (cy)z = cx = b. Therefore, x = yz, which implies z = x/y, proving the theorem.

THEOREM 1.2.

logab=loga+logb

PROOF:

Let x=1log a,y=1logb, z=1log ab. Then, assuming the default base of 2, 2x=a, 2y = b, 2z = ab. Combining thelast three equalities
yields 2x2y = 2z = ab. Therefore, x + y = z, which provesthe theorem.

Some other useful formulas, which can all be derived in asimilar manner, follow.

log a/lb =1oga- logh
| og( ab)
log x < x for all x >0

log1 =0, log2=1, log 1,024 =10, log 1,048,576 = 20

b log a

1.2.3.Series



The easiest formulasto remember are
H
er' I g S
i=0
and the companion,
" +1 _
>t = T
a = Ta-—-1
i=0 a

Inthelatter formula, if 0< a < 1, then

s . 1
Sas

£=|.-|‘

and as n tendsto ™, the sum approaches 1/(1 -a). These arethe"geometric series’ formulas.

ipatD=a<1)

We can derivethelast formulafor " in the following manner. Let S be the sum. Then

S=1+a+a2+a3 +a4 +ad5+. ..
Then
aS=a+a2 +a3 +a4 +ab + . . .

If we subtract these two equations (which is permissible only for aconvergent series), virtually all thetermson theright side cancel,
leaving

which impliesthat

1
5=
l1—a
ERR X
We can use this same technique to compute = , asum that occursfrequently. Wewrite
c.1.2.3 4 5
I TR KIS TR E

and multiply by 2, obtaining



Thus, S=2.

Another type of common seriesin analysisisthe arithmetic series. Any such series can be evaluated from thebasic formula

n . N{N"‘”ENI
>i- ML
i=1

For instance, tofindthesum2+5+8+...+(3k- 1), rewriteitas3(1+ 2+ 3+...+K) - (L + 1+ 1+. ..+ 1), whichisclearly 3k(k +
1)/2 - k. Another way to remember thisisto add thefirst and last terms (total 3k + 1), the second and next to last terms (total 3k + 1),

and so on. Sincethere are k/2 of these pairs, the total sum isk(3k + 1)/2, which isthe same answer as before.

The next two formulas pop up now and then but arefairly infrequent.

N o _ NIN+1)EN+1) N

JZH:Z_ c ::T

=1
M Th+1
-
5 4 s
Zl’ wry

When k = -1, thelatter formulais not valid. We then need thefollowing formula, which isused far morein computer sciencethanin
other mathematical disciplines. Thenumbers, HN, are known asthe harmonic numbers, and the sum isknown asaharmonic sum. The
error inthefollowing approximation tendsto y ==0.57721566, which isknown as Euler's constant.

M

Hy = Zl = log, N

i=1 "

Thesetwo formulasarejust general algebraic manipulations.

S FINT = NfIN)

#i— 1l

S - > ft)
eS|

4
Il

=y i=1



1.2.4. Modular Arithmetic

We say that a is congruent to b modulo n, written a mb(modn), if n dividesa - b. Intuitively, thismeansthat the remainder isthe same
when either a or bisdivided by n. Thus, 81 m61m1(mod 10). Aswith equality, if amb (mod n), then a + cmb + c(mod n) and a d=b
d (mod n).

Therearealot of theoremsthat apply to modul ar arithmetic, some of which require extraordinary proofsin number theory. Wewill

usemodular arithmetic sparingly, and the preceding theoremswill suffice.
1.25. TheP Word

Thetwo most common ways of proving statementsin datastructure anaysisare proof by induction and proof by contradiction (and
occasionally aproof by intimidation, by professorsonly). The best way of proving that atheoremisfalseisby exhibitinga
counterexample.

Proof by Induction

A proof by induction hastwo standard parts. Thefirst step isproving a base case, that is, establishing that atheoremistruefor some

small (usually degenerate) value(s); thisstepisalmost alwaystrivial. Next, an inductive hypothesisis assumed. Generally thismeans
that the theorem isassumed to be truefor all cases up to somelimit k. Using thisassumption, thetheoremisthen shown to betruefor
thenext value, whichistypicaly k + 1. This provesthe theorem (aslong ask is finite).

Asan example, we provethat the Fibonacci numbers, F0 =1 Fl 1, F2 =2, F3 =3, F4 =5,. F F 1+ F L , satisfy F < (5/3)i,
fori=1. (SomedefinitionshaveF 0 which shiftsthe series.) To dothis, wefirst verify that thetheorem |struefor thetr|V|aI cases.
It iseasy to verify that F1 =1<5/3 and F2 = 2<25/9; this provesthe basis. We assumethat thetheoremistruefori=1,2, ...,k
thisistheinductive hypothesis. To prove the theorem, we need to show that Fk+1 < (5/3)k+1. We have

F +1=F +F-1
k k k
by the definition, and we can use the inductive hypothesis on theright-hand side, obtaining

Fiog < (513K + (5/3)k-1
< (3/5)(5/3)k+1 + (3/5)2(5/3)k+1
< (3/5)(5/3)k+L + (9/25)(5/3)k+l

which simplifiesto

Foyy < (315 + 9/25)(5/3)k+1
< (241 25) (5/3) k+1
< (5/3) k+1

proving the theorem.
Asasecond exampl e, we establish thefollowing theorem.

THEOREM 1.3.



nin + 1)2n + 1)
6

M
If s = 1, then > i =
=1

PROOF:

The proof isby induction. For thebasis, it isreadily seen that thetheoremistruewhen n = 1. For theinductive hypothesis, assume
that the theorem istrue for 1 =k =n. Wewill establish that, under thisassumption, thetheoremistrue for n + 1. We have

a+1 e

S =i 1Y
i=1

Applying theinductive hypothesis, weobtain

m+1 i v i
; aln+D2n+11 | Ak
§ e [—5_ — +in+ 1

= ::;I; + l}lw + {?‘i 4 ﬂ'j

nt 4+ Tn+ 6
(n = 1]—6—

(s = 1) + 2320 + 3]

g
[

Thus,

2l e Dle+ DA 12+ 1) + 1]
a 6

proving the theorem.

Proof by Counterexample

The statement Fk5k2 isfase. The easiest way to provethisisto compute F11 =144>112.

Proof by Contradiction

Proof by contradiction proceeds by assuming that thetheorem isfal seand showing that this assumption impliesthat someknown
property isfalse, and hence the original assumptionwaserroneous. A classic exampleisthe proof that thereisan infinite number of

primes. To provethis, we assumethat thetheoremisfalse, so that thereis somelargest prime pk. Let pl, p2, cey pk be all the primes

in order and consider



Clearly, Nislarger than p , so by assumption N isnot prime. However, none of pl, p2, ceey pk divide N exactly, because there will
awaysbearemainder of 1. Thisisacontradiction, because every number iseither primeor aproduct of primes. Hence, the original

assumption, that pk isthe largest prime, isfalse, which impliesthat thetheoremistrue.

int
f(int x)
{

[*1%] if (x =0)

[*2*] return O;

el se

[*3*/ return( 2*f(x-1) + x*x );

}

Figure1.2 A recursivefunction

1.3. A Brief Introduction to Recursion

Most mathematical functionsthat wearefamiliar with are described by asimpleformula. For instance, we can convert temperatures
from Fahrenheit to Celsius by applying theformula

Giventhisformula, itistrivial towriteaC function; with declarations and bracesremoved, the one-lineformulatranslatesto oneline
of C.

Mathematical functions are sometimesdefined in aless standard form. Asan example, we can defineafunction f, valid on
nonnegativeintegers, that satisfies f(0) = 0 and f(x) = 2f(x - 1) + x2. From this definition we seethat f(1) = 1, f(2) = 6, f(3) = 21, and f(4)
=58. A function that isdefined in terms of itself iscalled recursive. C allowsfunctionsto berecursive.* Itisimportant to remember
that what C providesismerely an attempt to follow therecursive spirit. Not all mathematically recursivefunctionsareefficiently (or
correctly) implemented by C'ssimulation of recursion. Theideaisthat therecursivefunction f ought to be expressiblein only afew

lines, just like a non-recursivefunction. Figure 1.2 showstherecursiveimplementation of f.
*Using recursion for numerical calculationsisusually abad idea. We havedone sotoillustrate the basic points.

Lines 1 and 2 handle what is known asthe base case, that is, the value for which thefunction isdirectly known without resorting to
recursion. Just asdeclaring f(x) = 2 f(x - 1) + x2ismeaningless, mathematically, without including thefact that f (0) = 0, the recursive
C function doesn't make sense without abase case. Line 3 makestherecursive call.

Thereareseveral important and possibly confusing pointsabout recursion. A common questionis: Isn't thisjust circular logic? The
answer isthat although we are defining afunction in termsof itself, we are not defining aparticular instance of thefunctioninterms
of itself. In other words, evaluating f(5) by computing f(5) would be circular. Evaluating f(5) by computing f(4) is not circular--unless,
of course f(4) isevaluated by eventually computing f(5). The two most important issues are probably the how and why questions. In
Chapter 3, the how and why issuesareformally resolved. Wewill givean incomplete description here.

It turnsout that recursive callsare handled no differently from any others. If fiscalled with the value of 4, thenline 3 requiresthe
computation of 2 . f(3) +4 A Thus, acall is made to compute f(3). Thisrequiresthe computation of 2 . f(2) +3 L3 Therefore,
another call ismade to compute f(2). This meansthat 2 . f(1) +2 , 2must be evaluated. To do so, f(1) iscomputed as 2 . f(0)+1 L L



Now, f(0) must be evaluated. Sincethisisabase case, we know apriori that f(0) = 0. This enablesthe completion of the calculation
for f(1), whichisnow seen to be 1. Then f(2), f(3), and finally f(4) can be determined. All the bookkeeping needed to keep track of
pending function calls (those started but waiting for arecursive call to complete), along with their variables, isdone by the computer
automatically. Animportant point, however, isthat recursive callswill keep on being made until abase caseisreached. For instance,
an attempt to evaluate f(-1) will result in callsto f(-2), f(-3), and so on. Sincethiswill never get to abase case, the program won't be
able to computetheanswer (whichisundefined anyway). Occasionally, amuch more subtle error ismade, whichisexhibitedin
Figure 1.3. Theerror inthe program in Figure 1.3 isthat bad(1) is defined, by line 3, to be bad(1). Obviously, thisdoesn't give any
clue asto what bad(1) actually is. The computer will thus repeatedly make callsto bad(1) in an attempt to resolveitsvalues.
Eventually, its bookkeeping systemwill run out of space, and the program will crash. Generally, wewould say that thisfunction
doesn't work for one special casebut iscorrect otherwise. Thisisn't true here, since bad(2) calls bad(1). Thus, bad(2) cannot be
evaluated either. Furthermore, bad(3), bad(4), and bad(5) all make callsto bad(2). Since bad(2) is unevaluable, none of these values
areeither. Infact, thisprogram doesn't work for any value of n, except 0. With recursive programs, thereisno such thing asa" special

case."

These considerationslead to thefirst two fundamental rules of recursion:

1. Base cases. Y ou must alwayshave some base cases, which can be solved without recursion.

2. Making progress. For the casesthat are to be solved recursively, therecursive call must always beto acase that makes progress
toward a base case.

Throughout this book, we will use recursion to solve problems. Asan exampleof anonmathematical use, consider alargedictionary.
Wordsin dictionariesare defined in terms of other words. When welook up aword, we might not always understand the definition, so
we might have to look up wordsin the definition. Likewise, we might not understand some of those, so we might haveto continuethis
searchfor awhile. Asthedictionary isfinite, eventually either wewill cometo apoint wherewe understand all of thewordsin some
definition (and thus understand that definition and retrace our path through the other definitions), or wewill find that the definitions
arecircular and we are stuck, or that some word we need to understand adefinition isnot in the dictionary.

int
bad( unsigned int n)

{

Falws ifi n=10)
1 *2*%/ return 0;
el se
/*3%/ return( bad (n/3 +1) +n- 1);

}

Figurel.3 A nonter minatingrecursiveprogram

Our recursive strategy to understand wordsisasfollows: If we know the meaning of aword, then we are done; otherwise, welook the
word up inthedictionary. If weunderstand al the wordsin the definition, we are done; otherwise, we figure out what the definition
means by recursively looking up thewordswe don't know. This procedurewill terminateif thedictionary iswell defined but canloop
indefinitely if awordiseither not defined or circularly defined.

Printing Out Numbers



Suppose we have apositiveinteger, n, that wewishto print out. Our routinewill havethe heading print_out(n). Assume that the only
1/O routines available will take asingle-digit number and output it to theterminal. Wewill call thisroutine print_digit; for example,
print_digit(4) will output a4 to the terminal.

Recursion providesavery clean solution to this problem. To print out 76234, we need to first print out 7623 and then print out 4. The
second step iseasily accomplished with the statement print_digit(n%10), but thefirst doesn't seem any simpler than theoriginal
problem. Indeed it isvirtually the same problem, so we can solveit recursively with the statement print_out(n/10).

Thistellsushow to solvethe general problem, but we still need to make surethat the program doesn't loop indefinitely. Sincewe
haven't defined abase caseyet, it isclear that we till have something to do. Our base casewill be print_digit(n) if 0=n < 10. Now
print_out(n) isdefined for every positive number from 0to 9, and larger numbersare defined in terms of asmaller positive number.
Thus, thereisno cycle. Theentire procedure* isshown Figure 1.4.

*Theterm procedurerefersto afunction that returns void.

Wehave made no effort to do this efficiently. We could have avoided using the mod routine (which isvery expensive) because n%10
=n-Ln10] 10

Recursion and Induction

L et us prove (somewhat) rigorously that the recursive number-printing program works. To do so, we'll use aproof by induction.
THEOREM 1.4

The recursive number-printing algorithmiscorrect for n 20.

PROOF:

First, if n hasonedigit, then the program istrivially correct, sinceit merely makesacall to print_digit. Assume then that print_out
worksfor al numbers of k or fewer digits. A number of k + 1 digitsisexpressed by itsfirst k digitsfollowed by itsleast significant
digit. But the number formed by the first k digitsis exactly Ln/lOJ, which, by theindicated hypothesisiscorrectly printed, and thelast
digit isn mod10, so the program printsout any (k + 1)-digit number correctly. Thus, by induction, al numbersare correctly printed.

voi d

print_out( unsigned int n) /* print nonnegative n */
{

if( n<10)
print_digit( n);

el se

{

print_out( n/10 );
print_digit( n%0 );
}

}

Figurel.4 Recursiveroutinetoprint aninteger



Thisproof probably seemsalittlestrangeinthat itisvirtually identical to thea gorithm description. Itillustratesthat in designing a
recursive program, all smaller instances of the same problem (which are on the path to a base case) may be assumed to work correctly.
Therecursive program needs only to combine solutionsto smaller problems, which are"magically" obtained by recursion, intoa
solutionfor thecurrent problem. Themathematical justification for thisis proof by induction. Thisgivesthethird rule of recursion:

3. Design rule. Assumethat all therecursive callswork.

Thisruleisimportant becauseit meansthat when designing recursive programs, you generally don't need to know the details of the
bookkeeping arrangements, and you don't haveto try to trace through the myriad of recursivecalls. Frequently, itisextremely difficult
to track down the actual sequence of recursivecalls. Of course, in many casesthisisan indication of agood use of recursion, sincethe
computer isbeing allowed to work out the complicated details.

Themain problemwith recursionisthe hidden bookkeeping costs. Although these costsarea most alwaysjustifiable, because
recursive programs not only simplify the algorithm design but also tend to give cleaner code, recursion should never beused asa
substitute for asimple for loop. We'll discussthe overhead involved in recursionin moredetail in Section 3.3.

When writing recursiveroutines, it iscrucial to keep in mind the four basic rules of recursion:

1. Base cases. Y ou must always have some base cases, which can be sol ved without recursion.

2. Making progress. For the casesthat areto be solved recursively, the recursive call must always be to acase that makes progress
toward abase case.

3. Designrule. Assumethat al the recursive callswork.
4. Compound interest rule. Never duplicatework by solving the sameinstance of aproblemin separaterecursivecalls.
Thefourth rule, which will bejustified (along with itsnickname) in later sections, isthereason that it isgenerally abad ideato use

recursion to eval uate simple mathematical functions, such asthe Fibonacci numbers. Aslong asyou keep theserulesin mind,
recursive programming should be straightforward.

Summary

Thischapter setsthe stagefor therest of the book. Thetimetaken by an algorithm confronted with large amounts of input will bean
important criterion for decidingif itisagood algorithm. (Of course, correctnessismost important.) Speed isrelative. What isfast for
one problem on one machine might be slow for another problem or adifferent machine. Wewill begin to addresstheseissuesinthe
next chapter and will usethe mathematics discussed hereto establish aforma model.

Exercises

1.1 Writeaprogram to solvethe selection problem. Let k = n/2. Draw atable showing therunning time of your program for various
vauesof n.

1.2 Writeaprogram to solvetheword puzzle problem.



1.3 Writeaprocedureto output an arbitrary real number (which might be negative) using only print_digit for 1/O.

1.4 C alows statements of the form

#include fil ename

which reads filename and inserts its contentsin place of the include statement. Include statements may be nested; in other words, the
file filename may itself contain an include statement, but, obviously, afilecan'tincludeitself in any chain. Writeaprogram that reads
inafileand outputsthefile asmodified by the include statements.

1.5 Provethefollowing formulas:

alogx<xforal x>0

b.log(ab) =bloga

1.6 Evaluate thefollowing sums:

1.7 Estimate

<1

!
i=|ufl]

*1.8 What is 2100 (mod 5)?

1.9 Let F, betheFibonacci numbersasdefined in Section 1.2. Provethefollowing:
i

n—21

a. = F=F, —2

JFa—

i=1
b. .Fr,l ol I:.f}-*: ".ﬁ-'llt]'] (IJ = |:'_|_ + '\"IIE::I;2|

** ¢, Give aprecise closed-form expression for F .
n



1.10 Provethefollowing formulas:

N 1

a. > (2i—-1)=n"
=1

b S i :\_
.l—.lI I:u'—l
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CHAPTER 2: ALGORITHM ANALYS3IS

An algorithmisaclearly specified set of simple instructions to be followed to solve a
problem. Once an algorithm is given for a problem and decided (somehow) to be correct,
an important step is to determine how much in the way of resources, such astime or
space, the algorithm will require. An algorithm that solves a problem but requires a year
is hardly of any use. Likewise, an algorithm that requires a gigabyte of main memory is
not (currently) useful.

In this chapter, we shall discuss

*How to estimate the time required for a program.

*How to reduce the running time of a program from days or years to fractions of a second.
*The results of careless use of recursion.

*Very efficient algorithms to raise a number to a power and to compute the greatest
common divisor of two numbers.

2.1. Mathematical Background

The analysis required to estimate the resource use of an algorithm is generally a
theoretical issue, and therefore aformal framework is required. We begin with some
mathematical definitions.

Throughout the book we will use the following four definitions:

DEFINITION: T(n) = O(f(n)) if there are constants ¢ and ng such that T(n) scf (n) when
n=ng.

DEFINITION: T(n) = x(g(n)) if there are constants ¢ and ny such that T(n) =cg(n) when
n=ng.

DEFINITION: T(n) = & (h(n)) if and only if T(n) = O(h(n)) and T(n) = t(h(n)).
DEFINITION: T(n) = o(p(n)) if T(n) = O(p(n)) and T(n) #& (p(n)).
The idea of these definitionsisto establish arelative order among functions. Given two

functions, there are usually points where one function is smaller than the other function,
so it does not make senseto claim, for instance, f(n) < g(n). Thus, we compare their



relative rates of growth. When we apply this to the analysis of algorithms, we shall see
why thisisthe important measure.

Although 1,000n is larger than n? for small values of n, n® grows at a faster rate, and thus
n?will eventually be the larger function. The turning point isn = 1,000 in this case. The
first definition says that eventually there is some point ny past which c + (n) is aways at
least aslarge as T(n), so that if constant factors are ignored, f(n) is at least as big as T(n).
In our case, we have T(n) = 1,000n, f(n) = n?, no = 1,000, and ¢ = 1. We could also use ng
=10and ¢ = 100. Thus, we can say that 1,000n = O(n?) (order n-squared). This notation
isknown as Big-Oh notation. Frequently, instead of saying "order . . . ," one says "Big-
Oh...."

If we use the traditional inequality operators to compare growth rates, then the first
definition says that the growth rate of T(n) isless than or equal to (s) that of f(n). The
second definition, T(n) = gx(g(n)) (pronounced "omega'"), says that the growth rate of T(n)
is greater than or equal to (2) that of g(n). Thethird definition, T(n) = & (h(n))
(pronounced "theta"), says that the growth rate of T(n) equals ( =) the growth rate of h(n).
Thelast definition, T(n) = o(p(n)) (pronounced "little-oh"), says that the growth rate of
T(n) isless than (<) the growth rate of p(n). Thisisdifferent from Big-Oh, because Big-
Oh allows the possibility that the growth rates are the same.

To prove that some function T(n) = O(f(n)), we usually do not apply these definitions
formally but instead use a repertoire of known results. In general, this means that a proof
(or determination that the assumption is incorrect) is avery simple calculation and should
not involve calculus, except in extraordinary circumstances (not likely to occur in an
algorithm analysis).

When we say that T(n) = O(f(n)), we are guaranteeing that the function T(n) growsat a
rate no faster than f(n); thus f(n) is an upper bound on T(n). Since thisimpliesthat f(n) =
2(T(n)), we say that T(n) is alower bound on f(n).

Asan example, n® grows faster than n?, so we can say that n? = O(n®) or n® = a(n?). f(n) =
n? and g(n) = 2n® grow at the same rate, so both f(n) = O(g(n)) and f(n) = 2(g(n)) are true.
When two functions grow at the same rate, then the decision whether or not to signify
thiswith () can depend on the particular context. Intuitively, if g(n) = 2n?, then g(n) =
o(n®, g(n) = O(n®), and g(n) = O(n?) are all technically correct, but obviously the |ast
option is the best answer. Writing g(n) = @ (n?) says not only that g(n) = O(n?), but also
that the result is as good (tight) as possible.

The important things to know are
RULE 1:

If Ty(n) = Of(n)) and Ty(n) = Og(n)), then
(a) Ti(n) + Tp(n) = max (Af(n)), Ag(n))),
(b) Ti(n) * To(n) = Af(n) * g(n)),

Functi on Nane
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Figure 2.1 Typical growth rates

RULE 2:

If T(x) isa polynomial of degree n, then T(x) = ©(x").

RULE 3:

log“n = O(n) for any constant k. This tells us that logarithms grow very slowly.

To seethat rule 1(a) is correct, note that by definition there exist four constants ¢, C;, Ny,
and ny such that T1(n) =c; f(n) for n 2n; and T2(N) =cog(n) for n 2ny. Let ng = max(ny, ny).
Then, for n Zng, T1(N) sca1f(n) and T2(n) sc2g(n), so that T1(n) + To(n) scaf(n) + cg(n). Let
C3 = max(cy, C2). Then,

Ti(n) + Tao(n) = csf(n) + csg(n)

s c3(f(n) + g(n))
= 2cy max(f(n), g(n))
= c max(f(n), g(n))

for c = 2cz and n 2no.

We leave proofs of the other relations given above as exercises for the reader. This
information is sufficient to arrange most of the common functions by growth rate (see Fig.
2.1).

Several pointsarein order. First, it is very bad style to include constants or |ow-order
termsinside aBig-Oh. Do not say T(n) = O(2n?) or T(n) = O(n?+ n). In both cases, the
correct formis T(n) = O(n?). This meansthat in any analysis that will require aBig-Oh
answer, al sorts of shortcuts are possible. Lower-order terms can generally be ignored,
and constants can be thrown away. Considerably less precision isrequired in these cases.

Secondly, we can always determine the relative growth rates of two functions f(n) and
g(n) by computing lim,-+* f(n)/g(n), using L'Hépital's rule if necessary.*

*L'Hopital's rule states that if limy=+" f(n) = *= andlimN== g(n) = =, then limy=+ tny/gm) =
imn== f'(n) / g'(n), where f'(n) and g'(n) are the derivatives of f(n) and g(n), respectively.

The limit can have four possible values:



*Thelimit is 0: This means that f(n) = o(g(n)).

*Thelimit is c #0: Thismeansthat f(n) = &(g(n)).

*Thelimit is =: This meansthat g(n) = o(f(n)).

*The limit oscillates: There isno relation (thiswill not happen in our context).

Using this method almost always amounts to overkill. Usually the relation between f(n)
and g(n) can be derived by simple algebra. For instance, if f(n) = nlog nand g(n) = n**>,
then to decide which of f(n) and g(n) grows faster, one really needs to determine which of
log n and n%° grows faster. Thisis like determining which of log? n or n grows faster. This
isasimple problem, because it is aready known that n grows faster than any power of a
log. Thus, g(n) grows faster than f(n).

One stylistic note: It is bad to say f(n) =O(g(n)), because the inequality is implied by the
definition. It iswrong to write f(n) 2O0(g(n)), which does not make sense.

2.2. Modd

In order to analyze algorithmsin aformal framework, we need amodel of computation.
Our model is basically anormal computer, in which instructions are executed
sequentially. Our model has the standard repertoire of simple instructions, such as
addition, multiplication, comparison, and assignment, but, unlike real computers, it takes
exactly one time unit to do anything (simple). To be reasonable, we will assume that, like
amodern computer, our model has fixed size (say 32-hit) integers and that there are no
fancy operations, such as matrix inversion or sorting, that clearly cannot be donein one
time unit. We also assume infinite memory.

Thismodel clearly has some weaknesses. Obvioudly, inrea life, not all operations take
exactly the sametime. In particular, in our model one disk read counts the same as an
addition, even though the addition is typically several orders of magnitude faster. Also,
by assuming infinite memory, we never worry about page faulting, which can be aredl
problem, especialy for efficient algorithms. This can be a major problem in many
applications.

2.3. What to Analyze

The most important resource to analyze is generally the running time. Several factors
affect the running time of a program. Some, such as the compiler and computer used, are
obviously beyond the scope of any theoretical model, so, although they are important, we
cannot deal with them here. The other main factors are the algorithm used and the input
to the algorithm.



Typically, the size of the input is the main consideration. We define two functions, Tag(n)
and Tworst(N), as the average and worst-case running time, respectively, used by an
algorithm on input of size n. Clearly, Tag(n) sTworst(N). If there is more than one input,
these functions may have more than one argument.

Weremark that generally the quantity required is the worst-case time, unless otherwise
specified. One reason for thisisthat it provides a bound for all input, including
particularly bad input, that an average-case analysis does not provide. The other reason is
that average-case bounds are usually much more difficult to compute. In some instances,
the definition of "average" can affect the result. (For instance, what is average input for
the following problem?)

As an example, in the next section, we shall consider the following problem:

MAXIMUM SUBSEQUENCE SUM PROBLEM:

Given (possibly negative) integersas, ay, . . ., a,, find the maximum value of 2 A .

(For convenience, the maximum subsegquence sumis O if all the integers are negative.)
Example:
For input -2, 11, -4, 13, -5, -2, the answer is 20 (a; through as).

This problem is interesting mainly because there are so many algorithms to solveit, and
the performance of these algorithms varies drastically. We will discuss four algorithmsto
solve this problem. The running time on some computer (the exact computer is
unimportant) for these algorithmsis given in Figure 2.2.

There are several important things worth noting in this table. For a small amount of input,
the algorithms all runin ablink of the eye, so if only asmall amount of input is expected,
it might be silly to expend a great deal of effort to design a clever agorithm. On the other
hand, there is a large market these days for rewriting programs that were written five
years ago based on a no-longer-valid assumption of small input size. These programs are
now too slow, because they used poor agorithms. For large amounts of input, Algorithm
4 isclearly the best choice (although Algorithm 3is still usable).

Second, the times given do not include the time required to read the input. For Algorithm
4, the time merely to read in the input from adisk is likely to be an order of magnitude
larger than the time required to solve the problem. Thisistypica of many efficient
algorithms. Reading the datais generally the bottleneck; once the data are read, the
problem can be solved quickly. For inefficient algorithms this is not true, and significant
computer resources must be used. Thus, it isimportant that, where possible, algorithms
be efficient enough not to be the bottleneck of a problem.

Al gorithm 1 2 3 4



[nput n = 10 0. 00103 0.00045 0.00066 0.00034
Si ze n = 100 0.47015 0.01112 0.00486 0.00063
n = 1,000 448. 77 1.1233 0.05843 0.00333
n = 10, 000 NA 111. 13 0.68631 0.03042
n = 100, 000 NA NA 8.0113 0. 29832

Figure 2.2 Running time of several algorithmsfor maximum subsequence sum (in
seconds)

Figure 2.3 shows the growth rates of the running times of the four algorithms. Even
though this graph encompasses only values of n ranging from 10 to 100, the relative
growth rates are still evident. Although the graph for Algorithm 3 seems linear, it is easy
to verify that it is not, by using a straightedge (or piece of paper). Figure 2.4 shows the
performance for larger values. It dramatically illustrates how useless inefficient
algorithms are for even moderately large amounts of input.
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Figure 2.3 Plot (n vs. milliseconds) of various maximum subsequence sum
algorithms



Alg 1. 0"y
| lg lﬁ. £ty

05| | Alg 3. O{nlog r)

0.4 }

o3| |

J Alg 4 On)

] 1000 2000 3000 4000 5000 6000 70000 BO0D 9000 10000

Figure 2.4 Plot (n vs. seconds) of various maximum subsequence sum algorithms

2.4. Running Time Calculations

There are several ways to estimate the running time of a program. The previous table was
obtained empiricaly. If two programs are expected to take similar times, probably the
best way to decide which isfaster isto code them both up and run them!

Generally, there are several algorithmic ideas, and we would like to eliminate the bad
ones early, so an analysisis usually required. Furthermore, the ability to do an analysis
usually providesinsight into designing efficient algorithms. The analysis also generally
pinpoints the bottlenecks, which are worth coding carefully.

To simplify the analysis, we will adopt the convention that there are no particular units of
time. Thus, we throw away leading constants. We will also throw away low-order terms,
so what we are essentially doing is computing a Big-Oh running time. Since Big-Oh is an
upper bound, we must be careful to never underestimate the running time of the program.
In effect, the answer provided is a guarantee that the program will terminate within a
certain time period. The program may stop earlier than this, but never later.

2.4.1. A Simple Example

" -3‘
Hereisasimple program fragment to calculate BN

unsi gned int
sum( int n)
{



unsigned int i, partial_sum

[*1*/ partial _sum = 0;

[*2*%] for( i=1; i<=n; i++)

[ *3*/ partial _sum += i*j*j;
[*4* return( partial _sum);

}

The analysis of this program is simple. The declarations count for no time. Lines 1 and 4
count for one unit each. Line 3 counts for three units per time executed (two
multiplications and one addition) and is executed n times, for atotal of 3n units. Line 2
has the hidden costs of initializing i, testing i =n, and incrementing i. The total cost of all
theseis 1toinitialize, n + 1 for all the tests, and n for all the increments, whichis2n + 2.
We ignore the costs of calling the function and returning, for atotal of 5n + 4. Thus, we
say that thisfunctionis O (n).

If we had to perform all thiswork every time we needed to analyze a program, the task
would quickly become infeasible. Fortunately, since we are giving the answer in terms of
Big-Oh, there are lots of shortcuts that can be taken without affecting the final answer.
For instance, line 3 isobviously an O (1) statement (per execution), so it is silly to count
precisely whether it istwo, three, or four units -- it does not matter. Line 1 is obviously
insignificant compared to the for loop, so it issilly to waste time here. This leads to
several obvious general rules.

2.4.2. General Rules
RULE 1-FOR LOOPS:

The running time of a for loop is at most the running time of the statements inside the for
loop (including tests) times the number of iterations.

RULE 2-NESTED FOR LOOPS:

Analyze these inside out. The total running time of a statement inside a group of nested
for loopsisthe running time of the statement multiplied by the product of the sizes of all
the for loops.

As an example, the following program fragment is O(n?):
for( i=0; i<n; i++)

for( j=0; j<n; j++)
k++;

RULE 3-CONSECUTIVE STATEMENTS:

These just add (which means that the maximum is the one that counts -- see 1(a) on page
16).



As an example, the following program fragment, which has O(n) work followed by O (n?)
work, isalso O (n?):

for( i=0; i<n; i++)
a[i] = 0;

for( i=0; i<n; i++)
for( j=0; j<n; j++)
a[i] +=a[j] +1i +j;

RULE 4-IF/ELSE:

For the fragment

if( cond )
S1

el se

S2

the running time of an if/else statement is never more than the running time of the test
plusthe larger of the running times of S1L and 2.

Clearly, this can be an over-estimate in some cases, but it is never an under-estimate.

Other rules are obvious, but a basic strategy of analyzing from the inside (or deepest part)
out works. If there are function calls, obviously these must be analyzed first. If there are
recursive procedures, there are several options. If the recursion isreally just athinly
veiled for loop, the analysisis usually trivial. For instance, the following function is
really just asimple loop and is obviously O (n):

unsi gned int
factorial ( unsigned int n)

{

if( n<=1)

return 1,

el se

return( n * factorial(n-1) );

}

This exampleisreally apoor use of recursion. When recursion is properly used, itis
difficult to convert the recursion into a simple loop structure. In this case, the analysis
will involve arecurrence relation that needs to be solved. To see what might happen,
consider the following program, which turns out to be a horrible use of recursion:

/* Comput e Fi bonacci nunbers as descri bed Chapter 1 */
unsi gned int
fib( unsigned int n)

{

[*1*/ if( n<=1)
[*2*%/ return 1;
el se

[*3*/ return( fib(n-1) + fib(n-2) );



}

At first glance, this seems like avery clever use of recursion. However, if the program is
coded up and run for values of n around 30, it becomes apparent that this programis
terribly inefficient. The analysisisfairly simple. Let T(n) be the running time for the
function fib(n). If n =0 or n =1, then the running time is some constant value, which is
the time to do the test at line 1 and return. We can say that T(0) = T(1) = 1, since
constants do not matter. The running time for other values of n isthen measured relative
to the running time of the base case. For n > 2, the time to execute the function is the
constant work at line 1 plus the work at line 3. Line 3 consists of an addition and two
function calls. Since the function calls are not ssmple operations, they must be analyzed
by themselves. The first function call isfib(n - 1) and hence, by the definition of T,
requires T(n - 1) units of time. A similar argument shows that the second function call
requires T(n - 2) units of time. Thetotal timerequiredisthen T(n- 1) + T(n- 2) + 2,
where the 2 accounts for the work at line 1 plus the addition at line 3. Thus, for n 22, we
have the following formulafor the running time of fib(n):

T(n) =T(n - 1) + T(n - 2) + 2

Since fib(n) = fib(n - 1) + fib(n - 2), it is easy to show by induction that T(n) 2fib(n). In
Section 1.2.5, we showed that fib(n) < (5/3) . A similar calculation shows that fib(n) =
(3/2) , and so the running time of this program grows exponentially. Thisis about as bad
as possible. By keeping asimple array and using afor loop, the running time can be
reduced substantially.

This program is slow because there is a huge amount of redundant work being performed,
violating the fourth major rule of recursion (the compound interest rule), which was
discussed in Section 1.3. Notice that the first call on line 3, fib(n - 1), actually computes
fib(n - 2) at some point. Thisinformation is thrown away and recomputed by the second
call on line 3. The amount of information thrown away compounds recursively and
results in the huge running time. Thisis perhaps the finest example of the maxim "Don't
compute anything more than once" and should not scare you away from using recursion.
Throughout this book, we shall see outstanding uses of recursion.

2.4.3 Solutions for the Maximum Subsequence Sum
Problem

We will now present four algorithms to solve the maximum subsequence sum problem
posed earlier. Thefirst algorithm is depicted in Figure 2.5. The indicesin the for loops
reflect the fact that, in C, arrays begin at O, instead of 1. Also, the algorithm computes the
actual subsequences (not just the sum); additional code is required to transmit this
information to the calling routine.

Convince yourself that this algorithm works (this should not take much). The running
timeisO(n) and is entirely dueto lines 5 and 6, which consist of an O(1) statement
buried inside three nested for loops. Theloop at line 2 isof size n.



i nt
max_subsequence_sun( int a[], unsigned int n )

{

int this_sum max_sum best i, best _j, i, j, k;
[*1*]/ max_sum = 0; best i = best j = -1;
[*2*%] for( i=0; i<n; i++)

[*3*/ for( j=i; j<n; j++)

{

[*4*] thi s_sum=0;

[ *5*/ for( k =i; k<=j; k++)
[*6*/ this_sum += a[K];
[*7*] if( this_sum> max_sum )
{ /* update max_sum best i, best_j */
/*8%/ max_sum = this_sum
[*9*/ best i =1i;

/*10*/ best | =j;

}

[*11*/ return( max_sum);

}

Figure 2.5 Algorithm 1

The second loop hassizen - i + 1, which could be small, but could also be of sizen. We
must assume the worst, with the knowledge that this could make the final bound a bit
high. The third loop hassizej - i + 1, which, again, we must assume is of size n. The total
iISO(1 #n+n +n) = O(n). Statement 1 takes only O(1) total, and statements 7 to 10 take
only O(n) total, since they are easy statements inside only two loops.

It turns out that a more precise analysis, taking into account the actual size of these loops,
shows that the answer is & (n), and that our estimate above was afactor of 6 too high
(whichisal right, because constants do not matter). Thisis generally true in these kinds

of problems. The precise analysis is obtained from the sum LI P 1, which
tells how many timesline 6 is executed. The sum can be evaluated inside out, using
formulas from Section 1.2.3. In particular, we will use the formulas for the sum of the
first nintegers and first n squares. First we have

M-

1=j—-i+1

A

Next we evaluate

=i+ 1in—i+2)

ZU —i+ 1= 3

This sum is computed by observing that it isjust the sum of thefirst n-i + 1 integers. To
complete the calculation, we evaluate
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We can avoid the cubic running time by removing afor loop. Obvioudly, thisis not
always possible, but in this case there are an awful lot of unnecessary computations

present in the algorithm. The inefficiency that the improved algorithm corrects can be

i — - ! 1 i . . .
seen by noticing that =-=: 9% = @ + 2.k~ 2 o the computation at lines 5 and 6 in
Algorithm 1 isunduly expensive. Figure 2.6 shows an improved algorithm. Algorithm 2
isclearly O(n); the analysisis even simpler than before.

Thereisarecursive and relatively complicated O(n log n) solution to this problem, which
we now describe. If there didn't happen to be an O(n) (linear) solution, this would be an
excellent example of the power of recursion. The algorithm uses a "divide-and-conquer”
strategy. Theideaisto split the problem into two roughly equal subproblems, each of
which is half the size of the original. The subproblems are then solved recursively. Thisis
the "divide" part. The "conquer" stage consists of patching together the two solutions of
the subproblems, and possibly doing a small amount of additional work, to arrive at a
solution for the whole problem.

i nt
max_subsequence_sum( int a[], unsigned int n)

{

int this_sum max_sum best i, best j, i, j, k;
[*1*/ max_sum = 0; best i = best_j = -1;
[*2*%] for( i=0; i<n; i++)

{

[*3*]/ this_sum = 0;

[ *4*] for( j=i; j<n; j++)

{

[ *5*%]/ this_sum+= a[j];

[*6*/ if( this_sum > max_sum)
/* update max_sum best i, best_j */;

}

}

[*7*] return( max_sum);

}

Figure 2.6 Algorithm 2

In our case, the maximum subsequence sum can be in one of three places. Either it occurs
entirely in the left half of the input, or entirely in the right half, or it crosses the middle
and isin both halves. The first two cases can be solved recursively. The last case can be
obtained by finding the largest sum in the first half that includes the last element in the



first half and the largest sum in the second half that includes the first element in the
second half. These two sums can then be added together. As an example, consider the
following input:

First Half Second Hal f

The maximum subsequence sum for the first half is 6 (elements a; through ag), and for
the second half is 8 (elements ag through ay).

The maximum sum in the first half that includes the last element in the first half is4
(elements a; through ag), and the maximum sum in the second half that includes the first
element in the second half is 7 (elements as though a;). Thus, the maximum sum that
spans both halves and goes through the middleis 4 + 7 = 11 (elements a; through ay).

We see, then, that among the three ways to form alarge maximum subsequence, for our
example, the best way is to include elements from both halves. Thus, the answer is 11.
Figure 2.7 shows an implementation of this strategy.

i nt

max_sub_sequence_sun( int a[], unsigned int n)
{

return max_sub_sum( a, 0, n-1);

}

i nt

max_sub_sun( int a[], int left, int right )

{

int max_left_sum nmax_right_sum
int max_left_border_sum max_right_border_sum
int left_border_sum right_border_sum

int center, i;

[*1*/ if ( left == right ) /* Base Case */

[*2*%] if( a[left] > 0)

[*3*/ return af[left];

el se

[*4*] return O;

[*5%/ center = (left + right )/2;

[ *6*/ max_| eft_sum = max_sub_sum( a, left, center );
[*7*] max_right _sum = max_sub_sum( a, center+l, right );
[ *8*/ mex_| eft _border_sum = 0; left_border_sum = O;

[ *9*/ for( i=center; i>=left; i--)

/*10*/ | eft _border_sum += a[i];

[*11*/ if( left_border_sum> nmax_| eft_border_sum)
[*12*] max_| eft _border_sum = | eft_border_sum

}

[*13*/ max_right _border_sum = 0; right_border_sum = O;
[*14*] for( i=center+1; i<=right; i++)

{

[ *15*/ ri ght _border_sum+= a[i];

/*16*/ if( right_border_sum > nmax_right border_sum)

[*17*] max_ri ght _border_sum = right_border_sum



[*18*/ return max3( max_l eft_sum max_right_sum
max_| eft _border_sum + max_ri ght _border_sum);

}

Figure 2.7 Algorithm 3

The code for Algorithm 3 deserves some comment. The general form of the call for the
recursive procedure isto pass the input array along with the left and right borders, which
delimit the portion of the array that is operated upon. A one-line driver program sets this
up by passing the borders 0 and n -1 aong with the array.

Lines 1 to 4 handle the base case. If |eft == right, then there is one element, and thisis the
maximum subsequence if the element is nonnegative. The case left > right is not possible
unless n is negative (although minor perturbations in the code could mess this up). Lines
6 and 7 perform the two recursive calls. We can see that the recursive calls are always on
asmaller problem than the original, although, once again, minor perturbations in the code
could destroy this property. Lines 8 to 12 and then 13 to 17 calculate the two maximum
sums that touch the center divider. The sum of these two values is the maximum sum that
spans both halves. The pseudoroutine max3 returns the largest of the three possibilities.

Algorithm 3 clearly requires more effort to code than either of the two previous
algorithms. However, shorter code does not always mean better code. As we have seen in
the earlier table showing the running times of the algorithms, thisagorithmis
considerably faster than the other two for all but the smallest of input sizes.

The running time is analyzed in much the same way as for the program that computes the
Fibonacci numbers. Let T(n) be the time it takes to solve a maximum subsegquence sum
problem of sizen. If n = 1, then the program takes some constant amount of time to
execute lines 1 to 4, which we shall call one unit. Thus, T(1) = 1. Otherwise, the program
must perform two recursive calls, the two for loops between lines9 and 17, and some
small amount of bookkeeping, such aslines 5 and 18. The two for loops combine to touch
every element from ap to a,_1, and there is constant work inside the loops, so the time
expended inlines9to 17isO(n). Thecodeinlines1to 5, 8, and 18 is all a constant
amount of work and can thus be ignored when compared to O(n). The remainder of the
work is performed in lines 6 and 7. These lines solve two subsequence problems of size
n/2 (assuming n is even). Thus, these lines take T(n/2) units of time each, for atotal of
2T(n/2). Thetotal time for the algorithm then is 2T(n/2) + O(n). This gives the equations

T(1)
T(n)

1
2T(n/2) + Q(n)

To simplify the calculations, we can replace the O(n) term in the equation above with n;
since T(n) will be expressed in Big-Oh notation anyway, thiswill not affect the answer.

In Chapter 7, we shall see how to solve this equation rigorously. For now, if T(n) =
2T(n12) +n,and T(1) =1, then T(2) =4=2* 2, T(4)=12=4* 3, T(8) =32=8* 4, T(16)



=80=16* 5. The pattern that is evident, and can be derived, isthat if n=2, then T(n) =
n* (k+1)=nlogn+n=0(nlogn).

Thisanalysisassumes n is even, since otherwise n/2 is not defined. By the recursive
nature of the analysis, it isreally valid only when n is a power of 2, since otherwise we
eventually get a subproblem that is not an even size, and the equation isinvalid. When n
is not apower of 2, asomewhat more complicated analysisis required, but the Big-Oh
result remains unchanged.

In future chapters, we will see several clever applications of recursion. Here, we present a
fourth algorithm to find the maximum subsequence sum. This algorithm is simpler to
implement than the recursive agorithm and also is more efficient. It is shown in Figure
2.8.

i nt
max_subsequence_sum( int a[], unsigned int n )

{

int this_sum max_sum best_i, best _j, i, j;
[*1*/ i = this_sum = max_sum = 0; best_i = best_j = -1,
[ *2*/ for( j=0; j<n; j++)

{

[*3*/ this_sum+= a[j];

[*4*] if( this_sum > nax_sum)

{ /* update nax_sum best i, best_j */
[*5*/ max_sum = this_sum

[ *6*/ best i =1i;

[*7*] best j =j;

}

el se

[ *8*/ if( this_sum< 0)

{

[*9*/ i =] + 1

[*10*/ this_sum = 0;

}

}

[*11*/ return( nmax_sum);

}

Figure 2.8 Algorithm 4

It should be clear why the time bound is correct, but it takes a little thought to see why
the algorithm actually works. Thisis|eft to the reader. An extra advantage of this
algorithm is that it makes only one pass through the data, and once a[i] is read and
processed, it does not need to be remembered. Thus, if the array ison adisk or tape, it
can be read sequentially, and there is no need to store any part of it in main memory.
Furthermore, at any point in time, the algorithm can correctly give an answer to the
subsequence problem for the data it has aready read (the other algorithms do not share
this property). Algorithms that can do this are called on-line algorithms. An on-line
algorithm that requires only constant space and runsin linear timeis just about as good as
possible.



2.4.4 Logarithmsin the Running Time

The most confusing aspect of analyzing algorithms probably centers around the logarithm.
We have already seen that some divide-and-conguer agorithms will run in O(n log n)
time. Besides divide-and-conquer algorithms, the most frequent appearance of logarithms
centers around the following general rule: An algorithmis O(log n) if it takes constant

(O(2)) time to cut the problem size by a fraction (which is usually : ). On the other hand,
if constant time is required to merely reduce the problem by a constant amount (such as
to make the problem smaller by 1), then the algorithm is O(n).

Something that should be obviousis that only specia kinds of problems can be O(log n).
For instance, if the input isalist of n numbers, an algorithm must take cx(n) merely to
read the input in. Thus when we talk about O(log n) algorithms for these kinds of
problems, we usually presume that the input is preread. We provide three exampl es of
logarithmic behavior.

Binary Search
Thefirst exampleisusualy referred to as binary search:
BINARY SEARCH.:

Given an integer x and integersay, az, . . . , an, Which are presorted and already in
memory, find i such that a = x, or returni = 0 if xisnot in the input.

The obvious solution consists of scanning through the list from left to right and runsin
linear time. However, this algorithm does not take advantage of the fact that thelist is
sorted and is thus not likely to be best. The best strategy isto check if x isthe middle
element. If so, the answer isat hand. If x is smaller than the middle element, we can apply
the same strategy to the sorted subarray to the left of the middle element; likewise, if X is
larger than the middle element, we look to the right half. (There is also the case of when
to stop.) Figure 2.9 shows the code for binary search (the answer ismid). As usual, the
code reflects C's convention that arrays begin with index 0. Notice that the variables
cannot be declared unsigned (why?). In cases where the unsigned qualifier is
questionable, we will not useit. As an example, if the unsigned qualifier is dependent on
an array not beginning at zero, we will discard it.

We will also avoid using the unsigned type for variables that are countersin afor loop,
because it is common to change the direction of aloop counter from increasing to
decreasing and the unsigned qualifier istypically appropriate for the former case only.
For example, the code in Exercise 2.10 does not work if i is declared unsigned.

Clearly all the work done inside the loop is O(1) per iteration, so the analysis requires
determining the number of times around the loop. The loop startswith high-low=n- 1
and finisheswith high - low =-1. Every time through the loop the value high - low must



be at least halved from its previous value; thus, the number of times around the loop is at
most [log(n - 1)1+ 2. (Asan example, if high - low = 128, then the maximum values of
high - low after each iteration are 64, 32, 16, 8, 4, 2, 1, 0, -1.) Thus, the running timeis
O(log n). Equivaently, we could write arecursive formulafor the running time, but this
kind of brute-force approach is usually unnecessary when you understand what is really
going on and why.

Binary search can be viewed as our first data structure. It supports the find operation in
O(log n) time, but all other operations (in particular insert) require O(n) time. In
applications where the data are static (that is, insertions and deletions are not allowed),
this could be avery useful data structure. The input would then need to be sorted once,
but afterward accesses would be fast. An example could be a program that needsto
maintain information about the periodic table of elements (which arises in chemistry and
physics). Thistableisrelatively stable, as new elements are added infrequently. The
element names could be kept sorted. Since there are only about 110 elements, at most
eight accesses would be required to find an element. Performing a sequential search
would require many more acCcesses.

i nt

bi nary_search( input_type a[ ], input_type X, unsigned int n )
{

int low, mid, high; /[* Can't be unsigned; why? */
[*1*/ low = 0; high =n - 1;

[ *2*] while( low <= high )

{

[ *3*/ md = (low + high)/2;

| *4*] if( a[md] < x)

/| *5%/ low = md + 1;

el se

[ *6*/ if (a[md] < x)

[*7*] high = md - 1,

el se

[*8*/ return( mid); /* found */

}

[ *9*/ return( NOT_FOUND );

}

Figure 2.9 Binary sear ch.
Euclid'sAlgorithm

A second example is Euclid's algorithm for computing the greatest common divisor. The
greatest common divisor (gcd) of two integersisthe largest integer that divides both.
Thus, ged (50, 15) = 5. The agorithm in Figure 2.10 computes gcd(m, n), assuming m 2n.
(If n>m, thefirst iteration of the loop swaps them).

The algorithm works by continually computing remainders until O is reached. The last
nonzero remainder isthe answer. Thus, if m = 1,989 and n = 1,590, then the sequence of



remaindersis 399, 393, 6, 3, 0. Therefore, ged (1989, 1590) = 3. As the example shows,
thisisafast algorithm.

As before, the entire running time of the algorithm depends on determining how long the
sequence of remaindersis. Although log n seems like a good answer, it isnot at all
obvious that the value of the remainder has to decrease by a constant factor, since we see
that the remainder went from 399 to only 393 in the example. Indeed, the remainder does
not decrease by a constant factor in one iteration. However, we can prove that after two
iterations, the remainder is at most half of its original value. This would show that the
number of iterationsis at most 2 log n = O(log n) and establish the running time. This
proof is easy, so we include it here. It follows directly from the following theorem.

unsi gned int
gcd( unsigned int m unsigned int n)

{

unsigned int rem

[*1%]/ while( n > 0)

{

[ *2*] rem=m % n;
[ *3*/ m = n;

[ *4*] n =rem

[ *5*%/ return( m);

}

Figure 2.10 Euclid'salgorithm.
THEOREM 2.1.

If m> n, then mmod n < m/2.
PROOF:

There are two cases. If n=m/2, then obvioudly, since the remainder is smaller than n, the
theorem istrue for this case. The other caseis n > m/2. But then n goesinto m once with
aremainder m - n < m/2, proving the theorem.

One might wonder if thisis the best bound possible, since 2 log n is about 20 for our
example, and only seven operations were performed. It turns out that the constant can be
improved dlightly, to roughly 1.44 log n, in the worst case (which is achievable if mand n
are consecutive Fibonacci numbers). The average-case performance of Euclid's algorithm
requires pages and pages of highly sophisticated mathematical analysis, and it turns out

that the average number of iterationsis about {12 In2Inn}/@* + 147
Exponentiation

Our last example in this section deals with raising an integer to a power (which isalso an
integer). Numbers that result from exponentiation are generally quite large, so an analysis



only works if we can assume that we have a machine that can store such large integers (or
acompiler that can simulate this). We will count the number of multiplications as the
measurement of running time.

i nt

pow( int X, unsigned int n)

{

[*1*/ if( n==0)

[*2*] return 1;

[*1*/ if( n==1)

[*4*] return x;

[ *5*%/ if( even( n) )

[ *6*/ return( pow x:x, n/2 ) );
el se

[*7*] return( pow( x:x, n/2 ) * x );
}

Figure2.11 Efficient exponentiation

The obvious algorithm to compute x" uses n - 1 multiples. The recursive algorithm in
Figure 2.11 does better. Lines 1 to 4 handle the base case of the recursion. Otherwise, if n
iseven, we have X" = x"? . x"2, and if nisodd, x = xMD/2ex("D/2 0

For instance, to compute x°2, the algorithm does the following cal culations, which
involves only nine multiplications:

X3 - (XZ)X, X7 - (XS)ZX, X15 = (X7)2X, XSl = (XlS 2X, X62 = (X31 2
The number of multiplicationsrequiredisclearly at most 2 1og n, because at most two multiplications (if n isodd) are required to
halvethe problem. Again, arecurrenceformulacan bewritten and solved. Simpleintuition obviatesthe need for abrute-force

approach.

It issometimesinteresting to see how much the code can be tweaked without affecting correctness. InFigure2.11, lines3to 4 are

actually unnecessary, becauseif nis1, thenline 7 doestheright thing. Line 7 can also berewritten as
1*7%] return( pow( x, n-1) _ x);

without affecting the correctness of the program. Indeed, the programwill still runin O(log n), because the sequence of
multiplicationsisthe sameasbefore. However, al of thefollowing alternativesfor line 6 are bad, even though they look correct:

[ *6a*/ return( powm( pow X, 2 ), nf2) );
/*6b*/ return( pow( pow( x, nf2), 2) );
/*6c*/ return( pow( x, nf2) * pow x, n/2) );

Both lines6aand 6b areincorrect because when n is 2, one of the recursive calls to pow has 2 as the second argument. Thus, no
progressismade, and aninfiniteloop results (in an eventual crash).

Using line 6c affectsthe efficiency, because there are now two recursive calls of size n/2 instead of only one. An analysiswill show

that the running timeis no longer O(log n). Weleaveit as an exerciseto the reader to determine the new running time.



2.4.5 Checking Your Analysis

Oncean analysis hasbeen performed, it isdesirableto seeif the answer iscorrect and as good as possible. One way to do thisisto
code up the program and seeif the empirically observed running time matches the running time predicted by the analysis. When n
doubles, the running time goes up by afactor of 2 for linear programs, 4 for quadratic programs, and 8 for cubic programs. Programs
that runinlogarithmic timetake only an additive constant longer when n doubles, and programsthat runin O(n log n) take slightly
morethan twiceaslong to run under the same circumstances. Theseincreases can be hard to spot if the lower-order terms have
relatively large coefficientsand nisnot large enough. An exampleisthejump from n = 10 to n = 100 in the running time for the
variousimplementations of the maximum subseguence sum problem. It also can bevery difficult to differentiate linear programsfrom
O(n log n) programs purely on empirical evidence.

Another commonly used trick to verify that some programis O(f(n)) isto compute the values T(n)/ f(n) for arange of n (usualy
spaced out by factors of 2), where T(n) istheempirically observed running time. If f(n) isatight answer for the running time, then the
computed values convergeto apositive constant. If f(n) is an over-estimate, the values convergeto zero. If f(n) is an under-estimate
and hence wrong, the values diverge.

Asan example, the program fragment in Figure 2.12 computesthe probability that two distinct positiveintegers, lessthan or equal to
n and chosen randomly, arerelatively prime. (As n getslarge, the answer approaches 6/ I 2))

Y ou should be ableto do the analysisfor thisprogram instantaneously. Figure 2.13 showsthe actual observed running timefor this
routine on areal computer. Thetable showsthat thelast columnismost likely, and thusthe analysisthat you should have gottenis
probably correct. Noticethat thereisnot agreat deal of difference between O(n2) and O(n2 log n), since logarithms grow so slowly.

2.4.6. A Grain of Salt

Sometimesthe analysisisshown empirically to bean over-estimate. If thisisthe case, then either the analysis needsto betightened
(usually by aclever observation), or it may be the case that the average running timeis significantly less than the worst-case running
timeand noimprovement in thebound ispossible. Thereare many complicated algorithmsfor which theworst-case bound is
achievable by some bad input but isusually an over-estimate in practice. Unfortunately, for most of these problems, an average-case
analysisisextremely complex (inmany casesstill unsolved), and aworst-case bound, even though overly pessimistic, isthebest
analytical result known.

rel =0; tot =0;

for( i=1; i<=n; i++)
for( j=i+1;, j<=n; j++)
{

tot ++;

if( ged( i, j) =1)
rel ++;

}
printf( "Percentage of relatively prime pairsis %f\n",
( (double) rel )/tot );

Figure2.12 Estimatetheprobability that tworandom numbersarerelatively prime

n CPU time (T) T/ n2 T/ n3 T/n2log n

100 022 . 002200 .000022000 .0004777



200 056 . 001400 .000007000 .0002642

300 118 .001311 . 000004370 .0002299
400 207 .001294 . 000003234 .0002159
500 318 .001272 . 000002544 .0002047
600 466 .001294 . 000002157 .0002024
700 644 . 001314 .000001877 .0002006
800 846 .001322 .000001652 .0001977
900 1,086 . 001341 . 000001490 .0001971
1, 000 1,362 .001362 .000001362 .0001972
1,500 3, 240 . 001440 .000000960 .0001969
2,000 5, 949 .001482 .000000740 .0001947
4,000 25,720 .001608 . 000000402 .0001938

Figure2.13Empirical runningtimesfor previousroutine

Summary

This chapter givessome hintson how to analyze the complexity of programs. Unfortunately, itisnot acomplete guide. Simple
programsusually have simple analyses, but thisisnot alwaysthe case. Asan example, we shall see, later in thetext, asorting
agorithm (Shellsort, Chapter 7) and an algorithm for maintaining disjoint sets (Chapter 8) each of which requiresabout 20 lines of
code. Theanalysisof Shellsortisstill not complete, and the disjoint set algorithm hasan analysisthat isextremely difficult and
requires pages and pages of intricate cal culations. Most of the analysisthat wewill encounter herewill be simpleand involve counting
through loops.

Aninteresting kind of analysis, which we have not touched upon, islowerbound analysis. Wewill see an example of thisin Chapter 7,
whereit isproved that any algorithm that sorts by using only comparisonsrequires £1(n log n) comparisonsin theworst case. L ower-

bound proofs are generally the most difficult, because they apply not to an algorithm but to aclass of algorithmsthat solve a problem.

Weclose by mentioning that some of the al gorithms described here havereal-life application. The ged agorithm and the
exponentiation algorithm are both used in cryptography. Specifically, a200-digit number is raised to alarge power (usually another
200-digit number), with only thelow 200 or so digitsretained after each multiplication. Sincethecal cul ationsrequiredealing with
200-digit numbers, efficiency isobviously important. The straightforward al gorithm for exponentiation would require about 10200
multiplications, whereasthe a gorithm presented requiresonly about 1,200.

Exercises

2.1 Order thefollowing functionsby growthrate: n, VP ,n1.5,n2,nlogn,nloglogn,nlog2n, nlog(n2), 2/n, 2, 2n/2, 37, n2 log n,
n3. Indicate which functionsgrow at the samerate.

2.2 Suppose Tl(n) = O(f(n)) and T2(n) = O(f(n)). Which of thefollowing are true?

aT (m+T,(m=O(f(n)
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2.3 Which function growsfaster: nlog n or n1+=/ h =>07

2.4 Provethat for any constant, k, logkn = o(n).

2.5 Find two functions f(n) and g(n) such that neither f (n) = 0O(g(n)) nor g(n) = O(f(n)).

2.6 For each of thefollowing six program fragments:

a Givean analysisof therunning time (Big-Oh will do).

b. Implement the codein thelanguage of your choice, and give the running timefor several valuesof n.
c. Compareyour analysiswith theactual running times.

(1) sum = 0;

for( i=0; i<n; i++)
sumt+;

(2) sum = 0;

for( i=0; i<n; i++)
for( j=0; j<n; j++)
sumk+;

(3) sum = 0;

for( i=0; i<n; i++)
for( j=0; j<n*n; j++)
sumt+;

(4) sum = 0;

for( i=0; i<n; i++)
for( j=0; j<i; j++)
sumt+;

(5) sum = 0;

for( i=0; i<n; i++)

for( j=0; j<i*i; j++)
for( k=0; k<j; k++)
sumt+;

(6) sum = 0;

for( i=1; i<n; i++)

for( j=1; j<i*i; j++)
if(jd ==0)

for( k=0; k<j; k++)
Sum++;

2.7 Suppose you need to generate a random permutation of thefirst n integers. For example, {4, 3, 1,5, 2} and {3, 1, 4, 2, 5} arelegal
permutations, but {5, 4, 1, 2, 1} isnot, because one number (1) isduplicated and another (3) ismissing. Thisroutineisoften usedin
simulation of algorithms. We assumethe existence of arandom number generator, rand_int(i, j), which generatesintegers between i
and j with equal probability. Here arethree algorithms:



1. Fill thearray a from a[0] to a[n - 1] asfollows: Tofill a[i], generate random numbers until you get onethat isnot already in a[0],
a[1],a[2], ..., a[i-1].

2. Sameasalgorithm (1), but keep an extraarray called the used array. When arandom number, ran, isfirst put in the array a, set
used[ran] = 1. This means that when filling a[i] with arandom number, you can test in one step to see whether the random number has
been used, instead of the (possibly) i stepsin thefirst algorithm.

3. Fill thearray suchthat a[i] =i + 1. Then

for( i=1; i<n; i++)
swap( &a[i], &[ rand_int( O, i ) ] );

a. Provethat all threea gorithmsgenerate only legal permutationsand that all permutationsareequally likely.

b. Give as accurate (Big-Oh) an analysis as you can of the expected running time of each algorithm.

c. Write (separate) programsto execute each algorithm 10 times, to get agood average. Run program (1) for n = 250, 500, 1,000,
2,000; program (2) for n = 2,500, 5,000, 10,000, 20,000, 40,000, 80,000, and program (3) for n = 10,000, 20,000, 40,000, 80,000,
160,000, 320,000, 640,000.

d. Compareyour analysiswith the actual running times.

e. What is the worst-case running time of each algorithm?

2.8 Completethetablein Figure 2.2 with estimates for the running timesthat weretoo long to simulate. I nterpol ate the running times
for these al gorithms and estimate the time required to compute the maximum subsequence sum of one million numbers. What

assumptions have you made?

{ = =1 el
2.9 How much timeisrequired to compute flx) = Zigax

a. using asimpleroutineto perform exponentiation?
b. using theroutinein Section 2.4.4?

(xy = =" Laix"

X} = 25
2.10 Consider thefollowing algorithm (known asHorner'srule) to evaluate B !

poly = 0;
for( i=n; i>=0; i--)
poly = x * poly +ai

a Show how the steps are performed by thisalgorithm for x = 3, f(x) = 4x + 8x + x + 2.

b. Explain why thisa gorithm works.

¢. What isthe running time of thisalgorithm?



2.11 Giveanefficient algorithm to determineif thereexistsaninteger i suchthat ai =iinanarray of integersal <a2<a3<...<an.
What isthe running time of your algorithm?

2.12 Giveefficient algorithms (along with running time analyses) to

a. find the minimum subsequence sum

*b. find the minimum positive subsequence sum

*¢. find the maximum subsequence product

2.13 a. Write aprogram to determineif apositive integer, n, is prime.

b. In terms of n, what is the worst-case running time of your program? (Y ou should beableto do thisin Qi Jn

c. Let B equal thenumber of bitsin thebinary representation of n. What is the value of B?
d. Interms of B, what is the worst-case running time of your program?

e. Comparetherunning timesto determineif a 20-bit and a 40-bit number are prime.

f. Isit morereasonableto givetherunning timeintermsof n or B? Why?

*2.14 The Sieve of Erastothenesisamethod used to compute all primeslessthan n. We begin by making atable of integers 2 to n. We

find the smallest integer, i, that is not crossed out, print i, and crossout i, 2i, 3i, . ... When Peon the algorithm terminates. What

istherunning time of thisalgorithm?

62 , . o
2.15 Show that x  can be computed with only eight multiplications.
2.16 Writethefast exponentiation routinewithout recursion.

2.17 Giveaprecise count on the number of multiplication used by thefast exponentiation routine. (Hint: Consider the binary

representation of n.)

2
2.18 Programs A and B are analyzed and found to have worst-case running times no greater than 150n log2 nand n , respectively.
Answer thefollowing questionsif possible:

a. Which program hasthe better guarantee on the running time, for large values of n (n > 10,000)?
b. Which program hasthe better guarantee on the running time, for small valuesof n (n < 100)?
¢. Which program will run faster on average for n = 1,000?

d. Isit possible that program B will run faster than program A on all possible inputs ?



2.19 A majority element in an array, A, of size n isan element that appears more than n/2 times (thus, thereis at most one). For
example, thearray

3, 3, 4, 2, 4, 4, 2, 4, 4

has amajority element (4), whereasthe array

3, 3, 4,2 4, 4,2, 4

doesnot. If thereisno majority element, your program should indicate this. Hereis a sketch of an algorithm to solve the problem:
First, a candidate majority element isfound (thisisthe harder part). Thiscandidateisthe only element that could possibly bethe
majority element. The second step determinesif thiscandidateisactually themajority. Thisisjust asequential search throughthe
array. Tofind acandidatein the array, A, form asecond array, B. Then compare A1 and A2. If they are equal, add one of theseto B;
otherwise do nothing. Then compare A3 and A4. Again if they are equal, add one of these to B; otherwise do nothing. Continuein this
fashionuntil theentirearray isread. Thenrecursively find acandidatefor B; thisisthe candidate for A (why?.

a How doesthe recursion terminate?

*h. How isthe case wherenis odd handled?

*c. What is the running time of the algorithm?

d. How can we avoid using an extraarray B?

*e. Writeaprogram to compute the majority element.

*2.20 Why isitimportant to assumethat integersin our computer model have afixed size?

2.21 Consider the word puzzle problem described in Chapter 1. Suppose wefix the size of thelongest word to be 10 characters.

a. Intermsof r and c, which arethe number of rowsand columnsin the puzzle, and W, which isthe number of words, what isthe

running time of the algorithmsdescribed in Chapter 1?

b. Supposetheword list is presorted. Show how to use binary search to obtain an algorithm with significantly better running time.

2.22 Supposethat line5in the binary search routine had the expression low = mid instead of low = mid + 1. Would theroutine still
work?

2.23 Supposethat lines6 and 7 in Algorithm 3 (Fig. 2.7) arereplaced by

[ *6*/ max_| ef t _sum = max_sub_sun( a, left, center-1);
1*7*] max_right _sum= max_sub_sun( a, center, right);

Would the routine still work?



*2.24 Theinner loop of the cubic maximum subseguence sum a gorithm performs n(n + 1)(n + 2)/6 iterations of the innermost code.
Thequadratic version performs n(n + 1)/2 iterations. Thelinear version performs n iterations. What patternisevident? Canyou give a
combinatoric explanation of thisphenomenon?
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CHAPTER 3: LISTS, STACKS, AND
QUEUES

This chapter discusses three of the most simple and basic data structures. Virtualy every
significant program will use at least one of these structures explicitly, and astack is
alwaysimplicitly used in your program, whether or not you declare one. Among the
highlights of this chapter, we will

*Introduce the concept of Abstract Data Types (ADTS).

*Show how to efficiently perform operations on lists.

*Introduce the stack ADT and its use in implementing recursion.

*Introduce the queue ADT and its use in operating systems and algorithm design.

Because these data structures are so important, one might expect that they are hard to
implement. In fact, they are extremely easy to code up; the main difficulty is keeping
enough discipline to write good general-purpose code for routines that are generally only
afew lineslong.

3.1. Abstract Data Types(ADTYS)

One of the basic rules concerning programming is that no routine should ever exceed a
page. Thisis accomplished by breaking the program down into modules. Each moduleis
alogical unit and does a specific job. Its size is kept small by calling other modules.
Modularity has several advantages. First, it is much easier to debug small routines than
large routines. Second, it is easier for several people to work on a modular program
simultaneously. Third, awell-written modular program places certain dependenciesin
only one routine, making changes easier. For instance, if output needs to be writtenin a
certain format, it is certainly important to have one routine to do this. If printing
statements are scattered throughout the program, it will take considerably longer to make
modifications. Theideathat global variables and side effects are bad is directly
attributable to the idea that modularity is good.

An abstract data type (ADT) is a set of operations. Abstract data types are mathematical
abstractions; nowhere in an ADT's definition is there any mention of how the set of
operations isimplemented. This can be viewed as an extension of modular design.

Objects such as lists, sets, and graphs, along with their operations, can be viewed as
abstract datatypes, just as integers, reals, and booleans are data types. Integers, reals, and



booleans have operations associated with them, and so do abstract data types. For the set
ADT, we might have such operations as union, intersection, size, and complement.
Alternately, we might only want the two operations union and find, which would define a
different ADT on the set.

The basic ideais that the implementation of these operationsis written once in the
program, and any other part of the program that needs to perform an operation on the ADT
can do so by calling the appropriate function. If for some reason implementation details
need to change, it should be easy to do so by merely changing the routines that perform
the ADT operations. This change, in a perfect world, would be completely transparent to
the rest of the program.

Thereis no rule telling us which operations must be supported for each ADT; thisisa
design decision. Error handling and tie breaking (where appropriate) are also generaly up
to the program designer. The three data structures that we will study in this chapter are
primary examples of ADTs. We will see how each can be implemented in several ways,
but if they are done correctly, the programs that use them will not need to know which
implementation was used.

3.2. TheList ADT

We will deal with agenerd list of theform ay, ap, as, . . . , an. We say that the size of this
listisn. Wewill call the special list of size0 anull list.

For any list except the null list, we say that a4 follows (or succeeds) & (i < n) and that &.
1 precedes g (i > 1). Thefirst element of thelist isa;, and the last element is a,. We will
not define the predecessor of a; or the successor of a,. The position of element g in alist
isi. Throughout this discussion, we will assume, to simplify matters, that the elementsin
the list are integers, but in general, arbitrarily complex elements are allowed.

Associated with these "definitions” is a set of operations that we would like to perform on
thelist ADT. Some popular operations are print_list and make_null, which do the obvious
things; find, which returns the position of the first occurrence of akey; insert and delete,
which generally insert and delete some key from some position in the list; and find_kth,
which returns the element in some position (specified as an argument). If thelist is 34, 12,
52, 16, 12, then find(52) might return 3; insert(x,3) might make the list into 34, 12, 52, X,
16, 12 (if weinsert after the position given); and delete(3) might turn that list into 34, 12,
X, 16, 12.

Of course, the interpretation of what is appropriate for afunction is entirely up to the
programmer, asisthe handling of special cases (for example, what does find(1) return
above?). We could also add operations such as next and previous, which would take a
position as argument and return the position of the successor and predecessor,
respectively.



3.2.1. Smple Array | mplementation of Lists

Obvioudly al of these instructions can be implemented just by using an array. Even if the
array isdynamically allocated, an estimate of the maximum size of thelist is required.
Usually this requires a high over-estimate, which wastes considerable space. This could
be a serious limitation, especially if there are many lists of unknown size.

An array implementation allows print_list and find to be carried out in linear time, which
isas good as can be expected, and the find_kth operation takes constant time. However,
insertion and deletion are expensive. For example, inserting at position 0 (which amounts
to making a new first element) requires first pushing the entire array down one spot to
make room, whereas deleting the first element requires shifting al the elementsin the list
up one, so the worst case of these operationsis O(n). On average, half the list needsto be
moved for either operation, so linear timeis still required. Merely building alist by n
successive inserts would require quadratic time.

Because the running time for insertions and deletions is so slow and the list size must be
known in advance, ssimple arrays are generally not used to implement lists.

3.2.2. Linked Lists

In order to avoid the linear cost of insertion and deletion, we need to ensure that thelist is
not stored contiguously, since otherwise entire parts of the list will need to be moved.
Figure 3.1 shows the general idea of alinked list.

Thelinked list consists of a series of structures, which are not necessarily adjacent in
memory. Each structure contains the element and a pointer to a structure containing its
successor. We call thisthe next pointer. The last cell's next pointer pointsto ; thisvalueis
defined by C and cannot be confused with another pointer. ANS C specifies that is zero.

Recall that a pointer variable isjust avariable that contains the address where some other
dataisstored. Thus, if p is declared to be a pointer to a structure, then the value stored in
p isinterpreted as the location, in main memory, where a structure can be found. A field
of that structure can be accessed by p-field_name, where field_name is the name of the
field we wish to examine. Figure 3.2 shows the actual representation of the list in Figure
3.1. Thelist contains five structures, which happen to reside in memory locations 1000,
800, 712, 992, and 692 respectively. The next pointer in the first structure has the value
800, which provides the indication of where the second structure is. The other structures
each have a pointer that serves asimilar purpose. Of course, in order to accessthislist,
we need to know where the first cell can be found. A pointer variable can be used for this
purpose. It isimportant to remember that a pointer isjust a number. For the rest of this
chapter, we will draw pointers with arrows, because they are more illustrative.
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Figure3.1 A linked list
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Figure 3.2 Linked list with actual pointer values
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Figure 3.3 Deletion from alinked list
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Figure 3.4 Insertion into alinked list

To execute print_list(L) or find(L,key), we merely pass a pointer to the first element in the
list and then traverse the list by following the next pointers. This operation is clearly
linear-time, although the constant is likely to be larger than if an array implementation
were used. Thefind_kth operation is no longer quite as efficient as an array
implementation; find_kth(L,i) takes O(i) time and works by traversing down thelist in the
obvious manner. In practice, this bound is pessimistic, because frequently the callsto
find_kth arein sorted order (by i). As an example, find_kth(L,2), find_kth(L,3),
find_kth(L,4), find_kth(L,6) can all be executed in one scan down thelist.

The delete command can be executed in one pointer change. Figure 3.3 shows the result
of deleting the third element in the original list.

The insert command requires obtaining a new cell from the system by using an malloc
call (more on thislater) and then executing two pointer maneuvers. The general ideais
shown in Figure 3.4. The dashed line represents the old pointer.

3.2.3. Programming Details

The description above is actually enough to get everything working, but there are several
places where you are likely to go wrong. First of al, thereis no really obvious way to
insert at the front of the list from the definitions given. Second, deleting from the front of



the list isa special case, because it changes the start of the list; careless coding will lose
thelist. A third problem concerns deletion in general. Although the pointer moves above
are simple, the deletion algorithm requires us to keep track of the cell before the one that
we want to delete.
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Figure3.5Linked list with a header

It turns out that one simple change solves all three problems. We will keep a sentinel

node, which is sometimes referred to as a header or dummy node. Thisisacommon
practice, which we will see several timesin the future. Our convention will be that the
header isin position 0. Figure 3.5 shows alinked list with a header representing the list ay,
a, ..., as.

To avoid the problems associated with deletions, we need to write aroutine find_previous,
which will return the position of the predecessor of the cell we wish to delete. If we use a
header, then if we wish to delete the first element in thelist, find_previous will return the
position of the header. The use of a header node is somewhat controversial. Some people
argue that avoiding special casesis not sufficient justification for adding fictitious cells;
they view the use of header nodes as little more than ol d-style hacking. Even so, we will
use them here, precisely because they alow usto show the basic pointer manipulations
without obscuring the code with special cases. Otherwise, whether or not a header should
be used is a matter of personal preference.

As examples, we will write about half of thelist ADT routines. First, we need our
declarations, which are given in Figure 3.6.

The first function that we will write tests for an empty list. When we write code for any
data structure that involves pointers, it is always best to draw a picture first. Figure 3.7
shows an empty list; from the figureit is easy to write the function in Figure 3.8.

The next function, which is shown in Figure 3.9, tests whether the current element, which
by assumption exists, isthelast of thelist.

typedef struct node *node_ptr;
struct node

{

el ement _type el enent;

node_ptr next;

b

typedef node_ptr LI ST;

typedef node_ptr position;



Figure 3.6 Type declarationsfor linked lists
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Figure 3.7 Empty list with header

i nt
is_empty( LIST L)

return( L->next == NULL );
}

Figure 3.8 Function to test whether alinked list isempty

i nt

is last( position p, LIST L)
{

return( p->next == NULL );

}

Figure 3.9 Function to test whether current position isthelast in alinked list

The next routine we will write is find. Find, shown in Figure 3.10, returns the position in
the list of some element. Line 2 takes advantage of the fact that the and (& &) operation is
short-circuited: if thefirst half of the and isfalse, the result is automatically false and the
second half is not executed.

/* Return position of x in L; NULL if not found */

position

find ( element_type x, LIST L)

{

position p;

[*1*/ p = L->next;

[*2*%] while( (p !'= NULL) && (p->elenent != x) )
[ *3*/ p = p->next;

[*4*] return p;

}

Figure 3.10 Find routine

Some programmers find it tempting to code the find routine recursively, possibly because
it avoids the sloppy termination condition. We shall see later that thisis avery bad idea
and should be avoided at al costs.



Our fourth routine will delete some element x inlist L. We need to decide what to do if x
occurs more than once or not at all. Our routine deletes the first occurrence of x and does
nothingif x isnot inthelist. To do this, we find p, which isthe cell prior to the one
containing x, viaacall to find_previous. The code to implement thisis shown in Figure
3.11. Thefind_previous routine is similar to find and is shown in Figure 3.12.

The last routine we will writeis an insertion routine. We will pass an element to be
inserted along with thelist L and a position p. Our particular insertion routine will insert
an element after the position implied by p. This decision is arbitrary and meant to show
that there are no set rules for what insertion does. It is quite possible to insert the new
element into position p (which means before the element currently in position p), but
doing this requires knowledge of the element before position p. This could be obtained by
acal tofind_previous. It is thusimportant to comment what you are doing. This has been
donein Figure 3.13.

Notice that we have passed the list to the insert and is_last routines, even though it was
never used. We did this because another implementation might need this information, and
so not passing the list would defeat the idea of using Aots.*

* Thisislegal, but some compilerswill issue awarning.

/* Delete froma list. Cell pointed */
/* to by p->next is wiped out. */

/* Assunme that the position is legal. */
/* Assunme use of a header node. */

voi d

delete( elenent_type x, LIST L)

{

position p, tnp_cell

p = find previous( x, L );

if( p->next !'= NULL ) /* Inplicit assunption of header use */
{ /* x is found: delete it */

tnp_cell = p->next;

p->next = tnp_cell->next; /* bypass the cell to be deleted */
free( tnp_cell );

}

}

Figure 3.11 Deletion routine for linked lists

/* Uses a header. If elenent is not found, then next field */
/* of returned value is NULL */

position
find_previous( elenent_type x, LIST L)
{

position p;

[*1*] p = L;

[*2*]  while( (p->next !'= NULL) && (p->next->elenent != x) )
[*3*]/ p = p->next;

/*4*] return p;

}



Figure 3.12 Find_previous-the find routine for use with delete

/* Insert (after legal position p).*/

/* Header inplenentation assuned. */

voi d

i nsert( elenent_type x, LIST L, position p)
{

position tnmp_cell;

[*1*] tmp_cell = (position) malloc( sizeof (struct node) );
[*2*] if( tnp_cell == NULL )

[*3*] fatal _error("Qut of spacel!!l");

el se

[*4*] tnmp_cell ->el erent = x;

[ *5*/ tnmp_cel |l ->next = p->next;

[ *6*/ p->next = tnp_cell;

}
}

Figure 3.13 Insertion routine for linked lists

With the exception of the find and find_previous routines, all of the operations we have
coded take O(1) time. Thisis because in all cases only afixed number of instructions are
performed, no matter how large thelist is. For the find and find_previous routines, the
running timeis O(n) in the worst case, because the entire list might need to be traversed if
the element is either not found or islast in the list. On average, the running time is O(n),
because on average, half the list must be traversed.

We could write additional routinesto print alist and to perform the next function. These
arefarly straightforward. We could aso write aroutine to implement previous. We leave
these as exercises.

3.2.4. Common Errors

The most common error that you will get isthat your program will crash with a nasty
error message from the system, such as "memory access violation" or "segmentation
violation." This message usually means that a pointer variable contained a bogus address.
One common reason is failure to initialize the variable. For instance, if line 1 in Figure
3.14 is omitted, then p is undefined and is not likely to be pointing at avalid part of
memory. Another typical error would beline 6 in Figure 3.13. If pis, then the
indirection isillegal. This function knows that p is not , so the routineis OK. Of course,
you should comment this so that the routine that callsinsert will insure this. Whenever
you do an indirection, you must make sure that the pointer is not NULL. Some C
complierswill implicity do this check for you, but thisis not part of the C standard.
When you port a program from one compiler to another, you may find that it no longer
works. Thisis one of the common reasons why.

The second common mistake concerns when and when not to use malloc to get a new cell.
Y ou must remember that declaring a pointer to a structure does not create the structure



but only gives enough space to hold the address where some structure might be. The only
way to create arecord that is not already declared is to use the malloc command. The
command malloc(size_p) has the system create, magically, a new structure and return a
pointer toit. If, on the other hand, you want to use a pointer variable to run down alist,
there is no need to declare a new structure; in that case the malloc command is
inappropriate. A type cast is used to make both sides of the assignment operator
compatible. The C library provides other variations of malloc such as calloc.

voi d
delete list( LIST L)
{

position p;

[*1*] p = L->next; /* header assuned */
[ *2*%] L- >next = NULL;

[*3*/ while( p !'= NULL )

{

| *4*/ free( p);

[ *5*%/ p = p->nhext;

}
}

Figure 3.14 Incorrect way to delete a list

When things are no longer needed, you can issue a free command to inform the system
that it may reclaim the space. A consequence of the free(p) command is that the address
that p is pointing to is unchanged, but the data that resides at that address is now
undefined.

If you never delete from alinked list, the number of callsto malloc should equal the size
of thelist, plus 1 if a header is used. Any less, and you cannot possibly have aworking
program. Any more, and you are wasting space and probably time. Occasionally, if your
program uses alot of space, the system may be unable to satisfy your request for a new
cell. Inthis case a pointer is returned.

After adeletion in alinked list, it is usually agood ideato free the cell, especialy if there
arelots of insertions and deletions intermingled and memory might become a problem.

Y ou need to keep atemporary variable set to the cell to be disposed of, because after the
pointer moves are finished, you will not have areferenceto it. As an example, the code in
Figure 3.14 is not the correct way to delete an entire list (although it may work on some
systems).

Figure 3.15 shows the correct way to do this. Disposal is not necessarily afast thing, so
you might want to check to seeif the disposal routine is causing any slow performance
and comment it out if thisisthe case. This author has written a program (see the exercises)
that was made 25 times faster by commenting out the disposal (of 10,000 nodes). It

turned out that the cells were freed in arather peculiar order and apparently caused an
otherwise linear program to spend O(n log n) time to dispose of n cells.



One last warning: malloc(sizeof node ptr) islegal, but it doesn't allocate enough space
for astructure. It allocates space only for a pointer.

voi d
delete_list( LIST L)

{
position p, tnp;

[*1*] p = L->next; [+ header assuned «/
[*2*%] L- >next = NULL;

[ *3*/ while( p !'= NULL )

[ *4*] tnp = p->next;

[ *5*/ free( p);

[ *6*/ p = tnp;

}
}

Figure 3.15 Correct way to delete a list
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Figure 3.16 A doubly linked list

3.2.5. Doubly Linked Lists

Sometimesit is convenient to traverse lists backwards. The standard implementation does
not help here, but the solution is simple. Merely add an extrafield to the data structure,
containing a pointer to the previous cell. The cost of thisis an extralink, which adds to
the space requirement and also doubl es the cost of insertions and del etions because there
are more pointers to fix. On the other hand, it simplifies deletion, because you no longer
have to refer to akey by using a pointer to the previous cell; thisinformation is now at
hand. Figure 3.16 shows a doubly linked list.

3.2.6. Circularly Linked Lists

A popular convention is to have the last cell keep a pointer back to the first. This can be
done with or without a header (if the header is present, the last cell pointsto it), and can
also be done with doubly linked lists (the first cell's previous pointer points to the last
cell). Thisclearly affects some of the tests, but the structure is popular in some
applications. Figure 3.17 shows adouble circularly linked list with no header.

3.2.7. Examples

We provide three examples that use linked lists. Thefirst isasimple way to represent
single-variable polynomials. The second is a method to sort in linear time, for some



special cases. Finally, we show a complicated example of how linked lists might be used
to keep track of courseregistration at a university.

The Polynomial ADT

We can define an abstract data type for single-variable polynomials (with nonnegative

exponents) by using alist. Let {1¥) = Zi-04i*" |f mogt of the coefficients & are
nonzero, we can use asimple array to store the coefficients. We could then write routines
to perform addition, subtraction, multiplication, differentiation, and other operations on
these polynomials. In this case, we might use the type declarations given in Figure 3.18.
We could then write routines to perform various operations. Two possibilities are
addition and multiplication. These are shown in Figures 3.19 to 3.21. Ignoring the time to
initialize the output polynomials to zero, the running time of the multiplication routine is
proportional to the product of the degree of the two input polynomials. This is adequate
for dense polynomials, where most of the terms are present, but if py(x) = 10x19%° + 5x* +
1 and pa(x) = 3x - 2x!92 + 11x + 5, then the running time is likely to be unacceptable.
One can see that most of the timeis spent multiplying zeros and stepping through what
amounts to nonexistent parts of the input polynomials. Thisis always undesirable.

l——

i e - ds (41 s

Figure 3.17 A doublecircularly linked list

t ypedef struct

{
int coeff_array[ MAX DEGREE+1 ];

unsi gned int high_power;
} *PCOLYNOM AL;

Figure 3.18 Type declarationsfor array implementation of the polynomial ADT

An dternative isto use asingly linked list. Each term in the polynomial is contained in
one cell, and the cells are sorted in decreasing order of exponents. For instance, the linked
listsin Figure 3.22 represent pa1(x) and p2(x). We could then use the declarations in Figure
3.23.

voi d

zero_pol ynom al ( POLYNOM AL poly )
{

unsigned int i;

for( i=0; i<=MAX DEGREE; i ++ )

pol y->coeff _array[i] = O;

pol y->hi gh_power = 0;

}



Figure 3.19 Procedureto initialize a polynomial to zero

voi d

add_pol ynom al ( POLYNOM AL pol y1l, POLYNOM AL pol y2,
POLYNOM AL poly_sum)

L

int i;

zero_pol ynom al ( poly_sum);

pol y_sum >hi gh_power = max( pol y1l->hi gh_power,

pol y2->hi gh_power) ;

for( i=poly_sum >high_power; i>=0; i-- )
poly_sum >coeff_array[i] = polyl->coeff_array[i]
+ pol y2->coeff_array[i];

}

Figure 3.20 Procedure to add two polynomials

voi d

mul t _pol ynoni al (  POLYNOM AL pol y1l, POLYNOM AL poly2
POLYNOM AL pol y_prod )

{

unsigned int i, j;

zero_polynom al ( poly_prod );

pol y_prod->hi gh_power = pol yl->hi gh_power

+ pol y2->hi gh_power;

i f( poly_prod->hi gh_power > MAX DEGREE )

error ("Exceeded array size");

el se

for( i=0; i<=poly->high_power; i++ )

for( j=0; j<=poly2->high_power; j++ )
poly_prod->coeff_array[i+j] +=

pol y1->coeff_array[i] * poly2->coeff_array[j];

}

Figure 3.21 Procedur e to multiply two polynomials
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Figure 3.22 Linked list representations of two polynomials

typedef struct node :node_ptr;
struct node

{

int coefficient;
i nt exponent;



node_ptr next;
.
typedef node_ptr POLYNOM AL; /- keep nodes sorted by exponent */

Figure 3.23 Type declaration for linked list implementation of the Polynomial ADT

The operations would then be straightforward to implement. The only potential difficulty
isthat when two polynomials are multiplied, the resultant polynomia will have to have
like terms combined. There are several ways to do this, but we will leave this as an
exercise.

Radix Sort

A second example where linked lists are used is called radix sort. Radix sort is
sometimes known as card sort, because it was used, until the advent of modern
computers, to sort old-style punch cards.

If we have nintegersin therange 1 to m (or O to m- 1) 9, we can use this information to
obtain afast sort known as bucket sort. We keep an array called count, of sizem, which is
initialized to zero. Thus, count has m cells (or buckets), which areinitially empty. When
a isread, increment (by one) count[a;]. After all the input is read, scan the count array,
printing out a representation of the sorted list. This algorithm takes O(m + n); the proof is
left asan exercise. If m= &(n), then bucket sort is O(n).

Radix sort is ageneralization of this. The easiest way to see what happensis by example.
Suppose we have 10 numbers, in the range 0 to 999, that we would like to sort. In general,
thisis n numbersin the range 0 to nP - 1 for some constant p. Obviously, we cannot use
bucket sort; there would be too many buckets. The trick isto use several passes of bucket
sort. The natural algorithm would be to bucket-sort by the most significant "digit" (digit
istaken to base n), then next most significant, and so on. That agorithm does not work,
but if we perform bucket sorts by least significant "digit" first, then the algorithm works.
Of course, more than one number could fall into the same bucket, and, unlike the original
bucket sort, these numbers could be different, so we keep them in alist. Notice that all

the numbers could have some digit in common, so if asimple array were used for the lists,
then each array would have to be of size n, for atotal space requirement of & (n?).

The following example shows the action of radix sort on 10 numbers. Theinput is 64, 8,
216, 512, 27, 729, 0, 1, 343, 125 (the first ten cubes arranged randomly). The first step
bucket sorts by the least significant digit. In this case the math isin base 10 (to make
things ssimple), but do not assume thisin general. The buckets are as shown in Figure
3.24, so the list, sorted by least significant digit, iSO, 1, 512, 343, 64, 125, 216, 27, 8, 729.
These are now sorted by the next least significant digit (the tens digit here) (see Fig. 3.25).
Pass 2 gives output O, 1, 8, 512, 216, 125, 27, 729, 343, 64. Thislist is now sorted with
respect to the two least significant digits. The final pass, shown in Figure 3.26, bucket-
sorts by most significant digit. Thefinal listisO, 1, 8, 27, 64, 125, 216, 343, 512, 729.



To see that the algorithm works, notice that the only possible failure would occur if two
numbers came out of the same bucket in the wrong order. But the previous passes ensure
that when several numbers enter a bucket, they enter in sorted order. The running timeis
O(p(n + b)) where p is the number of passes, n isthe number of elementsto sort, and b is
the number of buckets. In our case, b = n.

0 1 512 343 64 125 216 27 8 729

Figure 3.24 Buckets after first step of radix sort

8 729
1 216 27
0 512 125 343 64

Figure 3.25 Buckets after the second pass of radix sort

64
27

Figure 3.26 Buckets after thelast pass of radix sort

As an example, we could sort all integers that are representable on a computer (32 bits)
by radix sort, if we did three passes over a bucket size of 2**. This algorithm would
always be O(n) on this computer, but probably still not as efficient as some of the
algorithms we shall see in Chapter 7, because of the high constant involved (remember
that afactor of log nisnot al that high, and this algorithm would have the overhead of
maintaining linked lists).

Multilists

Our last example shows a more complicated use of linked lists. A university with 40,000
students and 2,500 courses needs to be able to generate two types of reports. The first
report lists the class registration for each class, and the second report lists, by student, the
classes that each student is registered for.

The obvious implementation might be to use atwo-dimensional array. Such an array
would have 100 million entries. The average student registers for about three courses, so
only 120,000 of these entries, or roughly 0.1 percent, would actually have meaningful
data.



What is needed isalist for each class, which contains the students in the class. We also
need alist for each student, which contains the classes the student is registered for. Figure
3.27 shows our implementation.

As the figure shows, we have combined two listsinto one. All lists use a header and are
circular. Tolist al of the studentsin class C3, we start at C3 and traverseitslist (by
going right). Thefirst cell belongs to student S1. Although there is no explicit
information to this effect, this can be determined by following the student's linked list
until the header is reached. Once thisis done, we return to C3'slist (we stored the
position we were at in the course list before we traversed the student's list) and find
another cell, which can be determined to belong to S3. We can continue and find that S4
and S5 are aso in this class. In a similar manner, we can determine, for any student, al of
the classes in which the student is registered.

[l [} 3 ] !
| (5! 52 3 54 35
_ C1_J,- I
| i
. . ¥
i C2 | =
r |
C3 1 ; "1 "
4 c4 | | |
| | |
i il ]

Figure 3.27 Multilist implementation for registration problem

Using acircular list saves space but does so at the expense of time. In the worst case, if
the first student was registered for every course, then every entry would need to be
examined in order to determine all the course names for that student. Because in this
application there are relatively few courses per student and few students per course, this
isnot likely to happen. If it were suspected that this could cause a problem, then each of
the (nonheader) cells could have pointers directly back to the student and class header.
This would double the space requirement, but simplify and speed up the implementation.

3.2.8. Cursor Implementation of Linked Lists



Many languages, such as BASI C and FORTRAN, do not support pointers. If linked lists are
required and pointers are not available, then an alternate implementation must be used.
The alternate method we will describe is known as a cursor implementation.

The two important items present in a pointer implementation of linked lists are

1. The datais stored in a collection of structures. Each structure contains the data and a
pointer to the next structure.

2. A new structure can be obtained from the system's global memory by acall to malloc
and released by acall to free.

Our cursor implementation must be able to ssimulate this. The logical way to satisfy
condition 1 isto have aglobal array of structures. For any cell in the array, its array index
can be used in place of an address. Figure 3.28 gives the type declarations for a cursor
implementation of linked lists.

We must now simulate condition 2 by allowing the equivalent of malloc and free for cells
inthe CURSOR_SPACE array. To do this, we will keep alist (the freelist) of cells that
arenot inany list. Thelist will use cell 0 asaheader. The initial configuration is shown
in Figure 3.29.

A value of O for next isthe equivalent of apointer. The initialization of
CURSOR_SPACE isastraightforward loop, which we leave as an exercise. To perform
an malloc, the first element (after the header) is removed from the fredlist.

t ypedef unsigned int node_ptr;
struct node

{

el ement _type el enent;

node_ptr next;

s

typedef node_ptr LI ST;

typedef node_ptr position;

struct node CURSOR_SPACE[ SPACE SI ZE ];

Figure 3.28 Declarationsfor cursor implementation of linked lists
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Figure3.29 Aninitialized CURSOR_SPACE

To perform afree, we place the cell at the front of the freelist. Figure 3.30 shows the
cursor implementation of malloc and free. Notice that if there is no space available, our
routine does the correct thing by setting p = 0. This indicates that there are no more cells
left, and also makes the second line of cursor_new a nonoperation (no-op).

Given this, the cursor implementation of linked lists is straightforward. For consistency,
we will implement our lists with a header node. As an example, in Figure 3.31, if the
valueof L is5 and the value of M is 3, then L representsthelist a, b, e, and M represents
thelist c, d, f.

position
cursor_alloc( void )
{

position p;

p = CURSOR _SPACE[ (. next;
CURSOR_SPACE[ 0] . next = CURSOR_SPACEH[ p] . next;
return p;

}

voi d

cursor_free( position p)

{
CURSOR_SPACE] p] . next
CURSOR_SPACE[ ( . next

}

CURSOR_SPACE[ 0 . next ;
p;

Figure 3.30 Routines: cursor-alloc and cur sor-free

Slot Elenment Next

0 - 6
1 b 9
2 f 0
3 header 7
4 - 0
5 header 10
6 - 4
7 c 8
8 d 2
9 e 0
10 a 1

Figure 3.31 Example of a cursor implementation of linked lists

To write the functions for a cursor implementation of linked lists, we must pass and
return the identical parameters as the pointer implementation. The routines are
straightforward. Figure 3.32 implements a function to test whether alist is empty. Figure
3.33 implements the test of whether the current position isthe last in alinked list.



The function find in Figure 3.34 returns the position of x inlist L.

The code to implement deletion is shown in Figure 3.35. Again, the interface for the
cursor implementation is identical to the pointer implementation. Finally, Figure 3.36
shows a cursor implementation of insert.

Therest of the routines are similarly coded. The crucia point is that these routines follow
the apt specification. They take specific arguments and perform specific operations. The
implementation is transparent to the user. The cursor implementation could be used
instead of the linked list implementation, with virtually no change required in the rest of
the code.

i nt
is enpty( LIST L) /* using a header node */

return( CURSOR _SPACE[L].next ==
}

Figure 3.32 Function to test whether alinked list isempty--cur sor implementation

i nt

is_last( position p, LIST L) /* using a header node */
{

return( CURSOR_SPACE[ p] . next ==

}

Figure 3.33 Function to test whether p islast in alinked list--cursor implementation

position

find( elenent_type x, LIST L) /* using a header node */
{

position p;

[*1*] p = CURSOR_SPACE[ L] . next;

[*2*%] while( p & CURSOR _SPACE[p].elenment != x )
[*3*] p = CURSOR_SPACH] p] . next ;

[*4*] return p;

}

Figure 3.34 Find routine--cur sor implementation

voi d

del ete( elenent_type x, LIST L)
{

position p, tnp_cell

p = find_previous( x, L );

if( lis_last( p, L) )

{

tnmp_cell = CURSOR_SPACE[ p] . next;
CURSOR_SPACE[ p] . next = CURSOR_SPACE[tnp_cel I ]. next;
cursor_free( tmp_cell );

}

}



Figure 3.35 Deletion routine for linked lists-cursor implementation

/* Insert (after legal position p); */

/* header inplenentation assuned */

voi d

i nsert( elenent_type x, LIST L, position p)
{

position tnmp_cell;

[*1*]/ tnp_cell = cursor_alloc( )

[*2*/ if( tnmp_cell ==0)

[*3*] fatal _error("Qut of spacel!!");

el se

{

[*4*] CURSOR_SPACE[tnp_cel I ]. el enent = x;

[ *5*/ CURSOR_SPACE[t np_cel I ]. next = CURSOR_SPACE[ p] . next;
[ *6*/ CURSOR_SPACE[ p] . next = tnp_cell;

}
}

Figure 3.36 Insertion routine for linked lists--cur sor implementation

The fredlist represents an interesting data structure in its own right. The cell that is
removed from the freelist is the one that was most recently placed there by virtue of free.
Thus, the last cell placed on the freelist isthe first cell taken off. The data structure that
also has this property is known as a stack, and is the topic of the next section.

3.3. The Stack ADT
3.3.1. Stack M odel

A stack isalist with the restriction that inserts and deletes can be performed in only one
position, namely the end of the list called the top. The fundamental operations on a stack
are push, which is equivalent to an insert, and pop, which deletes the most recently
inserted element. The most recently inserted element can be examined prior to
performing a pop by use of the top routine. A pop or top on an empty stack is generally
considered an error in the stack ADT. On the other hand, running out of space when
performing a push is an implementation error but not an ADT error.

Stacks are sometimes known as LI FO (last in, first out) lists. The model depicted in
Figure 3.37 signifies only that pushes are input operations and pops and tops are output.
The usual operations to make empty stacks and test for emptiness are part of the
repertoire, but essentially all that you can do to a stack is push and pop.

Figure 3.38 shows an abstract stack after several operations. The general model is that
there is some element that is at the top of the stack, and it is the only element that is
visible.
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Figure 3.37 Stack model: input to a stack is by push, output is by pop
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Figure 3.38 Stack model: only the top element is accessible

3.3.2. Implementation of Stacks

Of course, since astack isalist, any list implementation will do. We will give two
popular implementations. One uses pointers and the other uses an array, but, aswe saw in
the previous section, if we use good programming principles the calling routines do not
need to know which method is being used.

Linked List Implementation of Stacks

The first implementation of a stack uses asingly linked list. We perform a push by
inserting at the front of the list. We perform a pop by deleting the element at the front of
thelist. A top operation merely examines the element at the front of the list, returning its
value. Sometimes the pop and top operations are combined into one. We could use calls
to the linked list routines of the previous section, but we will rewrite the stack routines
from scratch for the sake of clarity.

First, we give the definitions in Figure 3.39. We implement the stack using a header.
Then Figure 3.40 shows that an empty stack istested for in the same manner as an empty
list.



Creating an empty stack is aso simple. We merely create a header node; make null sets
the next pointer to NULL (see Fig. 3.41). The push isimplemented as an insertion into the
front of alinked list, where the front of the list serves as the top of the stack (see Fig.
3.42). The top is performed by examining the element in the first position of the list (see
Fig. 3.43). Finally, we implement pop as a delete from the front of the list (see Fig. 3.44).

It should be clear that all the operations take constant time, because nowhere in any of the
routines is there even areference to the size of the stack (except for emptiness), much

less aloop that depends on this size. The drawback of thisimplementation is that the calls
to malloc and free are expensive, especially in comparison to the pointer manipulation
routines. Some of this can be avoided by using a second stack, which isinitially empty.
When acell isto be disposed from the first stack, it is merely placed on the second stack.
Then, when new cells are needed for the first stack, the second stack is checked first.

Array Implementation of Stacks

An alternative implementation avoids pointers and is probably the more popular solution.
The only potential hazard with this strategy is that we need to declare an array size ahead
of time. Generally thisis not a problem, because in typical applications, even if there are
quite afew stack operations, the actual number of elements in the stack at any time never
getstoo large. It isusualy easy to declare the array to be large enough without wasting
too much space. If thisis not possible, then a safe course would be to use a linked list
implementation.

If we use an array implementation, the implementation istrivial. Associated with each
stack isthe top of stack, tos, whichis-1 for an empty stack (thisis how an empty stack is
initialized). To push some element x onto the stack, we increment tos and then set
STACK]tos] = x, where STACK isthe array representing the actual stack. To pop, we set
the return value to STACK]tos] and then decrement tos. Of course, since there are
potentially several stacks, the STACK array and tos are part of one structure representing
astack. It isalmost aways a bad ideato use global variables and fixed names to represent
this (or any) data structure, because in most real- life situations there will be more than
one stack. When writing your actual code, you should attempt to follow the model as
closely as possible, so that no part of your code, except for the stack routines, can attempt
to access the array or top-of-stack variable implied by each stack. Thisistruefor all ADT
operations. Modern languages such as Ada and C++ can actually enforce thisrule.

t ypedef struct node :node_ptr;

struct node

{

el ement _type el enent;

node_ptr next;

1

typedef node_ptr STACK;

[+ Stack inplenentation will use a header. ./

Figure 3.39 Typedeclaration for linked list implementation of the stack ADT



i nt
is_enpty( STACK S )
{

return( S->next == NULL );
}

Figure 3.40 Routineto test whether a stack isempty-linked list implementation

STACK

create_stack( void )

{

STACK S;

S = (STACK) nmall oc( sizeof( struct node ) );
if( S == NULL )

fatal _error("CQut of space!l!");
return S;

}

voi d

make_nul | ( STACK S )

{

if( S != NULL )

S->next = NULL;

el se

error("Must use create_stack first");

}

Figure 3.41 Routineto create an empty stack-linked list implementation

voi d

push( el ement_type x, STACK S )
{

node_ptr tnp_cell;

tnp_cell = (node_ptr) malloc( sizeof ( struct node ) );
if( tnp_cell == NULL )

fatal _error("CQut of space!l!");
el se

{

tnmp_cel | ->el enent = x;

tnp_cel |l ->next = S->next;
S->next = tnp_cell;

}

}

Figure 3.42 Routine to push onto a stack-linked list implementation

el enent _type
top( STACK S )

if( is_emty( S) )
error("Enpty stack");

el se

return S->next->el ement;

}



Figure 3.43 Routineto return top element in a stack--linked list implementation

voi d
pop( STACK S )
{

node_ptr first_cell
if( is_enmpty( S) )
error("Enpty stack");
el se

{

first_cell = S->next;
S->next = S->next - >next;
free( first_cell );

}
}

Figure 3.44 Routine to pop from a stack--linked list implementation

Notice that these operations are performed in not only constant time, but very fast
constant time. On some machines, pushes and pops (of integers) can be written in one
machine instruction, operating on aregister with auto- increment and auto-decrement
addressing. The fact that most modern machines have stack operations as part of the
instruction set enforces the idea that the stack is probably the most fundamental data
structure in computer science, after the array.

One problem that affects the efficiency of implementing stacksis error testing. Our
linked list implementation carefully checked for errors. As described above, a pop on an
empty stack or a push on afull stack will overflow the array bounds and cause a crash.
Thisisobviously undesirable, but if checks for these conditions were put in the array
implementation, they would likely take as much time as the actual stack manipulation.
For thisreason, it has become a common practice to skimp on error checking in the stack
routines, except where error handling is crucia (asin operating systems). Although you
can probably get away with thisin most cases by declaring the stack to be large enough
not to overflow and ensuring that routines that use pop never attempt to pop an empty
stack, this can lead to code that barely works at best, especially when programs get large
and are written by more than one person or at more than one time. Because stack
operations take such fast constant time, it is rare that a significant part of the running time
of aprogram is spent in these routines. This meansthat it is generally not justifiable to
omit error checks. Y ou should always write the error checks; if they are redundant, you
can always comment them out if they really cost too much time. Having said al this, we
can now write routines to implement a general stack using arrays.

A STACK isdefined in Figure 3.45 as a pointer to a structure. The structure contains the
top_of stack and stack_size fields. Once the maximum size is known, the stack array can
be dynamically allocated. Figure 3.46 creates a stack of a given maximum size. Lines 3-5
allocate the stack structure, and lines 6-8 allocate the stack array. Lines 9 and 10 initialize
thetop_of stack and stack size fields. The stack array does not need to be initialized. The
stack isreturned at line 11.



Theroutine dispose_stack should be written to free the stack structure. This routine first
frees the stack array and then the stack structure (See Figure 3.47). Since create_stack
requires an argument in the array implementation, but not in the linked list
implementation, the routine that uses a stack will need to know which implementation is
being used unless adummy parameter is added for the later implementation.
Unfortunately, efficiency and software idealism often create conflicts.

struct stack_record

{

unsi gned int stack_size;

int top_of_stack;

el ement _type *stack_array;

1

typedef struct stack _record *STACK;

#define EMPTY_TOS (-1) /* Signifies an enpty stack */

Figure 3.45 STACK definition--array implementaion

STACK

create_stack( unsigned int nmax_el ements )

{

STACK S;

[*1*/ if( max_elements < M N_STACK Sl ZE )
[*2%] error("Stack size is too snall");
[*3*/ S = (STACK) nmalloc( sizeof( struct stack _record ) );
[*4*] if( S == NULL )

[*5%/ fatal _error("Qut of space!!!l");

[ *6*/ S->stack_array = (el enent_type *)

mal | oc( sizeof ( elenent _type ) * max_elenents );
[*7*] if( S->stack_array == NULL )

[*8*/ fatal _error("Qut of space!!!");
[*9*/ S->top_of _stack = EMPTY_TCS;

/*10*/ S->stack_size = max_el enment s;

[*11*/ return( S);

}

Figure 3.46 Stack creation--array implementaion

voi d
di spose_stack( STACK S )

{

if( S!= NULL )

{

free( S->stack_array );
free( S);

}

}

Figure 3.47 Routinefor freeing stack--array implementation

We have assumed that all stacks deal with the same type of element. In many languages,
if there are different types of stacks, then we need to rewrite a new version of the stack



routines for each different type, giving each version a different name. A cleaner
aternative is provided in C++, which allows one to write a set of generic stack routines
and essentially pass the type as an argument.* C++ also allows stacks of several different
typesto retain the same procedure and function names (such as push and pop): The
compiler decides which routines are implied by checking the type of the calling routine.

*Thisis somewhat of an oversimplification.

Having said al this, we will now rewrite the four stack routines. In true ADT spirit, we
will make the function and procedure heading look identical to the linked list
implementation. The routines themselves are very simple and follow the written
description exactly (see Figs. 3.48 to 3.52).

Pop is occasionally written as a function that returns the popped element (and alters the
stack). Although current thinking suggests that functions should not change their input
variables, Figure 3.53 illustrates that thisis the most convenient method in C.

i nt

is_empty( STACK S )

{

return( S->top_of_stack == EMPTY_TCS );
}

Figure 3.48 Routineto test whether a stack is empty--array implementation

voi d

meke_null ( STACK S )

{

S->top_of _stack = EMPTY_TCS;
}

Figure 3.49 Routineto create an empty stack--array implementation

voi d
push( el ement _type x, STACK S )

{

if( is full( S) )

error("Full stack");

el se

S->stack_array[ ++S->top_of _stack ] = x;

}
Figure 3.50 Routine to push onto a stack--array implementation

el enent _type
top( STACK S )

{

if( is_enpty( S) )

error("Enmpty stack");

el se

return S->stack_array[ S->top_of_stack ];



}
Figure 3.51 Routine to return top of stack--array implementation

voi d

pop( STACK S )

{

if( is_emty( S) )
error("Enpty stack");
el se

S->t op_of _stack--;

}
Figure 3.52 Routineto pop from a stack--array implementation

el enent _type
pop( STACK S )

{

if( is_empty( S ) )

error("Enpty stack");

el se

return S->stack_array[ S->top_of_stack-- ];

}

Figure 3.53 Routine to give top element and pop a stack--array implementation

3.3.3. Applications

It should come as no surprise that if we restrict the operations allowed on alist, those
operations can be performed very quickly. The big surprise, however, isthat the small
number of operations left are so powerful and important. We give three of the many
applications of stacks. The third application gives a deep insight into how programs are
organized.

Balancing Symbols

Compilers check your programs for syntax errors, but frequently alack of one symbol
(such as amissing brace or comment starter) will cause the compiler to spill out a
hundred lines of diagnostics without identifying the real error.

A useful tool in this situation is a program that checks whether everything is balanced.
Thus, every right brace, bracket, and parenthesis must correspond to their left
counterparts. The sequence [()] islegal, but [(]) iswrong. Obvioudly, it is not worthwhile
writing a huge program for this, but it turns out that it is easy to check these things. For
simplicity, we will just check for balancing of parentheses, brackets, and braces and
ignore any other character that appears.

The simple agorithm uses a stack and is as follows:



Make an empty stack. Read characters until end of file. If the character isan open
anything, push it onto the stack. If it isa close anything, then if the stack is empty report
an error. Otherwise, pop the stack. If the symbol popped is not the corresponding opening
symbol, then report an error. At end of file, if the stack is not empty report an error.

Y ou should be able to convince yourself that this algorithm works. It is clearly linear and
actually makes only one pass through the input. It is thus on-line and quite fast. Extra
work can be done to attempt to decide what to do when an error is reported--such as
identifying the likely cause.

Postfix Expressions

Suppose we have a pocket calculator and would like to compute the cost of a shopping
trip. To do so, we add alist of numbers and multiply the result by 1.06; this computes the
purchase price of some items with local sales tax added. If the items are 4.99, 5.99, and
6.99, then a natural way to enter this would be the sequence

4,99 + 5,99 + 6.99 « 1.06 =

Depending on the calculator, this produces either the intended answer, 19.05, or the
scientific answer, 18.39. Most simple four-function calculators will give the first answer,
but better calculators know that multiplication has higher precedence than addition.

On the other hand, some items are taxable and some are not, so if only the first and last
items were actually taxable, then the sequence

4.99 + 1.06 + 5.99 + 6.99 « 1.06 =

would give the correct answer (18.69) on a scientific calculator and the wrong answer
(19.37) on asimple calculator. A scientific calculator generally comes with parentheses,
so we can always get the right answer by parenthesizing, but with a ssmple calculator we
need to remember intermediate results.

A typical evaluation sequence for this example might be to multiply 4.99 and 1.06,
saving this answer as a;. We then add 5.99 and a;, saving the result in a;. We multiply
6.99 and 1.06, saving the answer in ap, and finish by adding a and ay, leaving the final
answer in a. We can write this sequence of operations as follows:

4.99 1.06 » 5.99 + 6.99 1.06 « +

This notation is known as postfix or reverse Polish notation and is evaluated exactly as
we have described above. The easiest way to do thisis to use a stack. When a number is
seen, it is pushed onto the stack; when an operator is seen, the operator is applied to the
two numbers (symbols) that are popped from the stack and the result is pushed onto the
stack. For instance, the postfix expression

6 523 +8++ 3+«



isevaluated asfollows: Thefirst four symbolsare placed on the stack. Theresulting stack is

o b P L

Next a'+'isread, so 3 and 2 are popped from the stack and their sum, 5, is pushed.

tos  —* 5
5
6
Next 8 is pushed.
tos  — 8
3
5
6

Now a"*'isseen, so 8 and 5 are popped as8 * 5=40is pushed.

[P

Next a'+'isseen, so 40 and 5 are popped and 40 + 5 = 45 is pushed.

s — 45

Now, 3 is pushed.



s — 31
45

Next '+ pops 3 and 45 and pushes 45 + 3 =48.

s =+ 48

Finaly, a™"isseen and 48 and 6 are popped, theresult 6 * 48 = 288 is pushed.

tos == 288 |

Thetimeto evaluate apostfix expression is O(n), because processing each element in theinput consists of stack operationsand thus
takes constant time. Thealgorithm to do so isvery simple. Notice that when an expression isgiven in postfix notation, thereisno need
toknow any precedencerules; thisisan obvious advantage.

Infix to Postfix Conversion

Not only can astack be used to eval uate a postfix expression, but we can al so use astack to convert an expression in standard form
(otherwise known as infix) into postfix. Wewill concentrate on asmall version of thegeneral problem by allowing only the operators
+,*,and (, ), andinsisting on the usual precedencerules. Wewill further assumethat the expressionislegal. Suppose we want to

convert theinfix expression

a+t+b*c+(d*e+f)*g

into postfix. A correct answerisabc* +de*f+g* +.

When an operandisread, itisimmediately placed onto the output. Operators are not immediately output, so they must be saved

somewhere. The correct thing to doisto place operatorsthat have been seen, but not placed on the output, onto the stack. Wewill also
stack |eft parentheseswhen they are encountered. We start with aninitially empty stack.

If we see aright parenthesis, then we pop the stack, writing symbol suntil we encounter a(corresponding) |eft parenthesis, whichis

popped but not output.



If we see any other symbol (‘+,"*",'("), then we pop entries from the stack until wefind an entry of lower priority. Oneexceptionis
that we never removea'(* from the stack except when processing a')'. For the purposes of thisoperation, '+' has|owest priority and ‘("

highest. When the popping isdone, we push the operand onto the stack.
Finaly, if weread the end of input, we pop the stack until it isempty, writing symbols onto the output.
To seehow thisalgorithm performs, wewill convert theinfix expression aboveintoits postfix form. First, the symbol aisread, so it

is passed through to the output. Then '+' isread and pushed onto the stack. Next b isread and passed through to the output. The state

of affairsat thisjunctureisasfollows:

+ ab
Stack Output

Next a™*'isread. Thetop entry on the operator stack haslower precedencethan ', so nothing isoutput and **is put on the stack.

Next, cisread and output. Thusfar, we have

+ abc J
Stack Output

The next symbol isa'+'. Checking the stack, wefind that we will pop a'*' and placeit on the output, pop the other '+, which isnot of
lower but equal priority, on the stack, and then push the'+'.

+ abc*+
Stack Cutput

Thenext symbol readisan (', which, being of highest precedence, is placed on the stack. Then d isread and outpuit.

{
+ | abe*+d
Stack Output

We continue by reading a"*'. Since open parentheses do not get removed except when aclosed parenthesisis being processed, thereis

no output. Next, eisread and output.



+ [ abc*+de
Stack COutput

The next symbol read isa'+'. We pop and output **' and then push '+'. Then we read and output f .

+ ]

{
j abc*+de*f _|
Stack Output

Now weread a')', so the stack isemptied back to the'('. We output a'+'.

+ abc*¥+de* i+ j
Stack Cutput

Weread a™' next; it ispushed onto the stack. Then g isread and output.

=
+ |_abc*+d::*f+g

Stack Quiput

Theinput isnow empty, so we pop and output symbolsfrom the stack until it isempty.

abcF+de*f+p*+
Stack Output

Asbefore, this conversion requires only O(n) time and worksin one passthrough theinput. We can add subtraction and divisionto
thisrepertoire by assigning subtraction and addition equal priority and multiplication and division equal priority. A subtle pointisthat
theexpression a - b - cwill be converted to ab - ¢- and not abc - -. Our algorithm doestheright thing, because these operators
associate from left to right. Thisisnot necessarily thecasein general, since exponentiation associatesright to left: 2 *=2 =256 not
4 =64. Weleave asan exercise the problem of adding exponentiation to the repertoire of assignments.



Function Calls

Thealgorithm to check balanced symbol s suggestsaway to implement function calls. The problem hereisthat when acall ismadeto
anew function, all thevariableslocal to the calling routine need to be saved by the system, since otherwise the new function will
overwritethecalling routine'svariables. Furthermore, the current | ocation in the routine must be saved so that the new function knows
whereto go after it isdone. The variables have generally been assigned by the compiler to machineregisters, and there are certain to
be conflicts (usually all procedures get somevariablesassigned to register #1), especialy if recursionisinvolved. Thereason that this
problemissimilar to balancing symbolsisthat afunction call and function return are essentially the same as an open parenthesisand
closed parenthesis, so the sameideas should work.

Whenthereisafunction call, al theimportant information that needsto be saved, such asregister values(corresponding to variable
names) and the return address (which can be obtained from the program counter, whichistypically in aregister), issaved "on apiece
of paper" in an abstract way and put at thetop of apile. Then the control istransferred to the new function, which isfreetoreplacethe
registerswithitsvalues. If it makes other function calls, it follows the same procedure. When the function wantsto return, it looks at
the"paper” at thetop of the pile and restores all theregisters. It then makesthe return jump.

Clearly, all of thiswork can be doneusing astack, and that isexactly what happensin virtually every programming language that
implementsrecursion. Theinformation savediscalled either an activation record or stack frame. The stack in areal computer
frequently grows from the high end of your memory partition downwards, and on many systemsthereisno checking for overflow.
Thereisawaysthepossibility that you will run out of stack space by having too many simultaneously activefunctions. Needlessto
say, running out of stack spaceisawaysafata error.

Inlanguages and systemsthat do not check for stack overflow, your programwill crash without an explicit explanation. Onthese
systems, strange things may happen when your stack getstoo big, because your stack will runinto part of your program. It could be
themain program, or it could be part of your data, especialy if you haveabigarray. If it runsinto your program, your program will
be corrupted; you will have nonsenseinstructionsand will crash as soon asthey are executed. If the stack runsinto your data, what is
likely to happen isthat when you write something into your data, it will destroy stack information -- probably the return address -- and
your program will attempt to return to someweird address and crash.

Innormal events, you should not run out of stack space; doing so isusually an indication of runaway recursion (forgetting abase case).
On the other hand, some perfectly legal and seemingly innocuous program can cause you to run out of stack space. Theroutinein
Figure3.54, which printsout alinked list, isperfectly legal and actually correct. It properly handlesthe base case of an empty list, and
therecursionisfine. This program can be proven correct. Unfortunately, if thelist contains 20,000 elements, there will be astack of
20,000 activation recordsrepresenting the nested callsof line 3. Activation recordsaretypically large because of all theinformation
they contain, so thisprogramislikely to run out of stack space. (If 20,000 elementsare not enough to makethe program crash, replace
the number with alarger one.)

Thisprogramisan example of an extremely bad use of recursion known as tail recursion. Tail recursion refersto arecursive call at
thelast line. Tail recursion can be mechanically eliminated by changing the recursive call to agoto preceded by one assignment per
function argument. Thissimulatestherecursive call because nothing needsto be saved -- after therecursive call finishes, thereis
really no need to know the saved values. Because of this, we can just go to the top of the function with the valuesthat would have
been usedinarecursivecall. The program in Figure 3.55 showstheimproved version. Keep in mind that you should use the more

natural whileloop construction. The goto isused hereto show how acompiler might automatically remove therecursion.

Removal of tail recursionisso simplethat some compilersdoit automatically. Even so, it isbest not to find out that yours does not.



void /* Not using a header */
print_list( LISTL)
{

[*1*/ if( L!=NUL)

{

[ *2*%] print_el ement ( L->elenment );
[*3*/ print_list( L->next );

}
}

Figure3.54 A bad useof recursion: printingalinked list

voi d

print_list( LISTL) /* No header */
{

top:

if( L !=NUL)

{

print_el enent( L->el ement );
L = L->next;

goto top;

}

}

Figure3.55Printingalist without recursion; acompiler might dothis(you should not)

Recursion can alwayshbe completely removed (obviously, the compiler doessoin converting to assembly language), but doing so can
be quitetedious. The general strategy requires using astack and isobviously worthwhileonly if you can manageto put only the bare
minimum on the stack. Wewill not dwell onthisfurther, except to point out that although nonrecursive programsarecertainly
generally faster than recursive programs, the speed advantagerarely justifiesthelack of clarity that resultsfrom removing the
recursion.

3.4. TheQueue ADT

Like stacks, queuesarelists. With aqueue, however, insertion isdone at one end, whereas del etion isperformed at the other end.

3.4.1. Queue M odel

The basic operations on aqueue are enqueue, which inserts an element at the end of thelist (called therear), and dequeue, which
deletes (and returns) the element at the start of thelist (known asthe front). Figure 3.56 shows the abstract model of aqueue.

deguene ((}

" QUEUE ¢ enguene (x, )




Figure 3.56 Model of a queue

3.4.2. Array Implementation of Queues

Aswith stacks, any listimplementationislegal for queues. Like stacks, both thelinked list and array implementations givefast O(1)
running times for every operation. Thelinked listimplementation isstraightforward and | eft asan exercise. Wewill now discussan
array implementation of queues.

For each queue data structure, we keep an array, QUEUE(], and the positions g_front and q_rear, which represent the ends of the
queue. Wealso keep track of the number of elementsthat are actually inthe queue, g_size. All thisinformation is part of one structure,
and asusual, except for the queue routinesthemsel ves, no routine should ever accessthesedirectly. The following figure showsa
queuein someintermediate state. By theway, the cellsthat are blanks have undefined valuesin them. In particular, thefirst two cells

have elementsthat used to bein the queue.

s{a|7 10 |

q-fromt q.rear ‘

The operations should be clear. To enqueue an element x, weincrement q_size and q_rear, then set QUEUE[q_rear] = x. To dequeue
an element, we set the return value to QUEUE[q_front], decrement g_size, and then increment g_front. Other strategies are possible
(thisisdiscussed later). Wewill comment on checking for errors presently.

Thereisone potential problem with thisimplementation. After 10 enqueues, the queue appears to be full, since g_front is now 10, and
the next enqueuewould bein anonexistent position. However, theremight only be afew elementsin the queue, because several

elementsmay have already been dequeued. Queues, like stacks, frequently stay small evenin the presence of alot of operations.

The simple solution isthat whenever g_front or q_rear getsto theend of thearray, it iswrapped around to the beginning. The
following figure showsthe queue during some operations. Thisisknown as a circular array implementation.
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Theextracoderequired toimplement thewraparoundisminimal (although it probably doublesthe running time). If incrementing
either q_rear or g_front causesit to go past the array, the valueisreset to thefirst position in the array.

There are two warnings about the circular array implementation of queues. First, it isimportant to check the queuefor emptiness,
because a dequeue when the queueisempty will return an undefined value, silently.

Secondly, some programmersuse different waysof representing the front and rear of aqueue. For instance, some do not use an entry
to keep track of the size, because they rely on the base case that when the queueisempty, q_rear = g_front - 1. The sizeis computed
implicitly by comparing g_rear and g_front. Thisisavery tricky way to go, because there are some special cases, so bevery careful if



you need to modify codewritten thisway. If the sizeisnot part of the structure, then if thearray sizeis A_SZE, the queueisfull when
thereare A_SZE -1 elements, sinceonly A_S ZE different sizescan bedifferentiated, and one of theseisO0. Pick any styleyoulike
and make surethat all your routines are consistent. Sincethere are afew optionsfor implementation, it is probably worth acomment
or two inthe code, if you don't use the sizefield.

In applicationswhereyou are sure that the number of enqueuesisnot larger than the size of the queue, obviously thewraparound is
not necessary. Aswith stacks, dequeues arerarely performed unlessthe calling routines are certain that the queueis not empty. Thus
error callsarefrequently skipped for thisoperation, exceptin critical code. Thisisgenerally not justifiable, becausethetime savings
that you arelikely to achievearetoo minimal.

We finish this section by writing some of the queue routines. Weleavethe othersasan exerciseto thereader. First, wegive thetype
definitionsin Figure 3.57. Weadd amaximum sizefield, aswas donefor thearray implementation of the stack; queue_create and
queue_dispose routines also need to be provided. We also provide routinesto test whether aqueueisempty and to make an empty
queue (Figs. 3.58 and 3.59). Thereader can writethefunction is_full, which performsthetest implied by itsname. Noticethat q_rear
ispreinitialized to 1 before q_front. The final operation we will writeisthe enqueueroutine. Following the exact description above,
wearrive at theimplementation in Figure 3.60.

3.4.3. Applications of Queues

There are several algorithmsthat use queuesto give efficient running times. Several of thesearefound in graph theory, and wewill
discussthem later in Chapter 9. For now, wewill give some simple examples of queue usage.

struct queue_record

{

unsi gned int g_max_size; /* Maximum# of elenents */

/* until Qis full */

unsigned int g_front;

unsigned int q_rear;

unsi gned int g_size; /* Current # of elenments in Q*/
el ement _type *q_array;

H

typedef struct queue_record * QUEUE

Figure3.57 Typedeclarationsfor queue--array implementation

int

is_enpty( QUEUE Q)

{

return( @>qg_size == 0);

}

Figure3.58 Routinetotest whether a queueisempty-array implementation

voi d

make_nul | ( QUEUE Q)
{

Q >g_size = 0;
Q>q_front = 1;
Q>q_rear = 0;

}



Figure3.59 Routineto makean empty queue-array implementation

unsi gned int
succ( unsigned int value, QUEUE Q)
{

if( ++value == Q >q_max_size )
val ue = 0;
return val ue;

}

voi d

enqueue( el enment_type x, QUEUE Q)
{

if(is_full( Q) )

error("Full queue");

el se

{

Q >g_si ze++;

Q>g_rear = succ( Q>qg_rear, Q);
Q>g_array[ Q>q_rear ] = x;

}

}

Figure3.60 Routinesto enqueue-array implementation

When jobs are submitted to aprinter, they arearranged in order of arrival. Thus, essentially, jobs sent to aline printer are placed on a

queue.*

*We say essentially aqueue, becausejobs can bekilled. Thisamountsto adeletion from the middle of the queue, whichisaviolation
of the strict definition.

Virtually every real-lifelineis (supposed to be) aqueue. For instance, linesat ticket countersare queues, because serviceisfirst-come
first-served.

Another example concerns computer networks. Thereare many network setups of personal computersinwhichthedisk isattached to
one machine, known as the file server. Users on other machines are given accessto fileson afirst-comefirst-served basis, so the data
structureisaqueue.

Further examplesincludethefollowing:

*Callstolarge companies are generally placed on agqueuewhen all operators are busy.

*|nlargeuniversities, whereresourcesarelimited, students must signawaiting listif all terminal sare occupied. The student who has

been at aterminal thelongest isforced off first, and the student who has been waiting the longest isthe next user to be allowed on.

A wholebranch of mathematics, known as queueing theory, deal swith computing, probabilistically, how long usersexpect to wait on
aline, how long theline gets, and other such questions. The answer depends on how frequently usersarriveto thelineand how long it
takesto processauser oncethe user isserved. Both of these parameters are given as probability distribution functions. In simple cases,
an answer can be computed analytically. An example of an easy case would be aphonelinewith one operator. If the operator isbusy,
callersare placed on awaiting line (up to some maximum limit). This problemisimportant for businesses, because studieshave

shown that people are quick to hang up the phone.



If there are k operators, then this problem ismuch more difficult to solve. Problemsthat aredifficult to solve analytically are often
solved by asimulation. In our case, wewould need to use aqueueto perform thesimulation. If kislarge, we also need other data
structuresto dothisefficiently. We shall see how to do thissimulation in Chapter 6. We could then run the simulation for several
values of k and choose the minimum k that gives areasonable waiting time.

Additional usesfor queuesabound, and aswith stacks, it is staggering that such asimple datastructure can be soimportant.

Summary

Thischapter describes the concept of ADTs and illustrates the concept with three of the most common abstract datatypes. The primary
objectiveisto separatetheimplementation of the abstract datatypesfrom their function. The program must know what the operations
do, but it isactually better off not knowing how itisdone.

Lists, stacks, and queuesare perhapsthe threefundamental datastructuresinall of computer science, and their useisdocumented
through ahost of examples. In particular, we saw how stacks are used to keep track of procedure and function callsand how recursion
isactually implemented. Thisisimportant to understand, not just becauseit makes procedural languages possible, but because

knowing how recursionisimplemented removesagood deal of the mystery that surroundsitsuse. Although recursionis very

powerful, itisnot an entirely free operation; misuse and abuse of recursion can result in programs crashing.

Exercises

3.1 Writeaprogram to print out the elements of asingly linked list.

3.2Youaregivenalinkedlist, L, and another linked list, P, containing integers, sortedin ascending order. The operation
print_lots(L,P) will print the elementsin L that arein positions specified by P. For instance, if P =1, 3, 4, 6, thefirst, third, fourth, and
sixth elementsin L are printed. Writetheroutine print_lots(L,P). Y ou should use only thebasic list operations. What istherunning
time of your routine?

3.3 Swap two adjacent elements by adjusting only the pointers (and not the data) using

a. singly linked lists,

b. doubly linked lists.

3.4 Given two sorted lists, L1 and L2, write aprocedure to compute L1 ™ L2 using only the basic list operations.

3.5 Given two sorted lists, L1 and L2, write aprocedure to compute L1 *«* L2 using only the basic list operations.

3.6 Writeafunction to add two polynomials. Do not destroy theinput. Usealinked listimplementation. If the polynomialshave m
and n termsrespectively, what isthetime complexity of your program?

3.7 Writeafunction to multiply two polynomials, using alinked list implementation. Y ou must make surethat the output polynomial

issorted by exponent and has at most one term of any power.
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a. Givean agorithmto solvethisproblemin O(m n ) time.
*b. Write aprogram to perform the multiplication in O(m n) time, where m isthe number of termsin the polynomial of fewer terms.
*c. Writeaprogram to perform the multiplication in O(mn log(mn)) time.
d. Which time bound aboveisthe best?

3.8 Write aprogram that takes a polynomial, f (x), and computes ( f (x))p. What isthe complexity of your program? Propose at
|east one alternative solution that could be competitivefor some plausible choices of f (x) and p.

3.9 Write an arbitrary-precision intgger arithmetic package. Y ou should useastrategy similar to polynomial arithmetic. Computethe
distribution of thedigits0to9in 2

3.10 The Josephus problemis the following mass suicide "game": n people, numbered 1 to n, aresittingin acircle. Starting at person
1, ahandgun is passed. After m passes, the person holding the gun commits suicide, the body isremoved, the circle closes ranks, and
the game continues with the person who was sitting after the corpse picking up thegun. Thelast survivor istried for n - 1 counts of

manslaughter. Thus, if m=0and n =5, playersarekilledin order and player 5 standstrial. If m=1and n =5, the order of death is 2,

4,1,5.

a. Writeaprogram to solve the Josephus problem for general valuesof m and n. Try to make your program as efficient aspossible.
Make sure you dispose of cells.

b. What isthe running time of your program?

c. If m=1, what isthe running time of your program? How isthe actual speed affected by the freeroutine for large values of n (n >
10000)?

3.11Writeaprogramtofind aparticular elementinasingly linked list. Do thisboth recursively and nonrecursively, and comparethe
running times. How big doesthelist have to be before therecursive version crashes?

3.12 a Writeanonrecursive procedure to reverse asingly linked list in O(n) time.
*b. Writeaprocedureto reverseasingly linked list in O(n) time using constant extra space.

3.13 You haveto sort an array of student records by social security number. Write aprogramto do this, using radix sort with 1000
buckets and three passes.

3.14 Writeaprogram to read agraph into adjacency listsusing
a linked lists

b. cursors



3.15a Writean array implementation of self-adjusting lists. A self-adjusting list islike aregular list, except that al insertions are
performed at the front, and when an element isaccessed by afind, itismoved to thefront of thelist without changing therelative
order of the other items.

b. Writealinked list implementation of self-adjusting lists.

* . Suppose each element has afixed probability, pi, of being accessed. Show that the elementswith highest access probability are
expected to be close to the front.

3.16 Suppose we have an array-based list a[0..n -1] and we want to delete all duplicates. last_position isinitially n- 1, but gets smaller
aselementsare del eted. Consider the pseudocode program fragment in Figure 3.61. The procedure DEL ETE del etestheelement in
position j and collapsesthelist.

a. Explain how this procedure works.

b. Rewrite this procedure using general list operations.

/*1*/ for( i=0; i<last_position; i++)

{

[*2%] j=i+1
[ *3%] while( j<last_position)
[ *4x%] if( a[i] == a[jl
/*5%] DELETE(j ) ;

el se
/*6*/ j

}

Figure3.61 Routinetoremoveduplicatesfrom alists-array implementation

*c. Using astandard array implementation, what isthe running time of this procedure?

d. What istherunning time using alinked list implementation?

*e. Give an agorithm to solve this problem in O(n log n) time.

**f, Provethat any algorithm to solvethis problem requires £(n log n) comparisonsif only comparisonsare used. Hint: Look to
Chapter 7.

*g. Provethat if we allow operations besides comparisons, and the keysare real numbers, then we can solve the problem without
using comparisons between elements.

3.17 An alternative to the del etion strategy we have given isto use lazy deletion. To delete an element, we merely mark it del eted
(using an extrabit field). The number of deleted and nondel eted elementsin thelist iskept as part of the data structure. If thereareas
many deleted elementsasnondel eted elements, wetraversetheentirelist, performing the standard del etion al gorithm on all marked
nodes.

a. List theadvantages and disadvantages of lazy deletion.



b. Writeroutinestoimplement the standard linked list operationsusing lazy deletion.

3.18 Writeaprogram to check for balancing symbol sin thefollowing languages:

a. Pascal (begin/end, (),[1.{ }).

b.C(**1, (). [1.{}-

*c. Explain how to print out an error messagethat islikely to reflect the probable cause.

3.19 Writeaprogram to eval uate a postfix expression.

3.20 a. Writeaprogram to convert an infix expression whichincludes'(', "), '+, '-', ' and '/' to postfix.

b. Add the exponentiation operator to your repertoire.

¢. Writeaprogram to convert apostfix expression to infix.

3.21 Writeroutinesto implement two stacksusing only onearray. Y our stack routines should not declare an overflow unlessevery
dotinthearray isused.

3.22*a Propose adatastructure that supportsthe stack push and pop operations and athird operation find_min, which returnsthe
smallest element inthedatastructure, al in O(1) worst casetime.

*b. Provethat if we add the fourth operation delete_min which findsand removesthe smallest element, then at | east one of the
operations must take £L(logn) time. (This requiresreading Chapter 7.)

3.23* Show how to implement three stacksin onearray.

3.241f therecursiveroutinein Section 2.4 used to compute Fibonacci numbersisrunfor n = 50, is stack space likely to run out? Why
or why not?

3.25 Write the routines to implement queues using

a linked lists

b. arrays

3.26 A dequeisadatastructure consisting of alist of items, on which the following operations are possible:

push(x,d): Insert item x on the front end of deque d.

pop(d): Remove the front item from deque d and return it.

inject(x,d): Insert item x on the rear end of deque d.



gect(d): Removetherear item from deque d and return it.

Write routines to support the deque that take O(1) time per operation.

Go to Chapter 4 Return to Table of Contents



CHAPTER 4: TREES

For large amounts of input, the linear access time of linked listsis prohibitive. In this
chapter we look at a simple data structure for which the running time of most operations
isO(log n) on average. We also sketch a conceptually simple modification to this data
structure that guarantees the above time bound in the worst case and discuss a second
modification that essentially gives an O(log n) running time per operation for along
sequence of instructions.

The data structure that we are referring to is known as abinary search tree. Treesin
general are very useful abstractions in computer science, so we will discuss their usein
other, more general applications. In this chapter, we will

*See how trees are used to implement the file system of several popular operating
systems.

*See how trees can be used to evaluate arithmetic expressions.

*Show how to use trees to support searching operationsin O(log n) average time, and
how to refine these ideas to obtain O(log n) worst-case bounds. We will also see how to
implement these operations when the datais stored on a disk.

4.1. Preiminaries

A tree can be defined in several ways. One natural way to define atreeisrecursively. A
tree is a collection of nodes. The collection can be empty, which is sometimes denoted as
A. Otherwise, atree consists of a distinguished noder, called the root, and zero or more
(sub)trees Ty, To, . . ., Tk, €ach of whose roots are connected by adirected edgetor.

The root of each subtreeis said to be achild of r, and r isthe parent of each subtree root.
Figure 4.1 shows atypical tree using the recursive definition.

From the recursive definition, we find that atreeis a collection of n nodes, one of which
istheroot, and n - 1 edges. That there are n - 1 edges follows from the fact that each edge
connects some node to its parent, and every node except the root has one parent (see Fig.
4.2).



Figure4.2 A tree

In the tree of Figure 4.2, theroot is A. Node F has A asaparent and K, L, and M as
children. Each node may have an arbitrary number of children, possibly zero. Nodes with
no children are known as leaves; the leavesin thetree above areB, C, H, |, P, Q, K, L, M,
and N. Nodes with the same parent are siblings; thusK, L, and M are all siblings.
Grandparent and grandchild relations can be defined in asimilar manner.

A path from node n; to ng is defined as a sequence of nodes ny, Ny, . . ., Nk such that n; is
the parent of nj;+1 for 1 =i < k. The length of this path is the number of edges on the path,
namely k -1. There is a path of length zero from every node to itself. Notice that in atree
there is exactly one path from the root to each node.

For any node n;, the depth of n; is the length of the unique path from the root to n;. Thus,
theroot is at depth 0. The height of n; is the longest path from n; to aleaf. Thus all leaves
are at height 0. The height of atreeis equal to the height of the root. For thetreein
Figure4.2, E isat depth 1 and height 2; F is at depth 1 and height 1; the height of the tree
is 3. The depth of atreeisequal to the depth of the deepest |eaf; thisis aways equal to
the height of the tree.

If thereis apath from n; to ny, then ny isan ancestor of n, and ny is adescendant of n;. If
n; #ny, then ny isaproper ancestor of np and np isaproper descendant of n;.

4.1.1. Implementation of Trees



Oneway to implement atree would be to have in each node, besides its data, a pointer to
each child of the node. However, since the number of children per node can vary so
greatly and is not known in advance, it might be infeasible to make the children direct
links in the data structure, because there would be too much wasted space. The solution is
simple: Keep the children of each node in alinked list of tree nodes. The declaration in
Figure4.3istypical.

typedef struct tree_node *tree_ptr;
struct tree_node

{

el ement _type el enent;
tree_ptr first_child,
tree_ptr next_sibling;

s

Figure 4.3 Node declarations for trees

Figure 4.4 First child/next sibling representation of the tree shown in Figure 4.2

Figure 4.4 shows how atree might be represented in this implementation. Arrows that
point downward are first_child pointers. Arrows that go left to right are next_sibling
pointers. Null pointers are not drawn, because there are too many.

In the tree of Figure 4.4, node E has both a pointer to asibling (F) and a pointer to a child
(1), while some nodes have neither.

4.1.2. Tree Traversalswith an Application

There are many applications for trees. One of the popular usesis the directory structurein
many common operating systems, including UNI X, VAX/ Vs, and DOS. Figure4.5isa
typical directory inthe UNI X file system.

Theroot of thisdirectory is/usr. (The asterisk next to the name indicates that /usr isitself
adirectory.) /usr has three children, mark, alex, and bill, which are themselves directories.
Thus, /usr contains three directories and no regular files. The filename
/usr/mark/book/chl.r is obtained by following the leftmost child three times. Each / after
the first indicates an edge; the result is the full pathname. This hierarchical file systemis



very popular, because it allows users to organize their data logically. Furthermore, two
filesin different directories can share the same name, because they must have different
paths from the root and thus have different pathnames. A directory in the UNi X file
systemisjust afilewith alist of all its children, so the directories are structured almost
exactly in accordance with the type declaration above.” Indeed, if the normal command to
print afileis applied to a directory, then the names of the filesin the directory can be
seen in the output (along with other non-Ascl | information).

"Each directory in the UNIX file system also has one entry that points to itself and another entry that points
to the parent of the directory. Thus, technically, the UNIX file system is not a tree, but is treelike.

fusre
Il
mark* alex® bill*
m /hhhhhq'“"'---._
hook® course*  junk.c jun|k.c work* Lourse®
chlr chir ch3r  cop353)* coplllz*
fallsg* 5];|riﬁ‘}"‘ 5|11'n|39"" fall3s+ fallag+
| ,""/T{':“\"\..

sylr sylr sylr grades progle  proglro progde  proglr  prades

Figure4.5 Unix directory

voi d

list_directory ( Directory_or_file D)

{

list_dir ( D 0);

}

voi d

list_dir ( Directory or _file D, unsigned int depth )

[*1*/ if ( Dis alegitimte entry)

[*2*%] print_name ( depth, D);

[*3*/ if( Dis a directory )

[*4x*] for each child, c, of D

[ *5*/ list _dir( c, depth+l );
}

}

Figure 4.6 Routinetolist adirectory in a hierarchical file system

Suppose we would like to list the names of all of the files in the directory. Our output
format will be that filesthat are depth d will have their names indented by d tabs. Our
algorithm isgivenin Figure 4.6.

The heart of the algorithm is the recursive procedure list_dir. This routine needs to be
started with the directory name and a depth of 0O, to signify no indenting for the root. This



depth isan internal bookkeeping variable, and is hardly a parameter that a calling routine
should be expected to know about. Thus the driver routine list_directory is used to
interface the recursive routine to the outside world.

Thelogic of the algorithm is simple to follow. The argument to list_dir is some sort of
pointer into the tree. Aslong as the pointer is valid, the name implied by the pointer is
printed out with the appropriate number of tabs. If the entry is a directory, then we
process all children recursively, one by one. These children are one level deeper, and thus
need to be indented an extra space. The output isin Figure 4.7.

Thistraversal strategy isknown as apreorder traversal. In apreorder traversal, work at a
nodeis performed before (pre) its children are processed. When this program isrun, it is
clear that line 2 is executed exactly once per node, since each name is output once. Since
line 2 is executed at most once per node, line 3 must also be executed once per node.
Furthermore, line 5 can be executed at most once for each child of each node. But the
number of children is exactly one less than the number of nodes. Finally, the for loop
iterates once per execution of line 5, plus once each time the loop ends. Each for loop
terminates on aNULL pointer, but thereis at most one of those per node. Thus, the total
amount of work is constant per node. If there are n file names to be output, then the
running timeis O(n).

[ usr
mar k
book
chrl.c
chr2.c
chr3.c
course
cop3530
fall 88
syl.r
spr 89
syl.r
sunB9
syl.r
junk.c
al ex
junk.c
bi |
wor k
course
cop3212
fall 88
gr ades
progl.r
prog2.r
fall 89
progl.r
prog2.r
gr ades

Figure4.7 The (preorder) directory listing



Another common method of traversing atreeisthe postorder traversal. In a postorder
traversal, the work at anode is performed after (post) its children are evaluated. As an
example, Figure 4.8 represents the same directory structure as before, with the numbers
in parentheses representing the number of disk blocks taken up by each file.

Since the directories are themselves files, they have sizes too. Suppose we would like to
calculate the total number of blocks used by all the filesin the tree. The most natural way
to do this would be to find the number of blocks contained in the subdirectories /usr/mark
(30), /usr/alex (9), and /usr/bill (32). The total number of blocksis then the total in the
subdirectories (71) plus the one block used by /usr, for atotal of 72. The function

size directory in Figure 4.9 implements this strategy.

fusr*( 1)
mark*{1} alex™{1} bill*(1}
book* (1} cowrse™®( 1) junk.c(f) junk.c{8) work*(1} course*{1}
chi3) chd.m2) chdald) copds30el) copd2l 2*1}
Tall88*(1) sprE®=(1}sumB2*(1} fall38*{1} fallB9*(1}

syle(ly  syle(5)  sylao(2) grades(d) progl.r{4)progl.r(l) progd.rZ)progl.o(?) grades(9)

Figure 4.8 Unix directory with file sizes obtained via postorder traversal

unsi gned int
size_directory( Directory or _file D)

{

unsigned int total _size

[*1*/ total _size = 0;

[*2*] if( Dis alegitimate entry)

{

[*3*/ total _size = file_size( D);
[*4*/ if( Dis adirectory )

[ *5%] for each child, ¢, of D
[ *6*/ total _size += size_directory( c );
[*7*/ return( total _size );

}

Figure 4.9 Routineto calculate the size of a directory

chl.r 3
ch2.r 2
ch3.r 4

book 10
syl.r 1

fall 88 2

syl.r 5

spr 89 6



syl.r 2

sunB89 3

cop3530 12

cour se 13
junk.c 6

mar k 30
junk.c 8

al ex 9
wor k 1

gr ades 3

progl.r 4

prog2.r 1

fall88 9

prog2.r 2

progl.r 7

gr ades 9

fall89 19

cop3212 29

course 30
bill 32
[ usr 72

Figure 4.10 Trace of the size function

If D isnot adirectory, then size_directory merely returns the number of blocks used by D.
Otherwise, the number of blocks used by D is added to the number of blocks (recursively)
found in al of the children. To see the difference between the postorder traversal strategy
and the preorder traversal strategy, Figure 4.10 shows how the size of each directory or
fileis produced by the algorithm.

4.2.Binary Trees

A binary treeisatree in which no node can have more than two children.

Figure 4.11 shows that a binary tree consists of aroot and two subtrees, T and T,, both of
which could possibly be empty.

A property of abinary tree that is sometimes important is that the depth of an average
binary tree is considerably smaller than n. An analysis shows that the average depth is

O(fn) , and that for a special type of binary tree, namely the binary search tree, the
average value of the depth is O(log n). Unfortunately, the depth can be aslargeasn -1, as
the examplein Figure 4.12 shows.



Figure4.12 Wor st-case binary tree

4.2.1. Implementation

Because abinary tree has at most two children, we can keep direct pointersto them. The
declaration of tree nodesis similar in structure to that for doubly linked lists, in that a
node is a structure consisting of the key information plus two pointers (left and right) to
other nodes (see

typedef struct tree_node *tree_ptr;
struct tree_node

{

el ement _type el enent;
tree_ptr left;
tree_ptr right;

b

typedef tree_ptr TREE;

Figure 4.13 Binary tree node declarations

Many of the rulesthat apply to linked lists will apply to trees as well. In particular, when
an insertion is performed, a node will have to be created by a call to malloc. Nodes can be
freed after deletion by calling free.



We could draw the binary trees using the rectangular boxes that are customary for linked
lists, but trees are generally drawn as circles connected by lines, because they are actually
graphs. We also do not explicitly draw NULL pointers when referring to trees, because
every binary tree with n nodes would require n + 1 NULL pointers.

Binary trees have many important uses not associated with searching. One of the
principal uses of binary treesisin the area of compiler design, which we will now
explore.

4.2.2. Expression Trees

Figure 4.14 shows an example of an expression tree. The leaves of an expression tree are
operands, such as constants or variable names, and the other nodes contain operators.
This particular tree happens to be binary, because all of the operations are binary, and
although thisisthe simplest caseg, it is possible for nodes to have more than two children.
It isaso possible for anode to have only one child, asisthe case with the unary minus
operator. We can evaluate an expression tree, T, by applying the operator at the root to
the values obtained by recursively evaluating the left and right subtrees. In our example,
the left subtree evaluatesto a + (b * ¢) and the right subtree evaluatesto ((d *€) + f )*g.
The entire tree therefore represents (a + (b*c)) + (((d * €) + f)* g).

We can produce an (overly parenthesized) infix expression by recursively producing a
parenthesized |eft expression, then printing out the operator at the root, and finally
recursively producing a parenthesized right expression. This general strattegy ( left, node,
right ) isknown as an inorder traversal; it is easy to remember because of the type of
expression it produces.

An dternate traversal strategy isto recursively print out the left subtree, the right subtree,
and then the operator. If we apply this strategy to our tree above, the outputisabc* +d
e* f+g* +, whichiseasily seen to be the postfix representation of Section 3.3.3. This
traversal strategy is generally known as a postorder traversal. We have seen this traversal
strategy earlier in Section 4.1.

Figure4.14 Expression treefor (a+b*c)+((d* e+f) * Q)



A third traversal strategy isto print out the operator first and then recursively print out the
left and right subtrees. The resulting expression, + + a* bc* +* def g, isthe less useful
prefix notation and the traversal strategy isa preorder traversal, which we have al'so seen
earlier in Section 4.1. We will return to these traversal strategies once again later in the
chapter.

Constructing an Expression Tree

We now give an algorithm to convert a postfix expression into an expression tree. Since
we already have an algorithm to convert infix to postfix, we can generate expression trees
from the two common types of input. The method we describe strongly resembles the
postfix evaluation algorithm of Section 3.2.3. We read our expression one symbol at a
time. If the symbol is an operand, we create a one- node tree and push a pointer to it onto
astack. If the symbol is an operator, we pop pointers to two trees T, and T» from the
stack (T1 is popped first) and form a new tree whose root is the operator and whose | eft
and right children point to T, and T respectively. A pointer to this new tree isthen
pushed onto the stack.

As an example, suppose the input is

ab+cde+**

The first two symbols are operands, so we create one-node trees and push pointers to
them onto a stack.*

*For convenience, we will have the stack grow from left to right in the diagrams.

11




Next, a'+' isread, so two pointers to trees are popped, a new tree is formed, and a pointer

!

Next, ¢, d, and e are read, and for each a one-node tree is created and a pointer to the
corresponding tree is pushed onto the stack.

T

Now a'+'isread, so two trees are merged.

to it is pushed onto the stack.*

| NS

° +
o o d e

Continuing, a™ " isread, so we pop two tree pointers and form a new tree with a™' asroot.



Finally, the last symbol isread, two trees are merged, and a pointer to the final treeisleft
on the stack.

4.3. The Search Tree ADT-Binary Search
Trees

An important application of binary treesistheir use in searching. Let us assume that each
nodein the treeis assigned a key value. In our examples, we will assume for ssimplicity
that these are integers, although arbitrarily complex keys are alowed. We will also
assume that all the keys are distinct, and deal with duplicates |ater.

The property that makes a binary tree into a binary search tree isthat for every node, X, in
the tree, the values of all the keysin the left subtree are smaller than the key value in X,



and the values of all the keysin the right subtree are larger than the key valuein X.
Notice that thisimpliesthat all the elements in the tree can be ordered in some consistent
manner. In Figure 4.15, the tree on the left is a binary search tree, but the tree on the right
isnot. The tree on the right has a node with key 7 in the left subtree of a node with key 6
(which happens to be the root).

We now give brief descriptions of the operations that are usually performed on binary
search trees. Note that because of the recursive definition of trees, it is common to write
these routines recursively. Because the average depth of a binary search treeis O(log n),
we generally do not need to worry about running out of stack space. We repeat our type
definition in Figure 4.16. Since all the elements can be ordered, we will assume that the
operators <, >, and = can be applied to them, even if this might be syntactically erroneous
for sometypes.

Figure 4.15 Two binary trees (only theleft treeisa search tree)

typedef struct tree_node *tree_ptr;
struct tree_node

{

el emrent _type el enent;
tree_ptr left;

tree_ptr right;

b

typedef tree_ptr SEARCH TREE;

Figure 4.16 Binary sear ch tree declarations

4.3.1. Make null

This operation is mainly for initialization. Some programmers prefer to initialize the first
element as aone-node tree, but our implementation follows the recursive definition of
trees more closely. It isalso asimple routine, as evidenced by Figure 4.17.

4.3.2. Find



This operation generally requires returning a pointer to the node in tree T that has key X,

or NULL if thereis no such node. The structure of the tree makesthissimple. If T is,

then we can just return . Otherwise, if the key stored at T is x, we can return T. Otherwise,
we make arecursive call on asubtree of T, either left or right, depending on the
relationship of x to the key stored in T. The code in Figure 4.18 is an implementation of
thisstrategy.

SEARCH_TREE
make_null ( void )

{
return NULL;

}
Figure 4.17 Routineto make an empty tree

tree_ptr
find( element_type x, SEARCH TREE T )

{

if( T == NULL )

return NULL;

if( x < T->elenent )

return( find( x, T->left ) );
el se

if( x > T->el enent )

return( find( x, T->right ) );
el se

return T,

}

Figure 4.18 Find operation for binary search trees

Notice the order of the tests. It is crucial that the test for an empty tree be performed first,
since otherwise the indirections would be on a NULL pointer. The remaining tests are
arranged with the least likely case last. Also note that both recursive calls are actually tail
recursions and can be easily removed with an assignment and a goto. The use of tall
recursion is justifiable here because the ssimplicity of algorithmic expression compensates
for the decrease in speed, and the amount of stack space used is expected to be only
O(log n).

4.3.3. Find_min and find_max

These routines return the position of the smallest and largest elementsin the tree,
respectively. Although returning the exact values of these elements might seem more
reasonable, this would be inconsistent with the find operation. It isimportant that similar-
looking operations do similar things. To perform afind_min, start at the root and go left
aslong asthereisaleft child. The stopping point is the smallest element. The find_max
routine is the same, except that branching isto the right child.



Thisis so easy that many programmers do not bother using recursion. We will code the
routines both ways by doing find_min recursively and find_max nonrecursively (see Figs.
4.19 and 4.20).

Notice how we carefully handle the degenerate case of an empty tree. Although thisis
always important to do, it is especially crucial in recursive programs. Also notice that it is
safeto change T in find_max, since we are only working with a copy. Always be
extremely careful, however, because a statement such as T ->right : =T -> right -> right
will make changes in most languages.

tree_ptr

find_mn( SEARCH TREE T )

{

if( T == NULL )

return NULL;

el se

if( T->left == NULL )

return( T );

el se

return( find_mn ( T->left ) );

}
Figure 4.19 Recursive implementation of find_min for binary search trees

tree_ptr

find_nmax( SEARCH TREE T )
{

if( T !'= NULL )

while( T->right !'= NULL )
T = T->right;

return T;

}

Figure 4.20 Nonr ecur sive implementation of find_max for binary search trees

4.34. Insert

The insertion routine is conceptually ssmple. To insert x into tree T, proceed down the
tree as you would with afind. If x isfound, do nothing (or "update" something).
Otherwise, insert x at the last spot on the path traversed. Figure 4.21 shows what happens.
Toinsert 5, we traverse the tree as though a find were occurring. At the node with key 4,
we need to go right, but there is no subtree, so 5 is not in the tree, and thisis the correct

spot.

Duplicates can be handled by keeping an extrafield in the node record indicating the
frequency of occurrence. This adds some extra space to the entire tree, but is better than
putting duplicates in the tree (which tends to make the tree very deep). Of course this
strategy does not work if the key isonly part of alarger record. If that is the case, then we



can keep all of the records that have the same key in an auxiliary data structure, such asa
list or another search tree.

Figure 4.21 Binary search trees before and after inserting 5

Figure 4.22 shows the code for the insertion routine. Since T points to the root of the tree,
and the root changes on the first insertion, insert is written as a function that returns a
pointer to the root of the new tree. Lines 8 and 10 recursively insert and attach x into the
appropriate subtree.

tree_ptr

insert( element_type x, SEARCH TREE T )

{

[*1*] if( T == NULL )

{ /* Create and return a one-node tree */

[*2%] T = (SEARCH TREE) malloc ( sizeof (struct tree_node) );
[ *3*/ if( T == NULL )

[ *4*/ fatal _error("Qut of space!!!l");
el se

[ *5*/ T->el emrent = x;

[ *6*/ T->left = T->right = NULL;

}

}

el se

[*7*] if( x < T->elenent )

[ *8*/ T->left = insert( x, T->left );

el se

/*9*/ if( x > T->element )

[*10*/ T->right = insert( x, T->right );
/* else x is in the tree already. W'll do nothing */
[*11*/ return T; /* Don't forget this linel! */
}

Figure4.22 Insertion into a binary search tree

4.3.5. Delete



Asiscommon with many data structures, the hardest operation is deletion. Once we have
found the node to be deleted, we need to consider several possibilities.

If the node is aledf, it can be deleted immediately. If the node has one child, the node can
be deleted after its parent adjusts a pointer to bypass the node (we will draw the pointer
directions explicitly for clarity). See Figure 4.23. Notice that the deleted node is now
unreferenced and can be disposed of only if apointer to it has been saved.

The complicated case deals with a node with two children. The general strategy isto
replace the key of this node with the smallest key of the right subtree (whichis easily
found) and recursively delete that node (which is now empty). Because the smallest node
in the right subtree cannot have aleft child, the second delete is an easy one. Figure 4.24
shows an initial tree and the result of a deletion. The node to be deleted is the |eft child of
the root; the key valueis 2. It is replaced with the smallest key in its right subtree (3), and
then that node is deleted as before.

Figure 4.24 Deletion of a node (2) with two children, before and after



The code in Figure 4.25 performs deletion. It isinefficient, because it makes two passes
down the tree to find and del ete the smallest node in the right subtree when thisis
appropriate. It is easy to remove thisinefficiency, by writing a special delete_min
function, and we have left it in only for ssmplicity.

If the number of deletions is expected to be small, then a popular strategy to useis lazy
deletion: When an element isto be deleted, it isleft in the tree and merely marked as
being deleted. Thisis especially popular if duplicate keys are present, because then the
field that keeps count of the frequency of appearance can be decremented. If the number
of real nodes in the tree is the same as the number of "deleted” nodes, then the depth of
the tree is only expected to go up by a small constant (why?), so thereisavery small time
penalty associated with lazy deletion. Also, if adeleted key is reinserted, the overhead of
allocating anew cell isavoided.

tree_ptr

del ete( el enment_type x, SEARCH TREE T )
{

tree_ptr tmp_cell, child,

if( T == NULL )

error("El emrent not found");

el se

if( x < T->element ) /[/* CGo left */
T->left = delete( x, T->left );

el se

if( x >T->element ) [* Go right */
T->right = delete( x, T->right );

el se /* Found el ement to be deleted */

if( T->left & T->right ) /* Two children */

{ /* Replace with smallest in right subtree */
tmp_cell = find_mn( T->right );

T->elemrent = tnp_cell->el enent;

T->right = delete( T->elenent, T->right );

}

el se /[* One child */

}

tnp_cell =T,

if( T->left == NULL ) [* Only a right child */
child = T->right;

if( T->right == NULL ) [* Only a left child */

child = T->left;
free( tnp_cell );
return child;

}

return T;

}

Figure 4.25 Deletion routine for binary search trees

4.3.6. Average-Case Analysis



Intuitively, we expect that all of the operations of the previous section, except make null,
should take O(log n) time, because in constant time we descend a level in the tree, thus
operating on atree that is now roughly half aslarge. Indeed, the running time of all the
operations, except make _null, is O(d), where d is the depth of the node containing the
accessed key.

We prove in this section that the average depth over all nodesin atreeis O(log n) on the
assumption that all trees are equally likely.

The sum of the depths of all nodes in atree is known as the internal path length. We will
now calculate the average internal path length of a binary search tree, where the average
istaken over all possible binary search trees.

Let D(n) be the internal path length for some tree T of n nodes. D(1) = 0. An n-node tree
consists of an i-node left subtree and an (n - i - 1)-node right subtree, plus aroot at depth
zero for O =i < n. D(i) isthe internal path length of the |eft subtree with respect to its root.
In the main tree, all these nodes are one level deeper. The same holds for the right subtree.
Thus, we get the recurrence

D(n) =D(i) +D(n-1i -1) +n -1

If al subtree sizes are equally likely, which istrue for binary search trees (since the
subtree size depends only on the relative rank of the first element inserted into the tree),
but not binary trees, then the average value of both D(i) and D(n- i -1) is
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This recurrence will be encountered and solved in Chapter 7, obtaining an average value
of D(n) = O(n log n). Thus, the expected depth of any nodeis O(log n). As an example,
the randomly generated 500-node tree shown in Figure 4.26 has nodes at expected depth
9.98.

It istempting to say immediately that this result implies that the average running time of
all the operations discussed in the previous section is O(log n), but thisis not entirely true.
The reason for thisis that because of deletions, it isnot clear that all binary search trees
are equally likely. In particular, the deletion algorithm described above favors making the
left subtrees deeper than the right, because we are always replacing a deleted node with a
node from the right subtree. The exact effect of this strategy is still unknown, but it seems
only to be atheoretical novelty. It has been shown that if we alternate insertions and

deletions @ (n?) times, then the trees will have an expected depth of Bl n . Aftera
quarter- million random insert/delete pairs, the tree that was somewhat right-heavy in
Figure 4.26 looks decidedly unbalanced (average depth = 12.51). See Figure 4.27.
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Figure 4.26 A randomly generated binary search tree

We could try to eliminate the problem by randomly choosing between the smallest
element in the right subtree and the largest in the left when replacing the deleted element.
This apparently eliminates the bias and should keep the trees balanced, but nobody has
actually proved this. In any event, this phenomenon appears to be mostly a theoretical
novelty, because the effect does not show up at all for small trees, and stranger still, if
o(n?) insert/delete pairs are used, then the tree seems to gain balance!

Figure 4.27 Binary search tree after O(n? insert/delete pairs

The main point of this discussion is that deciding what "average" meansis generally
extremely difficult and can require assumptions which may or may not be valid. In the
absence of deletions, or when lazy deletion is used, it can be shown that al binary search



trees are equally likely and we can conclude that the average running times of the
operations above are O(log n). Except for strange cases like the one discussed above, this
result is very consistent with observed behavior.

If the input comes into atree presorted, then a series of inserts will take quadratic time
and give avery expensive implementation of alinked list, since the tree will consist only
of nodes with no left children. One solution to the problem isto insist on an extra
structural condition called balance: no node is allowed to get too deep.

There are quite afew genera algorithms to implement balanced trees. Most are quite a bit
more complicated than a standard binary search tree, and all take longer on average. They
do, however, provide protection against the embarrassingly simple cases. Below, we will
sketch one of the oldest forms of balanced search trees, the AVL tree.

A second, newer, method is to forego the balance condition and alow the tree to be
arbitrarily deep, but after every operation, arestructuring rule is applied that tends to
make future operations efficient. These types of data structures are generally classified as
self-adjusting. In the case of a binary search tree, we can no longer guarantee an O(log n)
bound on any single operation, but can show that any sequence of m operations takes
total time O(m log n) in the worst case. Thisis generally sufficient protection against a
bad worst case. The data structure we will discussis known as asplay tree; itsanalysisis
fairly intricate and is discussed in Chapter 11.

4.4. AVL Trees

An AVL (Adelson-Velskii and Landis) treeis abinary search tree with a balance condition.
The balance condition must be easy to maintain, and it ensures that the depth of the treeis
O(log n). The simplest ideais to require that the left and right subtrees have the same
height. As Figure 4.28 shows, this idea does not force the tree to be shallow.

Figure 4.28 A bad binary tree. Requiring balance at theroot is not enough.

Another balance condition would insist that every node must have left and right subtrees
of the same height. If the height of an empty subtreeis defined to be -1 (asis usual), then
only perfectly balanced trees of 2X - 1 nodes would satisfy this criterion. Thus, although



this guarantees trees of small depth, the balance condition istoo rigid to be useful and
needs to be relaxed.

An AVL treeisidentical to abinary search tree, except that for every node in the tree, the
height of the left and right subtrees can differ by at most 1. (The height of an empty tree
isdefined to be-1.) In Figure 4.29 the tree on the left is an AVL tree, but the tree on the
right is not. Height information is kept for each node (in the node structure). It is easy to
show that the height of an AVL treeis at most roughly 1.44 log(n + 2) - .328, but in
practiceit isabout log(n + 1) + 0.25 (although the latter claim has not been proven). As
an example, the AVL tree of height 9 with the fewest nodes (143) is shown in Figure 4.30.
Thistree has as aleft subtree an AVL tree of height 7 of minimum size. The right subtree
isan AVL tree of height 8 of minimum size. Thistells us that the minimum number of
nodes, N(h), inan AvL tree of height his given by N(h) =N(h-1) + N(h- 2) + 1. For h = 0,
N(h) = 1. For h =1, N(h) = 2. The function N(h) is closely related to the Fibonacci
numbers, from which the bound claimed above on the height of an AvL tree follows.

Thus, all the tree operations can be performed in O(log n) time, except possibly insertion
(we will assume lazy deletion). When we do an insertion, we need to update all the
balancing information for the nodes on the path back to the root, but the reason that
insertion is potentially difficult is that inserting a node could violate the AVL tree property.
61
(For instance, inserting ? into the AVL treein Figure 4.29 would destroy the balance
condition at the node with key 8.) If thisisthe case, then the property hasto be restored
before the insertion step is considered over. It turns out that this can always be done with
asimple modification to the tree, known as arotation. We describe rotations in the
following section.

Figure 4.29 Two binary search trees. Only theleft treeisave.



Figure 4.30 Smallest AVL tree of height 9
4.4.1. Single Rotation

4.4.2. Double Rotation

4.4.1. Single Rotation

Thetwo trees in Figure 4.31 contain the same elements and are both binary search trees.
First of all, in both trees k; < ko. Second, al elementsin the subtree X are smaller than k;
in both trees. Third, all elementsin subtree Z are larger than k,. Finally, al elementsin
subtree Y are in between k1 and k». The conversion of one of the above trees to the other
isknown as arotation. A rotation involves only afew pointer changes (we shall see
exactly how many later), and changes the structure of the tree while preserving the search
tree property.

The rotation does not have to be done at the root of atree; it can be done at any node in
the tree, since that node is the root of some subtree. It can transform either tree into the
other. This gives a simple method to fix up an AVL treeif an insertion causes some node
inan AVL treeto lose the balance property: Do arotation at that node. The basic algorithm
isto start at the node inserted and travel up the tree, updating the balance information at
every node on the path. If we get to the root without having found any badly balanced
nodes, we are done. Otherwise, we do arotation at the first bad node found, adjust its
balance, and are done (we do not have to continue going to the root). In many cases, this
is sufficient to rebalance the tree. For instance, in Figure 4.32, after the insertion of the



61,
inthe original AVL tree on the left, node 8 becomes unbalanced. Thus, we do a

single rotation between 7 and 8, obtaining the tree on the right.
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Figure4.31 Singlerotation
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Figure 4.32 avL property destroyed by insertion of , then fixed by arotation

Let uswork through arather long example. Suppose we start with an initially empty AvL
tree and insert the keys 1 through 7 in sequential order. The first problem occurs when it

istimeto insert key 3, because the AVL property isviolated at the root. We perform a

single rotation between the root and its right child to fix the problem. The treeis shown in

the following figure, before and after the rotation:
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To make things clearer, a dashed line indicates the two nodes that are the subject of the
rotation. Next, we insert the key 4, which causes no problems, but the insertion of 5
creates aviolation at node 3, which is fixed by a single rotation. Besides the local change
caused by the rotation, the programmer must remember that the rest of the tree must be
informed of this change. Here, this means that 2's right child must be reset to point to 4

instead of 3. Thisis easy to forget to do and would destroy the tree (4 would be
inaccessible).

N

before after

Next, we insert 6. This causes a balance problem for the root, since its left subtree is of

height 0, and its right subtree would be height 2. Therefore, we perform a single rotation
at the root between 2 and 4.

Therotation is performed by making 2 a child of 4 and making 4's original left subtree
the new right subtree of 2. Every key in this subtree must lie between 2 and 4, so this
transformation makes sense. The next key weinsert is 7, which causes another rotation.

SN A
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4.4.2. Double Rotation

The algorithm described in the preceding paragraphs has one problem. Thereis a case
where the rotation does not fix the tree. Continuing our example, suppose we insert keys
8 through 15 in reverse order. Inserting 15 is easy, since it does not destroy the balance
property, but inserting 14 causes a height imbalance at node 7.

Asthe diagram shows, the single rotation has not fixed the height imbalance. The
problem is that the height imbalance was caused by a node inserted into the tree
containing the middle elements (tree Y in Fig. 4.31) at the same time as the other trees
had identical heights. The caseis easy to check for, and the solution is called a double
rotation, which is similar to a single rotation but involves four subtrees instead of three.
In Figure 4.33, the tree on the | ft is converted to the tree on the right. By the way, the
effect is the same as rotating between k; and k, and then between k, and k3. Thereisa
symmetric case, which is also shown (see Fig. 4.34).

Figure 4.33 (Right-left) doublerotation



Figure4.34 (L eft-right) doublerotation

In our example, the double rotation is a right- left double rotation and involves 7, 15, and
14. Here, k3 isthe node with key 7, ki isthe node with key 15, and ks is the node with key

14. Subtrees A, B, C, and D are all empty.

Next we insert 13, which requires a double rotation. Here the double rotation is again a
right- left double rotation that will involve 6, 14, and 7 and will restore the tree. In this
case, k3 isthe node with key 6, ki isthe node with key 14, and k; is the node with key 7.
Subtree A is the tree rooted at the node with key 5, subtree B is the empty subtree that
was originally the left child of the node with key 7, subtree C is the tree rooted at the
node with key 13, and finally, subtree D is the tree rooted at the node with key 15.

before after



If 12 is now inserted, thereis an imbalance at the root. Since 12 is not between 4 and 7,
we know that the single rotation will work.

3 GOOOE ®

before @ after

Insertion of 11 will require a single rotation:

To insert 10, asingle rotation needs to be performed, and the same istrue for the
subsequent insertion of 9. We insert 8 without a rotation, creating the almost perfectly
balanced tree that follows.



Finally, we insert to show the symmetric case of the double rotation. Notice that
83 83
causes the node containing 9 to become unbalanced. Since is between 9 and 8
83
(which is 9's child on the path to , adouble rotation needs to be performed, yielding
the following tree.



The reader can verify that any imbalance caused by an insertion into an AVL tree can
always be fixed by either a single or double rotation. The programming details are fairly
straightforward, except that there are several cases. To insert a new node with key x into
an AVL tree T, we recursively insert x into the appropriate subtree of T (let us call this ;).
If the height of T, does not change, then we are done. Otherwise, if a height imbalance
appearsin T, we do the appropriate single or double rotation depending on x and the keys
in T and T, update the heights (making the connection from the rest of the tree above),
and are done. Since one rotation always suffices, a carefully coded nonrecursive version
generally turns out to be significantly faster than the recursive version. However,
nonrecursive versions are quite difficult to code correctly, so many programmers
implement AVL trees recursively.

Another efficiency issue concerns storage of the height information. Since all that is
really required is the difference in height, which is guaranteed to be small, we could get
by with two bits (to represent +1, 0, -1) if wereally try. Doing so will avoid repetitive
calculation of balance factors but resultsin some loss of clarity. The resulting codeis
somewhat more complicated than if the height were stored at each node. If arecursive
routine is written, then speed is probably not the main consideration. In this case, the
slight speed advantage obtained by storing balance factors hardly seems worth the loss of
clarity and relative ssmplicity. Furthermore, since most machines will align thisto at least
an 8-bit boundary anyway, there is not likely to be any difference in the amount of space
used. Eight bits will allow usto store absolute heights of up to 255. Since the treeis
balanced, it isinconceivable that this would be insufficient (see the exercises).

With al this, we are ready to write the AVL routines. We will do only a partial job and
leave the rest as an exercise. First, we need the declarations. These are given in Figure
4.35. We aso need a quick function to return the height of anode. This functionis



necessary to handle the annoying case of aNULL pointer. Thisis shown in Figure 4.36.
The basic insertion routine is easy to write, since it consists mostly of function calls (see
Fig. 4.37).

typedef struct avl _node *avl _ptr;
struct avl _node

{

el ement _type el ement;

avl _ptr left;

avl _ptr right;

i nt height;

b

typedef avl_ptr SEARCH TREE;

Figure 4.35 Node declaration for AVL trees

i nt

hei ght ( avl _ptr p )
{

if( p == NULL )
return -1;

el se

return p->hei ght;

}

Figure 4.36 Function to compute height of an AVL node

For thetreesin Figure 4.38, s _rotate_|eft converts the tree on the left to the tree on the
right, returning a pointer to the new root. s _rotate right is symmetric. The code is shown
in Figure 4.39.

The last function we will write will perform the double rotation pictured in Figure 4.40,
for which the code is shown in Figure 4.41.

Deletionin AVL trees is somewhat more complicated than insertion. Lazy deletion is
probably the best strategy if deletions are relatively infrequent.

4.5. Splay Trees

We now describe arelatively simple data structure, known as a splay tree, that guarantees
that any m consecutive tree operations take at most O(m log n) time. Although this
guarantee does not preclude the possibility that any single operation might take O(n) time,
and thus the bound is not as strong as an O(log n) worst-case bound per operation, the net
effect is the same: There are no bad input sequences. Generally, when a sequence of m
operations has total worst-case running time of O(m f(n)), we say that the amortized
running timeis O(f(n)). Thus, a splay tree has O(log n) amortized cost per operation.

Over along sequence of operations, some may take more, some less.



Splay trees are based on the fact that the O(n) worst-case time per operation for binary
search treesis not bad, aslong at it occurs relatively infrequently. Any one access, even if
it takes O(n), is till likely to be extremely fast. The problem with binary search treesis
that it is possible, and not uncommon, for awhole sequence of bad accesses to take place.
The cumulative running time then becomes noticeable. A search tree data structure with
O(n) worst-case time, but a guarantee of at most O(m log n) for any m consecutive
operations, is certainly satisfactory, because there are no bad sequences.

If any particular operation is allowed to have an O(n) worst-case time bound, and we still
want an O(log n) amortized time bound, then it is clear that whenever a node is accessed,
it must be moved. Otherwise, once we find a deep node, we could keep performing finds
on it. If the node does not change location, and each access costs O(n), then a sequence of
m accesses will cost O(m #n).

SEARCH TREE

insert( element_type x, SEARCH TREE T )

{

return insertl( x, T, NULL );

}

SEARCH _TREE

insertl( elenment_type x, SEARCH TREE T, avl _ptr parent )
{

avl _ptr rotated_tree;

if( T == NULL )

{ /* Create and return a one-node tree */
T = (SEARCH_ TREE) nmalloc ( sizeof (struct avl_node) );
if( T == NULL )

fatal _error("CQut of space!l!");

el se

{

T->el enent = x; T->height = 0;

T->left = T->right = NULL;

}

}

el se

if( x < T->elenent )

{

T->left = insertl( x, T->left, T);

if( ( height( T->left ) - height( T->right ) ) ==
{

if( x < T->left->el enent )
rotated tree = s_rotate left( T );

el se

rotated tree = d_rotate_left( T );

if( parent->left == T )

parent->left = rotated tree;

el se

parent->right = rotated_tree;

}

el se

T->height = max( height(T->left), height(T->right) ) + 1;
}

el se



/* Symmetric Case for right subtree */;
/* Else x is in the tree already. We'll do nothing */

}

return T

}

Figure4.37 Insertion into an AVL tree
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Figure4.38

/[* This function can be called only if k2 has a left child. */
/* Performa rotate between a node (k2) and its left child. */
/* Update heights. */

/* Then return new root. */

avl _ptr

s rotate_left( avl_ptr k2 )
{

avl _ptr ki1,

kil = k2->left;

k2->left = kl->right;

k1l->right = k2;

k2- >hei ght max( hei ght (k2->left), height(k2->right) ) + 1;
k1- >hei ght max( hei ght (k1->left), k2->height ) + 1;

return k1; /* New root */

}

Figure 4.39 Routine to perform singlerotation

Figure4.40

/* This function can be called only if k3 has a left child */
/* and k3's left child has a right child */

/* Do the left-right double rotation. Update heights */

avl _ptr



d rotate_left( avl_ptr k3 )
{

/* rotate between k1 and k2 */
k3->left = s_rotate_right( k3->left );
/* rotate between k3 and k2 */
return( s_rotate left( k3 ) );

}

Figure4.41 Routineto perform doublerotation

The basic idea of the splay tree isthat after a node is accessed, it is pushed to the root by
aseries of AVL treerotations. Notice that if a node is deep, there are many nodes on the
path that are also relatively deep, and by restructuring we can make future accesses
cheaper on all these nodes. Thus, if the node is unduly deep, then we want this
restructuring to have the side effect of balancing the tree (to some extent). Besides giving
agood time bound in theory, this method is likely to have practical utility, because in
many applications when anode is accessed, it islikely to be accessed again in the near
future. Studies have shown that this happens much more often than one would expect.
Splay trees also do not require the maintenance of height or balance information, thus
saving space and simplifying the code to some extent (especialy when careful
implementations are written).

4.5.1. A Simple Idea (That Does Not Work)
4.5.2. Splaying
4.5.1. A Simple ldea (That Does Not Work)

One way of performing the restructuring described above is to perform single rotations,
bottom up. This means that we rotate every node on the access path with its parent. Asan
example, consider what happens after an access (afind) on k; in the following tree.

The access path is dashed. First, we would perform a single rotation between k; and its
parent, obtaining the following tree.



Then two more rotations are performed until we reach the root.



These rotations have the effect of pushing k; al the way to the root, so that future
accesses on k; are easy (for awhile). Unfortunately, it has pushed another node (ks)
almost as deep as k; used to be. An access on that node will then push another node deep,
and so on. Although this strategy makes future accesses of k; cheaper, it has not
significantly improved the situation for the other nodes on the (original) access path. It
turns out that it is possible to prove that using this strategy, there is a sequence of m
operations requiring tx(m+n) time, so thisideais not quite good enough. The simplest
way to show thisisto consider the tree formed by inserting keys 1, 2, 3, ..., ninto an
initially empty tree (work this example out). This gives atree consisting of only left
children. Thisis not necessarily bad, though, since the time to build thistreeis O(n) total.
The bad part is that accessing the node with key 1 takesn -1 units of time. After the
rotations are complete, an access of the node with key 2 takes n - 2 units of time. The

w—l . _ i
total for accessing all the keysin order is Zi=t ¢ = B7*) After they are accessed, the
tree revertstoitsoriginal state, and we can repeat the sequence.

4.5.2. Splaying

The splaying strategy is similar to the rotation idea above, except that we are alittle more
selective about how rotations are performed. We will still rotate bottom up aong the
access path. Let x be a (nonroot) node on the access path at which we are rotating. If the
parent of x isthe root of the tree, we merely rotate x and the root. Thisisthe last rotation



along the access path. Otherwise, x has both a parent (p) and a grandparent (g), and there
are two cases, plus symmetries, to consider. Thefirst case isthe zig-zag case (see Fig.
4.42). Here x isaright child and p isaleft child (or vice versa). If thisis the case, we
perform adouble rotation, exactly like an AvL double rotation. Otherwise, we have azig-
zig case: x and p are either both left children or both right children. In that case, we
transform the tree on the left of Figure 4.43 to the tree on the right.

Figure4.43 Zig-zig

As an example, consider the tree from the last example, with afind on ki:

Thefirst splay stepisat ky, and is clearly azig-zag, so we perform a standard AvL double
rotation using ki, ko, and ks. The resulting tree follows.



The next splay step at k; isazg-zig, so we do the zig-zig rotation with Kk, ks, and ks,
obtaining thefinal tree.

Although it is hard to see from small examples, splaying not only moves the accessed
node to the root, but also has the effect of roughly halving the depth of most nodes on the
access path (some shallow nodes are pushed down at most two levels).
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Figure 4.44 Result of splaying at node 1

To see the difference that splaying makes over simple rotation, consider again the effect
of inserting keys1, 2, 3, ..., ninto aninitially empty tree. Thistakes atotal of O(n), as
before, and yields the same tree as simple rotations. Figure 4.44 shows the result of
splaying at the node with key 1. The differenceisthat after an access of the node with



key 1, which takes n -1 units, the access on the node with key 2 will only take about n/2
unitsinstead of n - 2 units; there are no nodes quite as deep as before.

Figure 4.46 Result of splaying previoustree at node 2

An access on the node with key 2 will bring nodes to within n/4 of the root, and thisis
repeated until the depth becomes roughly log n (an example with n = 7 istoo small to see
the effect well). Figures 4.45 to 4.53 show the result of accessing keys 1 through 9in a
32-node tree that originally contains only left children. Thus we do not get the same bad
behavior from splay treesthat is prevalent in the simple rotation strategy. (Actually, this



turns out to be avery good case. A rather complicated proof shows that for this example,
the n accesses take a total of O(n) time).

These figures show off the fundamental and crucial property of splay trees. When access
paths are long, thus leading to alonger-than-normal search time, the rotations tend to be
good for future operations. When accesses are cheap, the rotations are not as good and
can be bad. The extreme case isthe initial tree formed by the insertions. All the insertions
were constant-time operations leading to a bad initial tree. At that point in time, we had a
very bad tree, but we were running ahead of schedule and had the compensation of less
total running time. Then a couple of really horrible accesses |eft a nearly balanced tree,
but the cost was that we had to give back some of the time that had been saved. The main
theorem, which we will prove in Chapter 11, isthat we never fall behind a pace of O(log
n) per operation: We are always on schedule, even though there are occasionally bad
operations.

Because the rotations for splay trees are performed in pairs from the bottom up, a
recursive implementation does not work, (although modifications to the splaying steps
can be made to allow arecursive implementation). The pairs of nodes to consider are not
known until the length of the path is determined to be even or odd. Thus, splay trees are
coded nonrecursively and work in two passes. The first pass goes down the tree and the
second goes back up, performing rotations. This requires that the path be saved. This can
be done by using a stack (which might need to store n pointers) or by adding an extra
field to the node record that will point to the parent. Neither method is particularly
difficult to implement. We will provide code for the splaying routine on the assumption
that each node stores its parent.




Figure 4.48 Result of splaying previoustree at node 4




Figure 4.52 Result of splaying previoustree at node 8

Figure 4.53 Result of splaying previoustree at node 9

The type declarations (Fig. 4.54) are simple to understand. The splaying routine (Fig.
4.55) takes as argument the last node on the accessed path and makes it the new root. The
routines single_rotate and double_rotate choose the correct type of rotation. We provide
the code for single rotatein Figure 4.56.

The rotation routines are similar to the AVL rotations, except that the parent pointers must
be maintained. Some sample routines are in the figures that follow. Since zig rotations
always make x the new root, we know that x will have no parent after the operation. The
codefor thisisin Figure 4.57.

Zig-zigs and Zig-zags are similar. We will write the one routine to perform the zig-zig
splay when both x and p are left children. One way to do thisisto write asingle _rotate
routine that includes pointer changes for the parent, and then implement the complex
rotations with two single rotations. Thisis the way we coded the AVL routines. We have
taken a different approach in Figure 4.58 to show the diversity of styles available. See
Figure 4.59. Y ou should try to code the other cases yourself; it will be excellent pointer
manipul ation practice.

typedef struct splay_node *splay ptr;
struct splay_node

{

el ement _type el enent;

splay_ptr left;

spl ay-ptr right

spl ay-ptr parent;

1

typedef splay_ptr SEARCH TREE;

Figure 4.54 Type declarations for splay trees

voi d
splay( splay_ptr current )



{
splay_ptr father;

father = current->parent;
while( father !'= NULL )

{

if( father->parent == NULL )
single_rotate (current );

el se

double_rotate( current );
father = current->parent;

}

}

Figure 4.55 Basic splay routine

voi d

single_rotate( splay_ptr x )
{

i f( x->parent->left == x)
zig left( x );

el se

zig_right( x );
}

Figure4.56 Singlerotation

voi d

zig_left( splay_ptr x )

{

splay ptr p, B

p = x->parent;

B = x->right;

x->right = p; /[* x's newright child is p*/
x->parent = NULL; /* x will now be a root */
if( B!= NULL )

B- >parent = p;

p->left = B;

p- >parent = Xx;

}

Figure 4.57 Singlerotation between root and its left child

We can perform deletion by accessing the node to be deleted. This puts the node at the
root. If it is deleted, we get two subtrees T, and Tg (left and right). If we find the largest
element in T_ (which is easy), then this element is rotated to the root of T, and T will
now have aroot with no right child. We can finish the deletion by making Tg the right
child.

The analysis of splay treesis difficult, because it must take into account the ever-
changing structure of the tree. On the other hand, splay trees are much simpler to
program than AVL trees, since there are fewer cases to consider and no balance
information to maintain. Our splay tree code may ook complicated, but as pointed out



before, it can be ssimplified; it is probably much simpler than a nonrecursive AvL
implementation. Some empirical evidence suggests that this translates into faster codein
practice, although the case for thisis far from complete. Finally, we point out that there
are several variations of splay trees that can perform even better in practice.

Figure4.58

voi d
zig_zig_left( splay_ptr x )

splay_ptr p, g, B, C ggp;

p X->parent ;

g p- >parent;

B = x->right;

C = p->right;

ggp = g->parent;

x->right = p; /* X's newright child is p*/

p- >parent = Xx;

p->right = g; /[* p's newright child is g */

g- >parent = p;

if( B!= NULL ) /* p's new left child is subtree B */
B- >parent = p;

p->left = B;

if( C!= NULL ) /* g's new left child is subtree C */
C >parent = g;

g->left =
X- >par ent agp; /* connect to rest of the tree */
if( ggp ! NULL )

if( gpp->left == g)

ggp->left = x;

el se

ggp->right = x;

}

TN N

Figure 4.59 Routineto perform a zig-zig when both children areinitially left
children

4.6. TreeTraversals(Revisited)

Because of the ordering information in abinary search tree, it issimple to list al the keys
in sorted order. The recursive procedure in Figure 4.60 does this.



Convince yourself that this procedure works. As we have seen before, this kind of routine
when applied to treesis known as an inorder traversal (which makes sense, sinceit lists
the keysin order). The general strategy of an inorder traversal isto process the left
subtree first, then perform processing at the current node, and finally process the right
subtree. The interesting part about this agorithm, aside from its ssmplicity, isthat the
total running timeis O(n). Thisis because there is constant work being performed at
every node in the tree. Each node is visited once, and the work performed at each node is
testing against NULL, setting up two procedure calls, and doing a print_element. Since
there is constant work per node and n nodes, the running time is O(n).

voi d
print_tree( SEARCH TREE T )

{

if( T != NULL )

{

print_tree( T->left );
print_elenent( T->elenment );
print_tree( T->right );

}

}

Figure 4.60 Routineto print a binary search treein order

Sometimes we need to process both subtrees first before we can process a node. For
instance, to compute the height of a node, we need to know the height of the subtrees first.
The code in Figure 4.61 computes this. Since it is always a good idea to check the special
cases - and crucial when recursion isinvolved - notice that the routine will declare the
height of aleaf to be zero, which is correct. This general order of traversal, which we
have also seen before, is known as a postorder traversal. Again, the total running timeis
O(n), because constant work is performed at each node.

The third popular traversal scheme that we have seen is preorder traversal. Here, the
node is processed before the children. This could be useful, for example, if you wanted to
label each node with its depth.

The common ideain all of these routinesis that you handle the NULL casefirst, and then
the rest. Notice the lack of extraneous variables. These routines pass only the tree, and do
not declare or pass any extravariables. The more compact the code, the less likely that a
silly bug will turn up. A fourth, less often used, traversal (which we have not seen yet) is
level-order traversal. In alevel-order traveresal, all nodes at depth d are processed before
any node at depth d + 1. Level-order traversal differs from the other traversalsin that it is
not done recursively; aqueue is used, instead of the implied stack of recursion.

i nt

height( TREE T )
{

if( T == NULL )

return -1;
el se



return ( max( height(T->left), height(T->right) ) + 1);
}

Figure 4.61 Routineto compute the height of atree using a postorder traversal

4.7. B-Trees

Although all of the search trees we have seen so far are binary, there is a popular search
tree that is not binary. Thistreeis known as a B-tree.

A B-tree of order misatree with the following structural properties:
*Theroot is either aleaf or has between 2 and m children.

+All nonleaf nodes (except the root) have between [m/2l and m children.
*All leaves are at the same depth.

All datais stored at the leaves. Contained in each interior node are pointers py, p2, . . . , Pm
to the children, and values ki, ko, . . ., km- 1, representing the smallest key found in the
subtrees pz, ps, - - - , Pm respectively. Of course, some of these pointers might be NULL,
and the corresponding k; would then be undefined. For every node, al the keys in subtree
p1 are smaller than the keysin subtree p,, and so on. The leaves contain all the actual data,
which is either the keys themselves or pointers to records containing the keys. We will
assume the former to keep our examples simple. There are various definitions of B-trees
that change this structure in mostly minor ways, but this definition is one of the popular
forms. We will also insist (for now) that the number of keysin aleaf is also between|m/2]
and m.

Thetreein Figure 4.62 is an example of a B-tree of order 4.

{20, | 48], 72

Faa
-

\ /

|,4.a,11| lz.|3|15.1s,19“ 2124 |[ 2526 |[ 11,38 |}41,43,96ls8,49.50]| 59,68 || 72,78 || 84.88 |j51.92,

Figure 4.62 B-tree of order 4



A B-tree of order 4 is more popularly known as a 2-3-4 tree, and a B-tree of order 3is
known as a 2-3 tree. We will describe the operation of B-trees by using the special case
of 2-3 trees. Our starting point is the 2-3 tree that follows.

211,12 16, 17 22, 23,31 41, 52 58, 59, 61

We have drawn interior nodes (nonleaves) in ellipses, which contain the two pieces of
datafor each node. A dash line as a second piece of information in an interior node
indicates that the node has only two children. Leaves are drawn in boxes, which contain
the keys. The keysin the leaves are ordered. To perform afind, we start at the root and
branch in one of (at most) three directions, depending on the relation of the key we are
looking for to the two (possibly one) values stored at the node.

To perform an insert on a previously unseen key, x, we follow the path as though we
were performing afind. When we get to aleaf node, we have found the correct place to
put X. Thus, to insert anode with key 18, we can just add it to aleaf without causing any
violations of the 2-3 tree properties. The result is shown in the following figure.

8, 11,12| (16,17, 18 22,23, 3 41, 52 38, 59, 61

Unfortunately, since aleaf can hold only two or three keys, this might not always be
possible. If we now try to insert 1 into the tree, we find that the node where it belongsis
already full. Placing our new key into this node would give it a fourth element which is
not allowed. This can be solved by making two nodes of two keys each and adjusting the
information in the parent.



L& 11,12 | |16, 17, 18 FE, 23,31 | 41,52 | [58,59,61

Unfortunately, thisidea does not always work, as can be seen by an attempt to insert 19
into the current tree. If we make two nodes of two keys each, we obtain the following tree.

1.8 1L, 12 16,17 | 18,19 : 22,23, 31| | 41, 52 | [58, 59, 61

This tree has an internal node with four children, but we only allow three per node. The
solution is simple. We merely split this node into two nodes with two children. Of course,
this node might be one of three children itself, and thus splitting it would create a
problem for its parent (which would now have four children), but we can keep on
splitting nodes on the way up to the root until we either get to the root or find a node with
only two children. In our case, we can get by with splitting only the first internal node we
see, obtaining the following tree.

1.8 11, 12 16, 17 18,19 | (22,23,31| | 41,52 | |58, 59,461




If we now insert an element with key 28, we create aleaf with four children, whichis
split into two leaves of two children:

e | 112 16, 17] [18,19 22, 23| 128,31} [41, 52|, 59, 61

=

1.8 | [11,12 16, 17 13.19| 22, 23| (28, 31 41, 52|58, 39, 61

This creates an internal node with four children, which is then split into two children.
What we have done hereis split the root into two nodes. When we do this, we have a
special case, which we finish by creating a new root. Thisis how (the only way) a2-3
tree gains height.

Notice also that when a key isinserted, the only changes to internal nodes occur on the
access path. These changes can be made in time proportional to the length of this path,
but be forewarned that there are quite afew cases to handle, and it is easy to do this
wrong.

There are other ways to handle the case where a node becomes overloaded with children,
but the method we have described is probably the simplest. When attempting to add a



fourth key to aleaf, instead of splitting the node into two we can first attempt to find a
sibling with only two keys. For instance, to insert 70 into the tree above, we could move
58 to the leaf containing 41 and 52, place 70 with 59 and 61, and adjust the entriesin the
internal nodes. This strategy can also be applied to internal nodes and tends to keep more
nodes full. The cost of thisis slightly more complicated routines, but |ess space tends to
be wasted.

We can perform deletion by finding the key to be deleted and removing it. If this key was
one of only two keysin anode, then its removal leaves only one key. We can fix this by
combining this node with a sibling. If the sibling has three keys, we can steal one and
have both nodes with two keys. If the sibling has only two keys, we combine the two
nodes into a single node with three keys. The parent of this node now loses a child, so we
might have to percolate this strategy all the way to the top. If the root loses its second
child, then theroot is also deleted and the tree becomes one level shallower. Aswe
combine nodes, we must remember to update the information kept at the internal nodes.

With general B-trees of order m, when akey isinserted, the only difficulty arises when
the node that is to accept the key already has m keys. Thiskey givesthe node m + 1 keys,
which we can split into two nodes with [(m + 1) / 2 land L(m + 1) / 2 Jkeys respectively.
Asthis gives the parent an extra node, we have to check whether this node can be
accepted by the parent and split the parent if it already has m children. We repeat this
until we find a parent with less than m children. If we split the root, we create a new root
with two children.

The depth of aB-treeis at most [1og' m/2Inl. At each node on the path, we perform O(log
m) work to determine which branch to take (using a binary search), but an insert or delete
could require O(m) work to fix up all the information at the node. The worst-case running
time for each of the insert and delete operations is thus O(m logm n) = O( (m/log m) log
n), but afind takes only O(log n ). The best (legal) choice of m for running time
considerations has been shown empirically to be either m =3 or m = 4; this agrees with
the bounds above, which show that as m gets larger, the insertion and deletion times
increase. If we are only concerned with main memory speed, higher order B-trees, such
as 5-9 trees, are not an advantage.

Thereal use of B-treesliesin database systems, where the tree is kept on a physical disk
instead of main memory. Accessing adisk istypically severa orders of magnitude slower
than any main memory operation. If we use a B-tree of order m, then the number of disk
accesses is O(logm n). Although each disk access carries the overhead of O(log m) to
determine the direction to branch, the time to perform this computation is typically much
smaller than the time to read a block of memory and can thus be considered
inconsequentia (aslong as mis chosen reasonably). Even if updates are performed and
O(m) computing time is required at each node, this too is generally not significant. The
value of misthen chosen to be the largest value that still allows an interior node to fit
into one disk block, and is typically in the range 32 sm=256. The maximum number of
elementsthat are stored in aleaf is chosen so that if the leaf isfull, it fits in one block.
This means that arecord can always be found in very few disk accesses, since atypical



B-tree will have adepth of only 2 or 3, and the root (and possibly the first level) can be
kept in main memory.

Analysis suggests that a B-tree will be In 2 = 69 percent full. Better space utilization can
be obtained if, instead of aways splitting a node when the tree obtains its (m + 1)th entry,
the routine searches for a sibling that can take the extra child. The details can be found in
the references.

Summary

We have seen uses of treesin operating systems, compiler design, and searching.
Expression trees are a small example of a more general structure known as a parse tree,
which isacentral data structure in compiler design. Parse trees are not binary, but are
relatively ssmple extensions of expression trees (although the algorithms to build them
are not quite so simple).

Search trees are of great importance in algorithm design. They support ailmost al the
useful operations, and the logarithmic average cost is very small. Nonrecursive
implementations of search trees are somewhat faster, but the recursive versions are
sleeker, more elegant, and easier to understand and debug. The problem with search trees
isthat their performance depends heavily on the input being random. If thisis not the
case, the running time increases significantly, to the point where search trees become
expensive linked lists.

We saw severa waysto deal with this problem. AvL trees work by insisting that all nodes
left and right subtrees differ in heights by at most one. This ensures that the tree cannot
get too deep. The operations that do not change the tree, asinsertion does, can all use the
standard binary search tree code. Operations that change the tree must restore the tree.
This can be somewhat complicated, especially in the case of deletion. We showed how to
restore the tree after insertionsin O(log n) time.

We also examined the splay tree. Nodes in splay trees can get arbitrarily deep, but after
every access the tree is adjusted in a somewhat mysterious manner. The net effect is that
any sequence of m operations takes O(mlog n) time, which is the same as a balanced tree
would take.

B-trees are balanced m-way (as opposed to 2-way or binary) trees, which are well suited
for disks; aspecial caseisthe 2-3 tree, which is another common method of
implementing balanced search trees.

In practice, the running time of all the balanced tree schemes is worse (by a constant
factor) than the simple binary search tree, but thisis generally acceptable in view of the
protection being given against easily obtained worst-case input.



A fina note: By inserting elements into a search tree and then performing an inorder
traversal, we obtain the elements in sorted order. This gives an O(n log n) algorithm to
sort, which isaworst-case bound if any sophisticated search treeis used. We shall see
better ways in Chapter 7, but none that have alower time bound.

Exercises

Questions 4.1 to 4.3 refer to thetree in Figure 4.63.
4.1 For thetreein Figure 4.63 :
a. Which nodeistheroot?

b. Which nodes are leaves?

Figure4.63

4.2 For each node in the tree of Figure 4.63 :
a. Name the parent node.

b. List the children.

c. List thesiblings.

d. Compute the depth.

e. Compute the height.

4.3 What is the depth of the tree in Figure 4.637?



4.4 Show that in abinary tree of n nodes, there are n + 1 pointers representing children.
4.5 Show that the maximum number of nodes in abinary tree of height his 2™ - 1.

4.6 A full node is anode with two children. Prove that the number of full nodes plus one
is equal to the number of leavesin abinary tree.

4.7 Suppose a binary tree hasleavesly, |2, . . ., Ina depth di, do, . . ., dm, respectively.
Provethat S 2st and determine when the equality istrue.

4.8 Give the prefix, infix, and postfix expressions corresponding to the tree in Figure 4.64.

4.9 a. Show theresult of inserting 3, 1, 4, 6, 9, 2, 5, 7 into an initially empty binary search
tree.

b. Show the result of deleting the root.
4.10 Write routines to implement the basic binary search tree operations.

4.11 Binary search trees can be implemented with cursors, using a strategy similar to a
cursor linked list implementation. Write the basic binary search tree routines using a
cursor implementation.

4.12 Suppose you want to perform an experiment to verify the problems that can be
caused by random insert/delete pairs. Here is a strategy that is not perfectlyrandom, but
close enough. Y ou build atree with n elements by inserting n elements chosen at random
from the range 1 to m = =n. Y ou then perform n? pairs of insertions followed by deletions.
Assume the existence of aroutine, rand_int(a,b), which returns a uniform random integer
between a and b inclusive.

Figure4.64 Treefor Exercise 4.8



a. Explain how to generate arandom integer between 1 and m that is not already in the
tree (so arandom insert can be performed). In terms of n and =, what is the running time
of this operation?

b. Explain how to generate arandom integer between 1 and m that is already in the tree
(so arandom delete can be performed). What is the running time of this operation?

c. What isagood choice of =? Why?

4.13 Write a program to evaluate empirically the following strategies for deleting nodes
with two children:

a. Replace with the largest node, X, in T and recursively delete X.

b. Alternately replace with the largest node in T, and the smallest nodein Tg, and
recursively delete appropriate node.

c. Replace with either the largest node in T, or the smallest node in Tgr (recursively
deleting the appropriate node), making the choice randomly. Which strategy seems to
give the most balance? Which takes the least CPU time to process the entire sequence?

4.14 ** Prove that the depth of arandom binary search tree (depth of the deepest node) is
O(log n), on average.

4.15 *a. Give a precise expression for the minimum number of nodes in an AVL tree of
height h.

b. What is the minimum number of nodesin an AVL tree of height 15?
4.16 Show theresult of inserting 2, 1, 4, 5, 9, 3, 6, 7 into an initially empty AVL tree.

4.17* Keys1,2,...,2%-1areinserted in order into an initially empty AVL tree. Prove
that the resulting treeis perfectly balanced.

4.18 Write the remaining procedures to implement AVL single and double rotations.
4.19 Write anonrecursive function to insert into an AVL tree.
4.20 * How can you implement (nonlazy) deletion in AvL trees?

4.21 a. How many bits are required per node to store the height of a node in an n-node
AVL tree?

b. What isthe smallest AVL tree that overflows an 8-bit height counter?



4.22 Write the functions to perform the double rotation without the inefficiency of doing
two singlerotations.

4.23 Show the result of accessing thekeys 3, 9, 1, 5in order in the splay treein Figure
4.65.

Figure4.65

4.24 Show the result of deleting the element with key 6 in the resulting splay tree for the
previous exercise.

4.25 Nodes 1 through n = 1024 form a splay tree of left children.
a What isthe internal path length of the tree (exactly)?

*h. Calculate the internal path length after each of find(1), find(2), find(3), find(4), find(5),
find(6).

*c. If the sequence of successive findsis continued, when is the internal path length
minimized?

4.26 a. Show that if all nodesin a splay tree are accessed in sequentia order, the resulting
tree consists of achain of left children.

**h. Show that if all nodesin a splay tree are accessed in sequential order, then the total
access timeis O(n), regardless of theinitial tree.

4.27 Write a program to perform random operations on splay trees. Count the total
number of rotations performed over the sequence. How does the running time compare to
AVL trees and unbalanced binary search trees?

4.28 Write efficient functions that take only a pointer to abinary tree, T, and compute



a. the number of nodesin T

b. the number of leavesin T

c. the number of full nodesin T

What is the running time of your routines?

4.29 Write afunction to generate an n-node random binary search tree with distinct keys
1 through n. What is the running time of your routine?

4.30 Write afunction to generate the AvL tree of height h with fewest nodes. What is the
running time of your function?

4.31 Write afunction to generate a perfectly balanced binary search tree of height h with
keys 1 through 2" - 1. What is the running time of your function?

4.32 Write afunction that takes as input a binary search tree, T, and two keys ki and k»,
which are ordered so that kj =k, and printsall elements x in the tree such that ki skey(X) =
k. Do not assume any information about the type of keys except that they can be ordered
(consistently). Y our program should runin O(K + log n) average time, where K is the
number of keys printed. Bound the running time of your algorithm.

4.33 The larger binary treesin this chapter were generated automatically by a program.
Thiswas done by assigning an (X, y) coordinate to each tree node, drawing acircle

around each coordinate (thisis hard to see in some pictures), and connecting each node to
its parent. Assume you have a binary search tree stored in memory (perhaps generated by
one of the routines above) and that each node has two extra fields to store the coordinates.

a. The x coordinate can be computed by assigning the inorder traversal number. Write a
routine to do this for each node in the tree.

b. They coordinate can be computed by using the negative of the depth of the node.
Write aroutine to do this for each node in the tree.

c. In terms of some imaginary unit, what will the dimensions of the picture be? How can
you adjust the units so that the tree is always roughly two-thirds as high asit iswide?

d. Prove that using this system no lines cross, and that for any node, X, all elementsin X's
left subtree appear to the left of X and all elementsin X's right subtree appear to the right
of X.

4.34 Write ageneral-purpose tree-drawing program that will convert atree into the
following graph-assembler instructions:

a. circle(x, y)



b. drawline(i, j)

Thefirst instruction draws acircle at (X, y), and the second instruction connects the ith
circleto the jth circle (circles are numbered in the order drawn). Y ou should either make
this a program and define some sort of input language or make this a function that can be
called from any program. What is the running time of your routine?

4.35 Write aroutine to list out the nodes of abinary treein level-order. List the root, then
nodes at depth 1, followed by nodes at depth 2, and so on. You must do thisin linear time.
Prove your time bound.

4.36 a. Show the result of inserting the following keys into aninitially empty 2-3 tree: 3,
1,4,509,2,6,8,7,0.

b. Show the result of deleting O and then 9 from the 2-3 tree created in part ().
4.37 *a. Write aroutine to perform insertion from a B-tree.

*b. Write aroutine to perform deletion from a B-tree. When a key is deleted, isit
necessary to update information in the internal nodes?

Figure 4.66 Treefor Exercise 4.39

*c. Modify your insertion routine so that if an attempt is made to add into a node that
already has m entries, a search is performed for a sibling with less than m children before
the nodeis split.

4.38 A B*-tree of order mis a B-tree in which each each interior node has between 2m/3
and m children. Describe a method to perform insertion into a B*-tree.

4.39 Show how the tree in Figure 4.66 is represented using a child/sibling pointer
implementation.

4.40 Write a procedure to traverse a tree stored with child/sibling links.



4.41 Two binary trees are similar if they are both empty or both nonempty and have
similar left and right subtrees. Write a function to decide whether two binary trees are
similar. What is the running time of your program?

4.42 Two trees, T1 and T,, areisomorphic if T1 can be transformed into T, by swapping
left and right children of (some of the) nodesin T;. For instance, the two treesin Figure
4.67 are isomorphic because they are the sameif the children of A, B, and G, but not the
other nodes, are swapped.

a. Give apolynomial time algorithm to decide if two trees are isomorphic.

*b. What is the running time of your program (there is alinear solution)?

4.43 *a. Show that via AVL single rotations, any binary search tree T; can be transformed
into another search tree T, (with the same keys).

*b. Give an algorithm to perform this transformation using O(n log n) rotations on
average.

**¢. Show that this transformation can be done with O(n) rotations, worst-case.

Figure 4.67 Two isomor phic trees

4.44 Suppose we want to add the operation find_kth to our repertoire. The operation
find_kth(T,i) returns the element in tree T with i™ smallest key. Assume all elements have
distinct keys. Explain how to modify the binary search tree to support this operation in
O(log n) average time, without sacrificing the time bounds of any other operation.

4.45 Since a binary search tree with n nodes has n + 1 pointers, half the space allocated
in a binary search tree for pointer information is wasted. Suppose that if a node has a |eft
child, we make itsleft child point to itsinorder predecessor, and if a node has aright
child, we make its right child point to itsinorder successor. Thisis known as a threaded
tree and the extra pointers are called threads.

a. How can we distinguish threads from real children pointers?

b. Write routines to perform insertion and deletion into a tree threaded in the manner
described above.



c. What is the advantage of using threaded trees?

4.46 A binary search tree presupposes that searching is based on only one key per record.
Suppose we would like to be able to perform searching based on either of two keys, key;

or keys.

a. One method isto build two separate binary search trees. How many extra pointers does
thisrequire?

b. An aternative method isa2-dtree. A 2-d treeissimilar to a binary search tree, except
that branching at even levelsis done with respect to key:, and branching at odd levelsis
done with key,. Figure 4.68 shows a 2-d tree, with the first and last names as keys, for
post-WWI1 presidents. The presidents names were inserted chronologically (Truman,
Eisenhower, Kennedy, Johnson, Nixon, Ford, Carter, Reagan, Bush). Write aroutine to
perform insertion into a 2-d tree.

c. Write an efficient procedure that prints all recordsin the tree that simultaneously
satisfy the constraints low; skey; shigh; and low, skey, shighs.

d. Show how to extend the 2-d tree to handle more than two search keys. The resulting
strategy isknown asak-d tree.

Figure4.68 A 2-d tree
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proposed in [7]. Their major drawback is that both deletion and balancing are difficult. [8]
discusses k-d trees and other methods used for multidimensional searching.

Other popular balanced search trees are red-black trees [19] and weight-balanced trees
[27]. More balanced tree schemes can be found in the books [17], [26], and [31].
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CHAPTER 5: HASHING

In Chapter 4, we discussed the search tree ADT, which allowed various operations on a set
of elements. In this chapter, we discuss the hash table ADT, which supports only a subset
of the operations allowed by binary search trees.

The implementation of hash tablesis frequently called hashing. Hashing is a technique
used for performing insertions, deletions and finds in constant average time. Tree
operations that require any ordering information among the elements are not supported
efficiently. Thus, operations such as find_min, find_max, and the printing of the entire
tablein sorted order in linear time are not supported.

The central data structure in this chapter is the hash table. We will
*See several methods of implementing the hash table.

*Compare these methods analytically.

*Show numerous applications of hashing.

*Compare hash tables with binary search trees.

5.1. General |dea

Theideal hash table data structure is merely an array of some fixed size, containing the
keys. Typically, akey isastring with an associated value (for instance, salary
information). We will refer to the table size as H_S ZE, with the understanding that thisis
part of a hash data structure and not merely some variable floating around globally. The
common convention is to have the table run from 0 to H_SZE-1; we will see why shortly.

Each key is mapped into some number in the range 0 to H_SIZE - 1 and placed in the
appropriate cell. The mapping is called a hash function, which ideally should be smple to
compute and should ensure that any two distinct keys get different cells. Since there area
finite number of cellsand a virtually inexhaustible supply of keys, thisis clearly
impossible, and thus we seek a hash function that distributes the keys evenly among the
cells. Figure 5.1 istypical of aperfect situation. In this example, john hashesto 3, phil
hashes to 4, dave hashes to 6, and mary hashesto 7.



0 |

-

3 john 25000

phil 31250

dave 27500

mary 28200}

oo =3 o Uh b

Figure5.1 Anideal hash table

Thisisthe basic idea of hashing. The only remaining problems deal with choosing a
function, deciding what to do when two keys hash to the same value (thisis known as a
collision), and deciding on the table size.

5.2. Hash Function

If the input keys are integers, then simply returning key mod H_SIZE isgenerally a
reasonabl e strategy, unless key happens to have some undesirable properties. In this case,
the choice of hash function needs to be carefully considered. For instance, if the table size
is 10 and the keys all end in zero, then the standard hash function is obviously a bad
choice. For reasons we shall see later, and to avoid situations like the one above, it is
usually agood ideato ensure that the table size is prime. When the input keys are random
integers, then this function is not only very simple to compute but also distributes the
keysevenly.

Usually, the keys are strings; in this case, the hash function needs to be chosen carefully.

Oneoption isto add up the Asci | values of the charactersin the string. In Figure 5.2 we
declare the type INDEX, which is returned by the hash function. The routine in Figure 5.3
implements this strategy and uses the typical C method of stepping through a string.

The hash function depicted in Figure 5.3 is simple to implement and computes an answer
quickly. However, if the table size islarge, the function does not distribute the keys well.
For instance, suppose that H_SZE = 10,007 (10,007 is a prime number). Suppose all the
keys are eight or fewer characterslong. Since a char has an integer value that is aways at
most 127, the hash function can only assume values between 0 and 1016, which is 127 *
8. Thisisclearly not an equitable distribution!
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Figure5.2 Typereturned by hash function

| NDEX

hash( char *key, unsigned int H SIZE )

{

unsi gned int hash_val = 0;

[*1*/ while( *key !'="\0" )

[*2*/ hash_val += *key++;
[*3*/ return( hash_val % H SIZE );

}

Figure 5.3 A ssmple hash function

Another hash function is shown in Figure 5.4. This hash function assumes key has at |east
two characters plus the NULL terminator. 27 represents the number of lettersin the
English alphabet, plus the blank, and 729 is 272. This function only examines the first
three characters, but if these are random, and the table size is 10,007, as before, then we
would expect areasonably equitable distribution. Unfortunately, English is not random.
Although there are 26° = 17,576 possible combinations of three characters (ignoring
blanks), a check of areasonably large on-line dictionary reveals that the number of
different combinationsis actually only 2,851. Even if none of these combinations collide,
only 28 percent of the table can actually be hashed to. Thus this function, although easily
computable, is aso not appropriate if the hash table is reasonably large.

Figure 5.5 shows a third attempt at a hash function. This hash function involves all
charactersin the key and can generally be expected to distribute well (it computes

Fey_siza—1 i
2% key/key size- i - 1] 32" and bringsthe result into proper range). The code
computes a polynomial function (of 32) by use of Horner's rule. For instance, another
way of computing hy = ki + 27kz + 27%k3 is by the formulahy = ((ks) * 27 + ko) * 27 + ki.
Horner's rule extends this to an nth degree polynomial.

We have used 32 instead of 27, because multiplication by 32 is not really a multiplication,
but amountsto bit-shifting by five. In line 2, the addition could be replaced with a bitwise
exclusive or, for increased speed.

| NDEX
hash( char *key, unsigned int H SIZE )

{
return ( ( key[O0] + 27*key[1l] + 729*key[2] ) % H SIZE );

}
Figure 5.4 Another possible hash function -- not too good

| NDEX
hash( char *key, unsigned int H SIZE )
{

unsigned int hash_val = O



[*1*/ while( *key = "\0" )

[*2*%] hash_val = ( hash_val << 5 ) + *key++;
[*3*] return( hash_val % H SIZE );

}

Figure 5.5 A good hash function

The hash function described in Figure 5.5 is not necessarily the best with respect to table
distribution, but does have the merit of extreme simplicity (and speed if overflows are
alowed). If the keys are very long, the hash function will take too long to compute.
Furthermore, the early characterswill wind up being left-shifted out of the eventual
answer. A common practice in this case is not to use al the characters. The length and
properties of the keys would then influence the choice. For instance, the keys could be a
complete street address. The hash function might include a couple of characters from the
street address and perhaps a couple of characters from the city name and zI P code. Some
programmers implement their hash function by using only the charactersin the odd
spaces, with the idea that the time saved computing the hash function will make up for a
dlightly less evenly distributed function.

The main programming detail left is collision resolution. If, when inserting an element, it
hashes to the same value as an already inserted element, then we have a collision and
need to resolveit. There are several methods for dealing with this. We will discuss two of
the simplest: open hashing and closed hashing.*

*These are also commonly known as separate chaining and open addressing, respectively.

5.3. Open Hashing (Separ ate Chaining)

Thefirst strategy, commonly known as either open hashing, or separate chaining, is to
keep alist of all elements that hash to the same value. For convenience, our lists have
headers. This makes the list implementation the same asin Chapter 3. If spaceistight, it
might be preferable to avoid their use. We assume for this section that the keys are the
first 10 perfect squares and that the hashing function is simply hash(x) = x mod 10. (The
table size is not prime, but is used here for ssmplicity.) Figure 5.6 should make this clear.

To perform afind, we use the hash function to determine which list to traverse. We then
traverse thislist in the normal manner, returning the position where the item isfound. To
perform an insert, we traverse down the appropriate list to check whether the element is
already in place (if duplicates are expected, an extrafield is usually kept, and thisfield
would be incremented in the event of a match). If the element turns out to be new, it is
inserted either at the front of the list or at the end of the list, whichever iseasiest. Thisis
an issue most easily addressed while the code is being written. Sometimes new elements
areinserted at the front of the list, sinceit is convenient and also because frequently it
happens that recently inserted elements are the most likely to be accessed in the near
future.
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Figure 5.6 An open hash table

The type declarations required to implement open hashing are in Figure 5.7. Thefirst few
lines are the same as the linked list declarations of Chapter 3. The hash table structure
contains the actual size and an array of linked lists, which are dynamically allocated
when the tableisinitialized. The HASH_TABLE typeisjust a pointer to this structure.

typedef struct |ist_node *noge ptr:
struct |ist_node

{

el enent _type el enent;

node_ptr next;

1

typedef node_ptr LIST;

typedef node_ptr position;

/* LIST *the_list will be an array of lists, allocated |ater */
/* The lists will use headers, allocated |ater */
struct hash_tbl

{

unsi gned int table_size;

LI ST *the_lists;

H

typedef struct hash_tbl *HASH TABLE;

Figure5.7 Typedeclar ation for open hash table

Noticethat the the_listsfield isactually apointer to apointer to alist_nodestructure. If typedefsand abstraction are not used, thiscan
be quite confusing.

HASH_TABLE

initialize_table( unsignedint table_size)

{

HASH_TABLE H;

inti;

[*1*%] if( table size < MN_TABLE S| ZE )

{

[ *2*%] error("Table size too small");

1 *3*%/ return NULL;



}

/* Allocate table */

| *4x] H = (HASH_TABLE) nalloc ( sizeof (struct hash_tbl) );
[ *5*/ if( H==NULL )

/*6*/ fatal _error("CQut of space!!!");

[*7*] H >t abl e_size = next_prine( table_size);

/* Allocate |ist pointers */

/*8*/ H>the_lists = (position *)

mal | oc( sizeof (LIST) * H>table_size);

/*9*/ if( H>the_lists == NULL )

/*10%/ fatal _error("CQut of space!!!");
/* Allocate |ist headers */

/*11*] for(i=0; i<H>table_size; i++)

{

[*12*] H>the_lists[i] = (LIST) malloc

( sizeof (struct list_node) );

/*13*%/ if( H>the_lists[i] == NULL )

[ *14%] fatal _error("Qut of space!!!");
el se

[ *15%/ H>the_lists[i]->next = NULL;
}

/*16*/ return H

}

Figureb5.8Initialization routinefor open hash table

Figure5.8 showstheinitialization function, which usesthe sameideasthat were seenin thearray implementation of stacks. Lines4
through 6 allocate ahash table structure. |f spaceisavailable, then H will point to astructure containing an integer and apointer toa
list. Line 7 setsthetable size to aprime number, and lines 8 through 10 attempt to allocate an array of lists. Sincea LIST isdefined to
be apointer, theresult isan array of pointers.

If our LISTimplementation was not using headers, we could stop here. Since our implementation uses headers, we must allocate one
header per list and set its next field to NULL. Thisisdonein lines 11 through 15. Of course, lines 12 through 15 could bereplaced
with the statement

H>the_lists[i] = make_null();

Although we have not used this option, becausein thisinstanceit is preferable to make the code as self-contained as possible, it is
certainly worth considering. Aninefficiency of our codeisthat the malloc on line 12 is performed H->table_size times. This can be
avoided by replacing line 12 with one call to malloc before the loop occurs:

H>the lists = (LIST*) nalloc
(H->table_size * sizeof (struct list_node));

Line 16 returns H.

The call find(key, H) will return apointer to the cell containing key. The code to implement thisisshownin Figure 5.9. Notice that
lines 2 through 5 areidentical to the codeto perform afind that isgiven in Chapter 3. Thus, the list ADT implementation in Chapter 3
could be used here. Remember that if element_typeisastring, comparison and assignment must be donewith strcmp and strepy,
respectively.



Next comestheinsertion routine. If theitem to beinserted isalready present, then we do nothing; otherwisewe placeit at the front of
thelist (see Fig. 5.10).*

*Sincethetablein Figure 5.6 was created by inserting at the end of thelist, the codein Figure 5.10 will produce atable with thelists

inFigure 5.6 reversed.

posi tion

find( el ement _type key, HASH TABLE H )

{

position p;

LI'ST L;

[*1%] L = H>the_lists[ hash( key, H>table_size) ];
[ *2%/ p = L->next;

/*3%/ while( (p !'= NULL) && (p->elenment != key) )
/* Probably need strcnp!! */

| *4%] p = p->next;

/*5*] return p;

}

Figure5.9 Find routinefor open hash table

voi d

insert( el ement_type key, HASH TABLE H)

{

posi tion pos, new cell;

LIST L;

[*1*/ pos = find( key, H);

[ *2*] if( pos == NULL )

{

/*3*/ new _cell = (position) malloc(sizeof(struct |ist_node));
| *4*%] if( new_cell == NULL )

[ *5*%/ fatal _error("Qut of space!!!");

el se

{

/*6*/ L = H>the_lists[ hash( key, H>table size ) ];

[ *7*] new_cel | ->next = L->next;

/*8*/ new_cel | ->el enent = key; /* Probably need strcpy!! */
/1 *9*%/ L->next = new_cell;

}

}

}

Figure5.10Insert routinefor open hash table

The element can be placed anywherein thelist; thisismost convenient in our case. Noticethat the codetoinsert at thefront of thelist
isessentially identical to the codein Chapter 3 that implementsa push using linked lists. Again, if the ADTs in Chapter 3 have already
been carefully implemented, they can be used here.

Theinsertion routine coded in Figure5.10 issomewhat poorly coded, becauseit computesthe hash function twice. Redundant
calculations are always bad, so this code should be rewritten if it turnsout that the hash routines account for asignificant portion of a
program'srunning time.



The deletion routineis astraightforward implementation of deletionin alinked list, sowewill not bother withit here. If therepertoire
of hash routinesdoes not include del etions, it is probably best to not use headers, since their usewould provide no simplification and
would waste considerabl e space. Weleavethisasan exercise, too.

Any scheme could be used besideslinked liststo resolve the collisions-abinary search tree or even another hash tablewould work, but
weexpect that if thetableislarge and the hash functionisgood, all thelists should be short, so it isnot worthwhileto try anything
complicated.

We definethe load factor, 4 , of ahash table to be theratio of the number of elementsin the hash tableto thetablesize. Inthe
exampleabove, {4 =1.0. Theaverage length of alistis 4% . Theeffort required to perform asearch isthe constant time required to
evaluatethe hash function plusthetimeto traversethelist.

Empty Table  After 89  After 1§ After 49 After 58 After 69

|' 0 : 49 49 49
| 1 58 58
E 69
| 3
4

5

6 .

7

8 _ s | 18 18 18

E 59 52 | ss 89 89

Figure5.11 Closed hash tablewith linear probing, after each insertion

Inan unsuccessful search, the number of linkstotraverseis % (excluding thefinal NULL link) on average. A successful search
requiresthat about 1 + (£ /2) linksbetraversed, sincethereisaguaranteethat onelink must betraversed (sincethesearchis
successful), and we al so expect to go halfway down alist to find our match. Thisanalysisshowsthat thetable sizeisnot really
important, but theload factor is. The general rulefor open hashing isto make the table size about aslarge asthe number of elements
expected (in other words, let £t ==1). Itisalso agood idea, as mentioned before, to keep the table size prime to ensure agood
distribution.

5.4. Closed Hashing (Open Addressing)

Open hashing hasthe disadvantage of requiring pointers. Thistendsto slow the a gorithm down abit because of thetimerequired to
alocate new cells, and also essentially requiresthe implementation of asecond datastructure. Closed hashing, aso known as open
addressing, isan alternativeto resolving collisionswith linked lists. Inaclosed hashing system, if acollision occurs, aternate cells
aretried until an empty cell isfound. Moreformally, cells hO(x), h1(x), h2(x), . . . aretried in succession where hi(x) = (hash(x) + f



(i))mod H_SIZE, with f (0) =0. Thefunction, f ,isthecollision resolution strategy. Because all the datagoesinsidethetable, a
bigger tableisneeded for closed hashing than for open hashing. Generally, theload factor should bebelow % = 0.5 for closed

hashing. Wenow | ook at three common collision resolution strategies.
5.4.1. Linear Probing
5.4.2. Quadratic Probing

5.4.3. Double Hashing

5.4.1. Linear Probing

Inlinear probing, f isalinear function of i, typically f (i) =i. Thisamountstotrying cellssequentially (withwraparound) in
search of an empty cell. Figure5.11 showstheresult of inserting keys{ 89, 18, 49, 58, 69} into aclosed table using the same hash
function asbeforeand the collision resol ution strategy, (i) =i.

Thefirst collision occurswhen 49 isinserted; it is put in the next available spot, namely spot 0, which isopen. 58 collideswith 18, 89,
and then 49 before an empty cell isfound three away. The collision for 69ishandled inasimilar manner. Aslong asthetableisbig
enough, afreecell can alwaysbefound, but thetimeto do so can get quitelarge. Worse, even if thetableisrelatively empty, blocks
of occupied cellsstart forming. Thiseffect, known as primary clustering, meansthat any key that hashesinto the cluster will require
severa attemptsto resolvethecollision, and thenit will add to the cluster.

Although wewill not perform the calculations here, it can be shown that the expected number of probesusing linear probingis
roughly 2/2(1 + 1/(1 - 44 ) ") for insertionsand unsuccessful searchesand 1/2(1 + 1/ (1- % )) for successful searches. The calculations
aresomewhat involved. It iseasy to seefrom the code that insertions and unsuccessful searchesrequirethe samenumber of probes. A
moment'sthought suggeststhat on average, successful searches should takelesstimethan unsuccessful searches.

The corresponding formulas, if clustering were not aproblem, arefairly easy to derive. Wewill assumeavery largetableand that
each probeisindependent of the previous probes. These assumptions are satisfied by a random collision resolution strategy and are
reasonable unless {1 isvery closeto 1. First, we derive the expected number of probesin an unsuccessful search. Thisisjust the
expected number of probes until wefind an empty cell. Sincethefraction of empty cellsis1 - /% , the number of cellswe expect to
probeis 1/(1 - 44 ). The number of probesfor asuccessful searchisequal to the number of probesrequired when the particul ar
element wasinserted. When an element isinserted, it isdone asaresult of an unsuccessful search. Thuswe can use the cost of an

unsuccessful search to compute the average cost of asuccessful search.

The caveat isthat £% changes from Otoitscurrent value, so that earlier insertionsare cheaper and should bring the average down. For
instance, in the table above, &% = 0.5, but the cost of accessing 18 isdetermined when 18isinserted. At that point, % =0.2. Since 18
wasinserted into arelatively empty table, accessing it should be easier than accessing arecently inserted element such as69. We can
estimatethe average by using anintegral to calculate the mean value of theinsertion time, obtaining

1
1—-4

11
Alg 1=-x

1
[A) = .:2’::—1111

Theseformulasare clearly better than the corresponding formulasfor linear probing. Clustering isnot only atheoretical problem but
actually occursinreal implementations. Figure 5.12 comparesthe performance of linear probing (dashed curves) with what would be



expected from more random collision resol ution. Successful searchesareindicated by an S, and unsuccessful searchesand insertions
are marked with U and |, respectively.

If L =0.75, then theformulaaboveindicatesthat 8.5 probesare expected for an insertion in linear probing. If £% = 0.9, then 50
probesare expected, whichisunreasonable. Thiscompareswith 4 and 10 probesfor the respectiveload factorsif clustering werenot a
problem. We see from these formulasthat linear probing can be abad ideaiif thetableis expected to be morethan half full. If &% = 0.5,
however, only 2.5 probes arerequired on averagefor insertion and only 1.5 probesarerequired, on average, for asuccessful search.

5.4.2. Quadratic Probing

Quadratic probingisacollision resol ution method that eliminatesthe primary clustering problzem of linear probing. Quadratic probing
iswhat you would expect-the collision functionisquadratic. Thepopular choiceis 4 (i) =i . Figure5.13 showstheresulting closed
tablewith thiscollision function on the sameinput used in thelinear probing example.

When 49 collideswith 89, the next position attempted isone cell away. Thiscell isempty, so 49isplaced there. Next 58 collides at
position 8. Then the cell one away istried but another collision occurs. A vacant cell isfound at the next cell tried, whichis2 =4

away. 58 isthusplaced in cell 2. The samething happensfor 69.

For linear probing itisabad ideato | et the hash table get nearly full, because performance degrades. For quadratic probing, the
situation iseven moredrastic: Thereisno guarantee of finding an empty cell once the table gets more than half full, or even beforethe
tablegetshalf full if thetable sizeisnot prime. Thisisbecause at most half of the table can be used asalternatelocationsto resolve
collisions.

Indeed, we prove now that if the tableishalf empty and thetable sizeis prime, then we are always guaranteed to be abletoinsert a
new element.

THEOREM 5.1.
If quadratic probing isused, and thetable sizeisprime, then a new element can alwaysbeinserted if the table is at least half empty.
PROOF:

Let thetable size, H_SIZE, be an (odd) prime greater than 3. We show that the first |.H_SI ZEIZJ aternatelocationsare all distinct. Two
of theselocationsare h(x) +i (modH_SZE) and h(x) +] (mod H_SIZE), where 0 <1, | SLH_Sl ze/ ZJ. Suppose, for the sake of
contradiction, that theselocationsarethe same, but i 5"—']. Then

h&x) +2i2 = h(x) + j2 (nod H_SI ZE)
= (mod H_SI ZE)
i2-j2:0 (mod H_SI ZE)

(i - )@ +j)y =0 (rmod H_SI ZE)



15.0 /
12.0 !

9.0
6.0

3.0

0.0

10 .15 .20 .25 .30 35 40 .45 50 .55 60 65 .70 .75 B0 8BS 90 95
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Figure5.13 Closed hash tablewith quadr atic probing, after each insertion

Since H_SIZE isprime, it followsthat either (i - j) or (i +j) isequal to 0 (mod H_SIZE). Sincei and j are distinct, thefirst optionisnot
possible. Since0<i, j < |.H_SI ZE/ZJ, the second optionisalsoimpossible. Thus, thefirst |.H_SI ZEIZJ aternatelocations aredistinct.
Since the element to be inserted can a so be placed in the cell towhich it hashes (if thereare no collisions), any element has|-

H_SI zE/ 2] locationsinto which it can go. If at most LH_SI ZE/ 2] positions are taken, then an empty spot can always be found.



If thetableiseven onemorethan half full, theinsertion couldfgil (although thisisextremely unlikely). Therefore, itisimportant to
keepthisinmind. Itisalso crucial that thetablesizebeprime. If the tablesizeisnot prime, the number of alternatelocationscan be
severely reduced. Asan example, if thetable sizewere 16, then the only alternatelocationswould be at distances 1, 4, or 9 away.

2
*|f thetable sizeisaprime of theform 4k + 3, and thequadratic collision resolution strategy f(i) = +i isused, then the entiretable
can be probed. The cost isaslightly more complicated routine.

Standard del etion cannot be performed in aclosed hash table, becausethe cell might have caused acollision to go past it. For instance,
if weremove 89, then virtually all of theremaining findswill fail. Thus, closed hash tablesrequirelazy deletion, although in this case
therereally isnolazinessimplied.

Thetypedeclarationsrequired to implement closed hashing arein Figure 5.14. Instead of an array of lists, we have an array of hash
tableentry cells, which, asin open hashing, areallocated dynamically. Initializing thetable (Figure5.15) consistsof all ocating space
(lines 1 through 10) and then setting the info field to empty for each cell.

enumkind_of _entry { legitimate, enpty, deleted };
struct hash_entry

{

el enent _type el enent;

enum ki nd_of _entry info;

}s

typedef | NDEX position;

typedef struct hash_entry cell;

/* the_cells is an array of hash_entry cells, allocated later */
struct hash_tbl

{

unsi gned i nt tabl e_si ze;

cell *the_cells;

}s

typedef struct hash_tbl *HASH TABLE;

Figure5.14 Typedeclaration for closed hash tables

HASH_TABLE

initialize_table( unsigned int table_size)

{

HASH_TABLE H;

int i;

[*1*] if( table_size < MN_TABLE_SIZE )

{

[ *2%] error("Table size too small");

[*3*/ return NULL;

}

/* Allocate table */

[ *4x] H = (HASH_TABLE) nual |l oc( sizeof ( struct hash_tbl ) );
/*5*%] if( H==NUL )

/1 *6*/ fatal _error("Qut of space!!!");

[*7*] H >t abl e_size = next_prine( table_size);

/* Allocate cells */

[*8*] H>the cells = (cell *) malloc

( sizeof ( cell ) * H>table_size);

[ *9*/ if( H>the_cells == NULL )

/*10*/ fatal _error("Qut of space!!!");



/*11%/ for(i=0; i<H>table_size; i++)
[*12%] H>the_cells[i].info = enpty;
[*13*/ return H;

}

Figure5.15Routinetoinitializeclosed hash table

Aswith open hashing, find(key, H) will return the position of key in the hash table. If key is not present, then find will return the last
cell. Thiscell iswhere key would be inserted if needed. Further, becauseitismarked empty, it is easy to tell that the find failed. We
assumefor conveniencethat the hash tableisat least twice aslarge asthe number of elementsin thetable, so quadratic resolution will
alwayswork. Otherwise, wewould need to test i beforeline4. Intheimplementation in Figure5.16, elementsthat are marked as
deleted count asbeing in the table. Thiscan cause problems, because thetable can get too full prematurely. We shall discussthisitem
presently.

Lines 4 through 6 represent the fast way of doing quadratic resol ution. From the definition of the quadratic resolution function, (i) =
f(i - 1) + 2i -1, so the next cell to try can be determined with amultiplication by two (really abit shift) and adecrement. If the new
locationispast thearray, it can be put back in range by subtracting H_SIZE. Thisisfaster than the obvious method, becauseit avoids
themultiplication and division that seem to berequired. Thevariablenamei is not the best one to use; we only useit to be consistent
with the text.

posi tion

find( el ement _type key, HASH TABLE H )

{

position i, current_pos;

[*1%] i =0

[ *2*%] current _pos = hash( key, H>table_size);

/* Probably need strcnp! */

[ *3*/ while( (H >the_cells[current_pos].element != key ) &&
(H->the_cells[current_pos].info !=enpty ) )

{

| *4*] current_pos += 2*(++i) - 1;

/*5%] if( current_pos >= H>table_size )
/*6*/ current _pos -= H >tabl e_size;
}

[ *7*] return current_pos;

}
Figure5.16 Find routinefor closed hashingwith quadratic probing

Thefina routineisinsertion. Aswith open hashing, wedo nothingif key isalready present. It isasimple modification to do
something else. Otherwise, we placeit at the spot suggested by the find routine. The codeis shownin Figure 5.17.

Although quadratic probing eliminates primary clustering, elementsthat hash to the same position will probethe same alternate cells.

Thisisknown as secondary clustering. Secondary clusteringisaslight theoretical blemish. Simulation resultssuggest that it generally
1
causeslessthan anextra £ probeper search. Thefollowing technique eliminatesthis, but does so at the cost of extramultiplications

and divisions.

5.4.3. Double Hashing



The last collision resolution method wewill examineis double hashing. For double hashing, one popular choiceisf(i) =i *h2(x). This
formulasaysthat we apply asecond hash function to x and probe at a distance h2(x), 2h2(x), . . ., and so on. A poor choice of h2(x)
would bedisastrous. For instance, the obviouschoice h2(x) = x mod 9 would not help if 99 wereinserted into theinput in the previous
examples. Thus, the function must never evaluateto zero. It isal soimportant to make sureall cellscan be probed (thisisnot possible
in the example below, because thetable sizeisnot prime). A function such as h2(x) = R - (x mod R), with R aprime smaller than
H_SIZE, will work well. If we choose R = 7, then Figure 5.18 shows the resul ts of inserting the same keys as before.

voi d

insert( element_type key, HASH TABLE H)
{

posi tion pos;

pos = find( key, H);

if( H>the_cells[pos].info!=1legitimte)
{ /* ok to insert here */

H >the_cells[pos].info = legitimte;

H >t he_cel | s[ pos] . el ement = key;

/* Probably need strcpy!! */

}

}

Figure5.17 Insert routinefor closed hash tableswith quadratic probing
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Figure5.18 Closed hash tablewith doublehashing, after each insertion

Thefirst collision occurswhen 49 isinserted. h2(49) =7 - 0=7, so49isinserted in position 6. h2(58) = 7 - 2 =5, so 58 isinserted at
location 3. Finally, 69 collidesand isinserted at adistance h2(69) = 7 - 6 = 1 away. If wetried toinsert 60 in position 0, we would
haveacollision. Since h2(60) = 7 - 4= 3, wewould then try positions 3, 6, 9, and then 2 until an empty spot isfound. Itisgenerally
possibleto find some bad case, but there are not too many here.

Aswe have said before, the size of our sample hash tableisnot prime. We have donethisfor conveniencein computing the hash
function, but it isworth seeing why it isimportant to make sure the table sizeis prime when doubl e hashing isused. If we attempt to



insert 23 into the table, it would collide with 58. Since h2(23) = 7 - 2 =5, and the table sizeis 10, we essentially have only one
aternatelocation, and itisalready taken. Thus, if thetablesizeisnot prime, it ispossibleto run out of alternate locations prematurely.
However, if double hashing iscorrectly implemented, simulationsimply that the expected number of probesisamost the sameasfor
arandom collisionresolution strategy . Thismakesdoubl e hashing theoretically interesting. Quadratic probing, however, doesnot

require the use of asecond hash function and isthuslikely to be simpler and faster in practice.

5.5. Rehashing

If thetable getstoo full, the running time for the operationswill start taking too long and inserts might fail for closed hashing with
quadraticresolution. Thiscan happen if there aretoo many del etionsintermixed with insertions. A solution, then, isto build another
tablethat isabout twiceasbig (with associated new hash function) and scan down theentireoriginal hash table, computing the new
hash value for each (non-deleted) element and inserting it in the new table.

Asan example, suppose the elements 13, 15, 24, and 6 areinserted into aclosed hash table of size 7. The hash functionis h(x) = x mod
7. Suppose linear probing isused to resolve collisions. Theresulting hash table appearsin Figure 5.19.

If 23isinserted into thetable, theresulting tablein Figure 5.20 will be over 70 percent full. Becausethetableisso full, anew tableis
created. Thesizeof thistableis 17, becausethisisthefirst primewhich istwice aslarge asthe old table size. The new hash function
isthen h(x) = x mod 17. The old tableis scanned, and elements 6, 15, 23, 24, and 13 areinserted into the new table. Theresulting table
appearsin Figure5.21.

This entire operation is called rehashing. Thisisobviously avery expensive operation -- the running timeis O(n), sincetherearen
elementsto rehash and thetable sizeisroughly 2n, but it isactually not all that bad, because it happensvery infrequently. In particular,
there must have been n/2 insertsprior to thelast rehash, soit essentially addsaconstant cost to each insertion.* If thisdatastructureis
part of the program, the effect isnot noticeable. On the other hand, if the hashing is performed as part of an interactive system, then
theunfortunate user whoseinsertion caused arehash could seeaslowdown.

*Thisiswhy the new tableismadetwice aslarge astheold table.
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Figure5.19 Closed hash tablewith linear probingwith input 13,15, 6, 24
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Figure5.20 Closed hash tablewith linear probing after 23isinserted
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Figure5.21 Closed hash tableafter rehashing

Rehashing can beimplemented in several wayswith quadratic probing. One alternativeisto rehash as soon asthetableishalf full.
The other extremeisto rehash only when aninsertion fails. A third, middle of theroad, strategy isto rehash when thetablereachesa
certainload factor. Since performance does degrade astheload factor increases, thethird strategy, implemented with agood cutoff,
could be best.



Rehashing freesthe programmer fromworrying about thetable size and i simportant because hash tables cannot be made arbitrarily
largein complex programs. The exercisesask you to investigate the use of rehashing in conjunction with lazy deletion. Rehashing can
beused in other datastructuresaswell. For instance, if the queue data structure of Chapter 3 becamefull, we could declare adouble-
sized array and copy everything over, freeingtheoriginal .

Figure 5.22 showsthat rehashing is simpleto implement.

HASH_TABLE
rehash( HASH_TABLE H )

{

unsigned int i, old_size;

cell *old_cells;

[ *1*/ old_cells = H>the_cells;
[ *2*] ol d_size = H>tabl e_si ze;

/* Cet a new, enpty table */

/*3%/ H=initialize_table( 2*old_size );

/* Scan through old table, reinserting into new */

[ *4%] for( i=0; i<old_size; i++)

[ *5%/ if( old_cells[i].info ==1legitimte )
/1 *6*%/ insert( old_cells[i].element, H);
[*7*] free( old_cells );

/*8*/ return H

}

Figure5.22

5.6. Extendible Hashing

Our last topicin this chapter dealswith the case where the amount of dataistoo largetofitin main memory. Aswe saw in Chapter 4,

the main consideration then isthe number of disk accessesrequired to retrieve data.

Asbefore, we assume that at any point we have n records to store; the value of n changesover time. Furthermore, at most mrecords fit
inonedisk block. We will use m = 4 in this section.

If either open hashing or closed hashing isused, the major problemisthat collisionscould cause several blocksto be examined during
afind, even for awell-distributed hash table. Furthermore, when thetablegetstoofull, an extremely expensive rehashing step must be
performed, whichrequires O(n) disk accesses.

A clever aternative, known asextendible hashing, allowsa find to be performed in two disk accesses. Insertions al so requirefew disk
accesses.

Werecall from Chapter 4 that a B-tree has depth O(Iogm/2n). As mincreases, the depth of a B-tree decreases. We could in theory
choosem to be so large that the depth of the B-tree would be 1. Then any find after thefirst would take one disk access, since,
presumably, the root node could be stored in main memory. The problem with this strategy isthat the branching factor is so high that
it would take considerabl e processing to determinewhich | eaf thedata wasin. If thetimeto perform this step could bereduced, then
wewould haveapractical scheme. Thisisexactly the strategy used by extendible hashing.



L et us suppose, for the moment, that our data consists of several six-bit integers. Figure 5.23 shows an extendible hashing scheme for
thisdata. Theroot of the"tree" containsfour pointersdetermined by theleading two bits of the data. Each leaf hasuptom =4
elements. It happensthat in each leaf thefirst two bitsareidentical; thisisindicated by the number in parentheses. To be moreformal,
D will represent the number of bits used by theroot, which is sometimesknown asthe directory. The number of entriesin the
directory isthus2 . dl isthe number of leading bitsthat all the elements of some leaf | have in common. dI will depend on the
particular leaf, and dl =D.
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Figure5.23 Extendiblehashing: original data

Suppose that we want to insert the key 100100. Thiswould go into the third leaf, but asthethird leaf is aready full, there is no room.
Wethus split thisleaf into two leaves, which are now determined by thefirst threebits. Thisrequiresincreasing the directory sizeto 3.
These changesarereflected in Figure 5.24.

Noticethat all of theleaves not involved in the split are now pointed to by two adjacent directory entries. Thus, although an entire
directory isrewritten, none of the other leaves are actually accessed.

If the key 000000 is now inserted, then thefirst leaf is split, generating two leaves with dl = 3. Since D = 3, the only change required
inthedirectory isthe updating of the 000 and 001 pointers. See Figure 5.25.

Thisvery simplestrategy providesquick accesstimesfor insert and find operations on large databases. There are afew important
detailswe have not considered.

First, itispossiblethat severa directory splitswill berequired if the elementsin aleaf agreein morethan D + 1 leading bits. For
instance, starting at the original example, with D = 2, if 111010, 111011, and finally 111100 areinserted, the directory size must be
increased to 4 to distinguish between thefivekeys. Thisisan easy detail to take care of, but must not be forgotten. Second, thereisthe
possibility of duplicatekeys; if thereare morethan m duplicates, then thisalgorithm does not work at all. In thiscase, some other

arrangements need to be made.

These possibilities suggest that it isimportant for thebitsto befairly random. This can be accomplished by hashing thekeysinto a
reasonably long integer; hence the reason for the name.



ILLE (M} QL oLl 100 | 101 | J
\ " 7 [ L7
() (2) (3) (3) (L}
[ 00100 | | 010100 | | 100000 | | 101000| | 111000
iDDlEHJﬂ GO | [ 1O | | RO [ | L1 LI
Q01010 1GTL10
01011

Figureb5.24 Extendiblehashing: after insertion of 100100 and directory split
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Figure5.25 Extendiblehashing: after insertion of 000000 and |eaf split

We close by mentioning some of the performance properties of extendible hashing, which arederived after avery difficult analysis.

Theseresultsare based on the reasonabl e assumption that the bit patternsare uniformly distributed.

The expected number of leavesis(n/ m) log2 e. Thus the average leaf isIin 2=0.69 full. Thisisthe same as B-trees, which is not

entirely surprising, sincefor both datastructures new nodesare created when the (m + 1)st entry is added.

D 1+1/m
Themore surprising result isthat the expected size of thedirectory (in other words, 2 ) isO(n / m). If misvery small, thenthe

directory can get unduly large. In thiscase, we can have the leaves contain pointersto therecordsinstead of the actual records, thus

increasing the value of m. Thisadds a second disk access to each find operationin order to maintain asmaller directory. If the

directory istoolargeto fit in main memory, the second disk accesswould be needed anyway .

Summary



Hash tables can be used to implement the insert and find operationsin constant averagetime. Itisespecially important to pay attention
to detail s such asload factor when using hash tables, since otherwise thetime boundsare not valid. It isalso important to choose the

hash function carefully when the key isnot ashort string or integer.

For open hashing, theload factor should be closeto 1, although performance does not significantly degrade unlesstheload factor
becomesvery large. For closed hashing, theload factor should not exceed 0.5, unlessthisiscompletely unavoidable. If linear probing
isused, performance degeneratesrapidly astheload factor approaches 1. Rehashing can beimplemented to allow thetableto grow
(and shrink), thus maintaining areasonableload factor. Thisisimportant if spaceistight andit is not possible just to declare ahuge
hash table.

Binary search trees can also be used to implement insert and find operations. Although theresulting averagetimeboundsare O(log n),
binary search trees al so support routinesthat require order and are thus more powerful. Using ahash table, it isnot possibleto find the
minimum element. It isnot possibleto search efficiently for astring unlessthe exact stringisknown. A binary search tree could
quickly find all itemsin acertain range; thisisnot supported by hash tables. Furthermore, the O(log n) bound is not necessarily that
much more than O (1), especially sinceno multiplicationsor divisionsarerequired by search trees.

Ontheother hand, theworst casefor hashing generally resultsfrom animplementation error, whereas sorted input can makebinary
treesperform poorly. Balanced search treesare quite expensivetoimplement, soif no ordering informationisrequired and thereiis
any suspicion that theinput might be sorted, then hashing isthe datastructure of choice.

Hashing applications are abundant. Compilers use hash tablesto keep track of declared variablesin source code. Thedatastructureis
known as a symbol table. Hash tablesaretheideal application for thisproblem because only inserts and finds are performed.
Identifiersaretypically short, so the hash function can be computed quickly.

A hashtableisuseful for any graph theory problem where the nodes havereal namesinstead of numbers. Here, astheinput isread,
verticesareassigned integersfrom 1 onwards by order of appearance. Again, theinput islikely to havelarge groups of al phabetized
entries. For example, the vertices could be computers. Thenif one particular installation listsitscomputersas ibml, ibm2, ibm3, . . .,
there could be adramatic effect on efficiency if asearch treeisused.

A third common use of hash tablesisin programsthat play games. Asthe program searchesthrough different lines of play, it keeps
track of positionsit has seen by computing a hash function based on the position (and storing itsmovefor that position). If the same
position reoccurs, usually by asimpletransposition of moves, the program can avoid expensive recomputation. Thisgeneral feature of
al game-playing programsis known asthe transpositiontable.

Y et another use of hashing isin online spelling checkers. If misspelling detection (as opposed to correction) isimportant, an entire
dictionary can be prehashed and words can be checked in constant time. Hash tables arewell suited for this, becauseit isnot important
to alphabetize words; printing out misspellingsin the order they occurred in the document iscertainly acceptable.

Weclosethischapter by returning to the word puzzle problem of Chapter 1. If the second algorithm described in Chapter 1 isused,
and we assume that the maximum word sizeis some small constant, then thetimeto read in thedictionary containing W words and put
itin ahash tableis O(W). Thistimeislikely to be dominated by the disk I/O and not the hashing routines. Therest of the algorithm
would test for the presence of aword for each ordered quadruple (row, column, orientation, number of characters). As each lookup
would be O(1), and there are only aconstant number of orientations(8) and characters per word, the running time of this phasewould
be O(r *c). Thetotal running timewould be O (r #*c + W), which isadistinct improvement over theoriginal O (r *c *W). We could

make further optimizations, which would decrease the running timein practice; these are described in the exercises.



Exercises

5.1 Giveninput {4371, 1323, 6173, 4199, 4344, 9679, 1989} and a hash function h(x) = x(mod 10), show the resulting
a. open hash table

b. closed hash table using linear probing

c. closed hash table using quadratic probing

d. closed hash table with second hash function h2(x) = 7 - (x mod 7)

5.2 Show theresult of rehashing the hash tablesin Exercise5.1.

5.3 Writeaprogram to compute the number of collisionsrequired in along random sequence of insertionsusing linear probing,
quadratic probing, and double hashing.

5.4 A large number of deletionsin an open hash table can cause thetableto befairly empty, which wastes space. In this case, we can
rehash to atable half aslarge. Assumethat werehash to alarger table when there are twice as many elements asthe table size. How

empty should an open table be before we rehash to asmaller table?

5.5 Analternativecollision resolution strategy isto defineasequence, (i) = ri, whererO=0andrl,r2, ..., rnisarandom

permutation of thefirst nintegers(eachinteger appearsexactly once).

a. Provethat under thisstrategy, if the tableisnot full, then the collision can always be resolved.
b. Would thisstrategy be expected to eliminate clustering?

c. If theload factor of thetableis £% , what isthe expected timeto perform an insert?

d. If the load factor of thetableis 4% , what isthe expected timefor asuccessful search?

e. Givean efficient algorithm (theoretically aswell as practically) to generate the random sequence. Explain why therulesfor
choosing P are important.

5.6 What arethe advantages and disadvantages of thevariouscollision resol ution strategies?

5.7 Writeaprogram to implement the following strategy for multiplying two sparse polynomials P1, P2 of size m and n respectively.
Each polynomial isrepresented asalinked list with cells consisting of acoefficient, an exponent, and a next pointer (Exercise 3.7).
We multiply each termin P1 by aterm in P2 for atotal of mn operations. One method isto sort these termsand combineliketerms,
but thisrequires sorting mn records, which could be expensive, especially in small-memory environments. Alternatively, wecould
mergetermsasthey are computed and then sort the resullt.

a. Writeaprogram to implement the alternate strategy.



b. If the output polynomial has about O(m + n) terms, then what isthe running time of both methods?

5.8 A spelling checker readsaninput file and printsout al words not in some online dictionary. Supposethedictionary contains
30,000 wordsand thefileis one megabyte, so that the algorithm can make only one passthrough theinput file. A simple strategy isto
read the dictionary into ahash table and look for each input word asit is read. Assuming that an average word is seven charactersand
that it is possibleto storewords of length | in | + 1 bytes (so space waste isnot much of aconsideration), and assuming aclosed table,
how much space doesthisrequire?

5.9 If memory islimited and the entire dictionary cannot be stored in ahash table, we can still get an efficient al gorithm that almost
awaysworks. We declare an array H_TABLE of bits (initialized to zeros) from 0 to TABLE_SIZE - 1. Asweread in aword, we set
H_TABLE[hash(word)] = 1. Which of thefollowing istrue?

a. If aword hashesto alocation with value O, theword isnot in thedictionary.

b. If aword hashesto alocation with value 1, then theword isin the dictionary.

Suppose we choose TABLE_SZE = 300,007.

¢. How much memory doesthisrequire?

d. What isthe probability of an error in thisalgorithm?

e. A typical document might have about three actual misspellings per page of 500 words. Isthisalgorithm usable?

5.10* Describeaprocedurethat avoidsinitializing ahash table (at the expense of memory).

5.11 Suppose we want to find thefirst occurrence of astring p1p2. . . pkinalonginput string ala2 . . . an. We can solve this problem
by hashing the pattern string, obtai ning ahash value hp, and comparing thisvaluewith thehash valueformed from ala2 . . .

aka2a3. .. ak+l,a3a4 . . . ak+2, and so on until an-k+1lan-k+2 . . . an. If we have amatch of hash values, we comparethe strings
character by character to verify the match. Wereturn the position (in a) if the strings actually do match, and we continuein the

unlikely event that the match isfalse.

*a. Show that if the hash value of aiai+1 . .. ai + k - 1isknown, then the hash value of ai+1ai+2 . . . ai+k can be computed in
constant time.

b. Show that the running timeis O(k + n) plusthe time spent refuting fal se matches.

*c. Show that the expected number of falsematchesisnegligible.

d. Writeaprogram to implement thisalgorithm.

**e, Describe an algorithm that runsin O(k + n) worst casetime.

**f, Describe an algorithm that runsin O(n/k) average time.



5.12 A BAsI Ccprogram consists of aseries of statements, each of whichisnumbered in ascending order. Control ispassed by useof a
goto or gosub and astatement number. Write aprogram that readsin alegal BAsI C program and renumbersthe statements so that the
first starts at number f and each statement has anumber d higher than the previous statement. Y ou may assume an upper limit of n
statements, but the statement numbersin theinput might be aslarge asa 32-bit integer. Y our program must runin linear time.

5.13 a. Implement the word puzzle program using the algorithm described at the end of the chapter.

b. We can get abig speed increase by storing, in addition to each word w, all of w's prefixes. (If one of w's prefixesisanother word in
thedictionary, it isstored asareal word). Although thismay seem to increase the size of the hash tabledrastically, it doesnot,
because many words have the same prefixes. When ascanis performed in aparticul ar direction, if theword that islooked up isnot
eveninthe hash table asaprefix, then the scan in that direction can beterminated early. Usethisideato write animproved programto
solve the word puzzle.

c. If wearewilling to sacrifice the sanctity of the hash table ADT, we can speed up the program in part (b) by noting that if, for
example, we havejust computed the hash function for "excel," we do not need to compute the hash function for "excels' from scratch.
Adjust your hash function so that it can take advantage of its previouscalcul ation.

d. InChapter 2, we suggested using binary search. Incorporatetheideaof using prefixesinto your binary search algorithm. The
modification should be simple. Which algorithm isfaster?

5.14 Show theresult of inserting thekeys 10111101, 00000010, 10011011, 10111110, 01111111, 01010001, 10010110, 00001011,
11001111, 10011110, 11011011, 00101011, 01100001, 11110000, 01101111 into aninitially empty extendible hashing datastructure
withm=4.

5.15 Write aprogram toimplement extendible hashing. If thetableissmall enoughto fit in main memory, how doesits performance
compare with open and closed hashing?
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CHAPTER 6: PRIORITY QUEUES
(HEAPS)

Although jobs sent to aline printer are generally placed on a queue, this might not always
be the best thing to do. For instance, one job might be particularly important, so that it
might be desirable to allow that job to be run as soon as the printer is available.
Conversdly, if, when the printer becomes available, there are several one-page jobs and
one hundred-page job, it might be reasonable to make the long job go last, eveniif it is not
the last job submitted. (Unfortunately, most systems do not do this, which can be
particularly annoying at times.)

Similarly, in amultiuser environment, the operating system scheduler must decide which
of several processesto run. Generally a processisonly allowed to run for a fixed period
of time. One algorithm uses a queue. Jobs are initially placed at the end of the queue. The
scheduler will repeatedly take the first job on the queue, run it until either it finishes or its
time limit isup, and place it at the end of the queue if it does not finish. This strategy is
generally not appropriate, because very short jobs will seem to take along time because
of the wait involved to run. Generaly, it isimportant that short jobs finish asfast as
possible, so these jobs should have preference over jobs that have already been running.
Furthermore, some jobs that are not short are still very important and should also have
preference.

This particular application seems to require a special kind of queue, known asapriority
gueue. In this chapter, we will discuss

*Efficient implementation of the priority queue ADT.
*Uses of priority queues.
+Advanced implementations of priority queues.

The data structures we will see are among the most elegant in computer science.

6.1. Modd

A priority queue is adata structure that allows at least the following two operations:
insert, which does the obvious thing, and delete_min, which finds, returns and removes
the minimum element in the heap. The insert operation is the equivalent of enqueue, and
delete_ministhe priority queue equivalent of the queue's dequeue operation. The
delete_min function also altersits input. Current thinking in the software engineering
community suggests that thisis no longer a good idea. However, we will continue to use



this function because of historical reasons--many programmers expect delete_min to
operate thisway.

delete_min(H)

= PRIORITY QUEUE H - insert (H)

Figure 6.1 Basic model of a priority queue

Aswith most data structures, it is sometimes possible to add other operations, but these
are extensions and not part of the basic model depicted in Figure 6.1.

Priority queues have many applications besides operating systems. In Chapter 7, we will
see how priority queues are used for external sorting. Priority queues are also important
in the implementation of greedy algorithms, which operate by repeatedly finding a
minimum; we will see specific examplesin Chapters 9 and 10. In this chapter we will see
ause of priority queuesin discrete event simulation.

6.2. Simple Implementations

There are several obvious ways to implement a priority queue. We could use asimple
linked list, performing insertions at the front in O(1) and traversing the list, which
requires O(n) time, to delete the minimum. Alternatively, we could insist that the list be
always kept sorted; this makes insertions expensive (O(n)) and delete_mins cheap (O(1)).
The former is probably the better idea of the two, based on the fact that there are never
more delete_minsthan insertions.

Another way of implementing priority queues would be to use a binary search tree. This
givesan O(log n) average running time for both operations. Thisis truein spite of the
fact that although the insertions are random, the deletions are not. Recall that the only
element we ever delete is the minimum. Repeatedly removing a node that isin the left
subtree would seem to hurt the balance of the tree by making the right subtree heavy.
However, the right subtree is random. In the worst case, where the delete_mins have
depleted the left subtree, the right subtree would have at most twice as many elements as
it should. This adds only a small constant to its expected depth. Notice that the bound can
be made into aworst-case bound by using a balanced tree; this protects one against bad
insertion sequences.

Using a search tree could be overkill because it supports a host of operations that are not
required. The basic data structure we will use will not require pointers and will support
both operationsin O(log n) worst-case time. Insertion will actually take constant time on



average, and our implementation will allow building aheap of nitemsin linear time, if
no deletions intervene. We will then discuss how to implement heaps to support efficient
merging. This additional operation seems to complicate matters a bit and apparently
requires the use of pointers.

6.3. Binary Heap

The implementation we will use is known as a binary heap. Its use is so common for
priority queue implementations that when the word heap is used without a qualifier, itis
generally assumed to be referring to this implementation of the data structure. In this
section, we will refer to binary heaps as merely heaps. Like binary search trees, heaps
have two properties, namely, a structure property and a heap order property. Aswith AvL
trees, an operation on a heap can destroy one of the properties, so a heap operation must
not terminate until all heap properties are in order. This turns out to be smple to do.

6.3.1. Structure Property
6.3.2. Heap Order Property
6.3.3. Basic Heap Operations

6.3.4. Other Heap Operations

6.3.1. Structure Property

A heap isabinary tree that is completely filled, with the possible exception of the bottom
level, which isfilled from left to right. Such atree is known as a complete binary tree.
Figure 6.2 shows an example.

It is easy to show that a complete binary tree of height h has between 2" and 2" - 1
nodes. Thisimplies that the height of a complete binary treeisllog nl, whichisclearly
O(log n).

An important observation is that because a complete binary tree is so regular, it can be
represented in an array and no pointers are necessary. The array in Figure 6.3 corresponds
to the heap in Figure 6.2.



Figure 6.2 A complete binary tree

sls[clolele]a]un][]s] |
o 1 2 3 4 5 6 7T 8 9 10 11 12 13

Figure 6.3 Array implementation of complete binary tree

For any element in array position i, the left child isin position 2i, the right child isin the
cell after the left child (2i + 1), and the parent isin position Li /2l. Thus not only are
pointers not required, but the operations required to traverse the tree are extremely simple
and likely to be very fast on most computers. The only problem with this implementation
isthat an estimate of the maximum heap sizeisrequired in advance, but typically thisis
not a problem. In the figure above, the limit on the heap sizeis 13 elements. The array
has a position O; more on this later.

A heap data structure will, then, consist of an array (of whatever type the key is) and
integers representing the maximum 2nd current heap size. Figure 6.4 shows atypical
priority queue declaration. Notice the similarity to the stack declaration in Figure 3.47.
Figure 6.4a creates an empty heap. Line 11 will be explained | ater.

Throughout this chapter, we shall draw the heaps as trees, with the implication that an
actual implementation will use simple arrays.

6.3.2. Heap Order Property

The property that allows operations to be performed quickly isthe heap order property.
Since we want to be able to find the minimum quickly, it makes sense that the smallest
element should be at the root. If we consider that any subtree should also be a heap, then
any node should be smaller than all of its descendants.



Applying thislogic, we arrive at the heap order property. In aheap, for every node X, the
key in the parent of X issmaller than (or equal to) the key in X, with the obvious
exception of the root (which has no parent).* In Figure 6.5 the tree on the left is a heap,
but the tree on the right is not (the dashed line shows the violation of heap order). As
usual, we will assume that the keys are integers, although they could be arbitrarily
complex.

* Analogoudly, we can declare a (max) heap, which enables us to efficiently find and
remove the maximum element, by changing the heap order property. Thus, a priority
gueue can be used to find either a minimum or a maximum, but this needs to be decided
ahead of time.

By the heap order property, the minimum element can always be found at the root. Thus,
we get the extra operation, find_min, in constant time.

struct heap_struct

{

/* Maximum # that can fit in the heap */
unsi gned int nax_heap_size;

/* Current # of elenents in the heap */
unsi gned int size;

el ement _type *el enents;

b

typedef struct heap_struct *PRI ORI TY_QUEUE;

Figure 6.4 Declaration for priority queue

PRI ORI TY_QUEUE
create_pg( unsigned int nax_el enents )

{
PRI ORI TY_QUEUE H;

[*1*/ if( max_elements < MN_PQ SI ZE )

[*2*] error("Priority queue size is too small");
[*3*]/ H= (PRIORITY_QUEUE) nalloc ( sizeof (struct heap_struct) );
[ *4*] if( H== NULL )

[ *5*/ fatal _error("Qut of space!!!");

/* Allocate the array + one extra for sentinel */

[ *6*/ H >el enents = (el enent _type *) nalloc

( ( max_el enents+1) * sizeof (elenent_type) );

[*7*] if( H>elements == NULL )

[*8*/ fatal _error("Qut of space!!!");

[*9*/ H >max_heap_si ze = max_el enent s;

[ *10*/ H >size = 0;

[*11*/ H >el enents[ 0] = M N_DATA,

[*12*/ return H;

}

Figure6.4a
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Figure 6.5 Two complete trees (only the left treeisa heap)

6.3.3. Basic Heap Operations

It is easy (both conceptually and practically) to perform the two required operations. All
the work involves ensuring that the heap order property is maintained.

Insert
Delete min
Insert

To insert an element x into the heap, we create a hole in the next available location, since
otherwise the tree will not be complete. If x can be placed in the hole without violating
heap order, then we do so and are done. Otherwise we slide the element that isin the
hol€e's parent node into the hole, thus bubbling the hole up toward the root. We continue
this process until x can be placed in the hole. Figure 6.6 shows that to insert 14, we create
ahole in the next available heap location. Inserting 14 in the hole would violate the heap
order property, so 31 is did down into the hole. This strategy is continued in Figure 6.7
until the correct location for 14 is found.

This general strategy is known as a percolate up; the new element is percolated up the
heap until the correct location is found. Insertion is easily implemented with the code
shownin Figure 6.8.

We could have implemented the percolation in the insert routine by performing repeated
swaps until the correct order was established, but a swap requires three assignment
statements. If an element is percolated up d levels, the number of assignments performed
by the swaps would be 3d. Our method uses d + 1 assignments.
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Figure 6.6 Attempt to insert 14: creating the hole, and bubbling the hole up
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Figure 6.7 Theremaining two stepstoinsert 14 in previous heap

/* H>element[0] is a sentinel */

voi d

insert( elenent_type x, PRIORITY_QUEUE H )
{

unsigned int i;

[*1*] if( is_full( H) )

[*2*] error("Priority queue is full");
el se

{

[*3*/ i = ++H >si ze;

[*4*] while( H>elements[i/2] > x )

{

[ *5*/ H >el ements[i] = H>elenents[i/2];
[*6*/ i /=2

}

[*7*] H >el enents[i] = x;

}

}

Figure 6.8 Proceduretoinsert into a binary heap

If the element to be inserted is the new minimum, it will be pushed all the way to the top.
At some point, i will be 1 and we will want to break out of the while loop. We could do
this with an explicit test, but we have chosen to put avery small value in position 0 in



order to make the while loop terminate. This value must be guaranteed to be smaller than
(or equal to) any element in the heap; it isknown as asentinel. Thisideais similar to the
use of header nodes in linked lists. By adding a dummy piece of information, we avoid a
test that is executed once per loop iteration, thus saving some time.

The time to do the insertion could be as much as O (log n), if the element to be inserted is
the new minimum and is percolated all the way to the root. On average, the percolation
terminates early; it has been shown that 2.607 comparisons are required on average to
perform an insert, so the average insert moves an element up 1.607 levels.

Delete min

Delete_ mins are handled in a similar manner as insertions. Finding the minimum is easy;
the hard part is removing it. When the minimum is removed, a holeis created at the root.
Since the heap now becomes one smaller, it follows that the last element x in the heap
must move somewhere in the heap. If x can be placed in the hole, then we are done. This
isunlikely, so we dlide the smaller of the hol€e's children into the hole, thus pushing the
hole down one level. We repeat this step until x can be placed in the hole. Thus, our
action isto place x in its correct spot along a path from the root containing minimum
children.

In Figure 6.9 the left figure shows a heap prior to the delete_min. After 13 isremoved, we
must now try to place 31 in the heap. 31 cannot be placed in the hole, because this would
violate heap order. Thus, we place the smaller child (14) in the hole, sliding the hole
down onelevel (see Fig. 6.10). We repest this again, placing 19 into the hole and creating
anew hole one level deeper. We then place 26 in the hole and create a new hole on the
bottom level. Finally, we are able to place 31 in the hole (Fig. 6.11). This general strategy
isknown as a percolate down. We use the same technique as in the insert routine to avoid
the use of swapsin thisroutine.

Figure 6.9 Creation of the hole at the root
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Figure 6.10 Next two stepsin delete_min
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Figure6.11 Last two stepsin delete_min

A frequent implementation error in heaps occurs when there are an even number of
elementsin the heap, and the one node that has only one child is encountered. Y ou must
make sure not to assume that there are always two children, so this usually involves an
extratest. In the code, depicted in Figure 6.12, we've done thistest at line 8. One
extremely tricky solution is aways to ensure that your algorithm thinks every node has
two children. Do this by placing a sentinel, of value higher than any in the heap, at the
spot after the heap ends, at the start of each percolate down when the heap size is even.
Y ou should think very carefully before attempting this, and you must put in a prominent
comment if you do use this technique.

el enent _type
delete_mn( PRIORITY_QUEUE H )

{

unsigned int i, child,

el enment _type mn_el enent, |ast_el enent;

[*1*/ if( is_enpty( H) )

[*2*] error("Priority queue is enpty");
[*3*/ return H >el ements[0];

[ *4*] mn_el erent = H >el ements[1];

[ *5*/ | ast _el ement = H >el ement s[ H- >si ze--];
[ *6*/ for( i=1; i*2 <= H>size; i=child)

{



/* find smaller child */

[*7*] child =i*2;

[ *8*/ if( ( child!=H>size ) &&

( H>elenents[child+l] < H>elenents [child] ) )

[*9*/ chil d++;

/* percolate one |evel */

/*10*/ if( last_elenment > H >elenents[child] )
[*11*/ H >el ements[i] = H >elenents[child];
el se

[*12*] br eak;

}

[*13*/ H >el enents[i] = |ast_el enent;

[*14*/ return mn_el enent;

}

Figure 6.12 Function to perform delete_min in a binary heap

Although this eliminates the need to test for the presence of aright child, you cannot
eliminate the requirement that you test when you reach the bottom because this would
require a sentinel for every leaf.

The worst-case running time for this operation is O(log n). On average, the element that
isplaced at the root is percolated almost to the bottom of the heap (which isthe level it
came from), so the average running timeis O (log n).

6.3.4. Other Heap Operations

Notice that although finding the minimum can be performed in constant time, a heap
designed to find the minimum element (also known as a (min) heap) is of no help
whatsoever in finding the maximum element. In fact, a heap has very little ordering
information, so thereis no way to find any particular key without alinear scan through
the entire heap. To see this, consider the large heap structure (the elements are not shown)
in Figure 6.13, where we see that the only information known about the maximum
element isthat it is at one of the leaves. Half the elements, though, are contained in leaves,
so thisis practically useless information. For thisreason, if it isimportant to know where
elements are, some other data structure, such as a hash table, must be used in addition to
the heap. (Recall that the model does not allow looking inside the heap.)

If we assume that the position of every element is known by some other method, then
several other operations become cheap. The three operations below all run in logarithmic
worst-case time.

Decrease key

Increase_key

Delete



Build_heap
Decrease key

The decrease_key(x,5, H) operation lowers the value of the key at position x by a positive
amount 6. Since this might violate the heap order, it must be fixed by a percolate up. This
operation could be useful to system administrators: they can make their programs run
with highest priority

Figure 6.13 A very large complete binary tree

Increase key

Theincrease_key(x, &, H) operation increases the value of the key at position x by a
positive amount &. Thisis done with a percolate down. Many schedulers automatically
drop the priority of aprocess that is consuming excessive cru time.

Delete

The delete(x, H) operation removes the node at position x from the heap. Thisis done by
first performing decrease key(x, *, H) and then performing delete_min (H). When a
process is terminated by a user (instead of finishing normally), it must be removed from
the priority queue.

Build_heap

The build_heap(H) operation takes as input n keys and places them into an empty heap.
Obviously, this can be done with n successive inserts. Since each insert will take O(1)
average and O(log n) worst-case time, the total running time of this algorithm would be
O(n) average but O(n log n) worst-case. Since thisis aspecia instruction and there are no



other operations intervening, and we already know that the instruction can be performed
in linear average time, it is reasonable to expect that with reasonable care alinear time
bound can be guaranteed.

The general agorithm isto place the n keysinto the tree in any order, maintaining the
structure property. Then, if percolate_down(i) percolates down from node i, perform the
algorithm in Figure 6.14 to create a heap-ordered tree.

Thefirst tree in Figure 6.15 is the unordered tree. The seven remaining treesin Figures
6.15 through 6.18 show the result of each of the seven percolate downs. Each dashed line
corresponds to two comparisons. one to find the smaller child and one to compare the
smaller child with the node. Notice that there are only 10 dashed linesin the entire
algorithm (there could have been an 11th -- where?) corresponding to 20 comparisons.

for(i=n/2; i>0; i--)
percol ate_down( i );

Figure 6.14 Sketch of build_heap

Figure 6.16 L eft: after percolate_down(6); right: after percolate_down(5)



Figure 6.18 L ft: after percolate_down(2); right: after percolate down(1)

To bound the running time of build_heap, we must bound the number of dashed lines.
This can be done by computing the sum of the heights of all the nodes in the heap, which
is the maximum number of dashed lines. What we would like to show isthat thissumis
o(n).

THEOREM 6.1.

For the perfect binary tree of height h containing 2™ - 1 nodes, the sum of the heights of
the nodesis2™!-1- (h+ 1).

PROOF:
It is easy to seethat this tree consists of 1 node at height h, 2 nodes at height h - 1, 2°

nodes at height h - 2, and in general 2' nodes at height h - i. The sum of the heights of all
the nodesisthen

M-

=

5= 20— i)

=

=h+2(h- 1) +4(h- 2) + 8(h- 3) + 16(h - 4) +.. .+ 2"-1®



(6.2)

Multiplying by 2 givesthe equation

2S=2h+4(h- 1) +8(h-2) +16(h-3) +...+2"(1)

(6.2)

We subtract these two equations and obtain Equation (6.3). We find that certain terms
almost cancel. For instance, we have 2h-2(h- 1) = 2, 4(h- 1) - 4h- 2) = 4, and so on.
The last termin Equation (6.2), 2", does not appear in Equation (6.1); thus, it appearsin
Equation (6.3). Thefirst term in Equation (6.1), h, does not appear in equation (6.2); thus,
-h appears in Equation (6.3).

Weobtain

S=-h+2+4+8+... +2"+2"=2"1_1)- (h+1)

(6.3)

which proves the theorem.

A complete tree is not a perfect binary tree, but the result we have obtained is an upper
bound on the the sum of the heights of the nodesin a complete tree. Since a complete tree

has between 2" and 2"** nodes, this theorem implies that this sum is O(n), where n is the
number of nodes.

Although the result we have obtained is sufficient to show that build_heap islinear, the
bound on the sum of the heightsis not as strong as possible. For a complete tree withn =
2" nodes, the bound we have obtained is roughly 2n. The sum of the heights can be shown
by induction to be n - b(n), where b(n) is the number of 1sin the binary representation of
n.

6.4. Applications of Priority Queues

We have aready mentioned how priority queues are used in operating systems design. In
Chapter 9, we will see how priority queues are used to implement several graph
algorithms efficiently. Here we will show how to use priority queues to obtain solutions
to two problems.

6.4.1. The Selection Problem

6.4.2. Event Simulation

6.4.1. The Selection Problem



The first problem we will examineis the selection problem from Chapter 1. Recall that
theinput isalist of n elements, which can be totally ordered, and an integer k. The
selection problem isto find the kth largest element.

Two algorithms were given in Chapter 1, but neither is very efficient. The first algorithm,
which we shall call Algorithm 1A, isto read the elements into an array and sort them,
returning the appropriate element. Assuming a simple sorting algorithm, the running time
is O(n?). The alternative algorithm, 1B, isto read k elements into an array and sort them.
The smallest of these isin the kth position. We process the remaining elements one by
one. Asan element arrives, it is compared with kth element in the array. If it islarger,
then the kth element is removed, and the new element is placed in the correct place
among theremaining k - 1 elements. When the algorithm ends, the element in the kth
position is the answer. The running timeis O(n k) (why?). If k = [n/2], then both
agorithms are O(n?). Notice that for any k, we can solve the symmetric problem of
finding the (n - k + 1)th smallest element, so k =n/2l is really the hardest case for these
algorithms. This also happens to be the most interesting case, since thisvalue of k is
known as the median.

We give two agorithms here, both of which runin O(n log n) in the extreme case of k =[
n/2], which is a distinct improvement.

Algorithm 6A

Algorithm 6B

Algorithm 6A

For simplicity, we assume that we are interested in finding the kth smallest element. The
algorithm is simple. We read the n elements into an array. We then apply the build_heap
algorithm to this array. Finally, we'll perform k delete_min operations. The last element
extracted from the heap is our answer. It should be clear that by changing the heap order
property, we could solve the original problem of finding the kth largest element.

The correctness of the algorithm should be clear. The worst-case timing is O(n) to
construct the heap, if build_heap is used, and O(log n) for each delete_min. Since there
are k delete_mins, we obtain atotal running time of O(n + klog n). If k= O(n/log n),

then the running time is dominated by the build_heap operation and is O(n). For larger
values of k, the running timeis O(k log n). If k =[n/2l, then the running time is ® (n log n).

Notice that if we run this program for k = n and record the values as they leave the heap,

we will have essentially sorted the input filein O(n log n) time. In Chapter 7, we will
refine thisideato obtain afast sorting algorithm known as heapsort.

Algorithm 6B



For the second algorithm, we return to the original problem and find the kth largest
element. We use the idea from Algorithm 1B. At any point in time we will maintain a set
Sof thek largest elements. After thefirst k elements are read, when a new element is read,
it is compared with the kth largest element, which we denote by S.. Notice that S isthe
smallest element in S If the new element islarger, then it replaces Scin S Swill then
have a new smallest element, which may or may not be the newly added element. At the
end of theinput, we find the smallest element in Sand return it as the answer.

Thisis essentially the same algorithm described in Chapter 1. Here, however, we will use
aheap toimplement S. The first k elements are placed into the heap in total time O(k)
with acall to build_heap. The time to process each of the remaining elementsis O(1), to
test if the element goesinto S plus O(log k), to delete S and insert the new element if
thisis necessary. Thus, thetotal timeisO(k + (n- k)logk) =0 (nlogk) . This
algorithm also gives abound of ©(n log n) for finding the median.

In Chapter 7, we will see how to solve this problem in O(n) average time. In Chapter 10,
we will see an elegant, albeit impractical, algorithm to solve this problem in O(n) worst-
casetime.

6.4.2. Event Simulation

In Section 3.4.3, we described an important queuing problem. Recall that we have a
system, such as a bank, where customers arrive and wait on aline until one of k tellersis
available. Customer arrival is governed by a probability distribution function, asisthe
service time (the amount of time to be served once ateller is available). We are interested
in statistics such as how long on average a customer has to wait or how long the line
might be.

With certain probability distributions and values of k, these answers can be computed
exactly. However, as k gets larger, the analysis becomes considerably more difficult, so it
is appealing to use a computer to simulate the operation of the bank. In thisway, the bank
officers can determine how many tellers are needed to ensure reasonably smooth service.

A simulation consists of processing events. The two events here are (a) a customer
arriving and (b) a customer departing, thus freeing up ateller.

We can use the probability functions to generate an input stream consisting of ordered
pairs of arrival time and service time for each customer, sorted by arrival time. We do not
need to use the exact time of day. Rather, we can use a quantum unit, which we will refer
toasatick.

One way to do this simulation isto start asimulation clock at zero ticks. We then advance
the clock onetick at atime, checking to seeif thereis an event. If thereis, then we
process the event(s) and compile statistics. When there are no customers left in the input
stream and all the tellers are free, then the simulation is over.



The problem with this simulation strategy is that its running time does not depend on the
number of customers or events (there are two events per customer), but instead depends
on the number of ticks, which isnot really part of the input. To see why thisisimportant,
suppose we changed the clock units to milliticks and multiplied all the times in the input
by 1,000. The result would be that the simulation would take 1,000 times longer!

The key to avoiding this problem is to advance the clock to the next event time at each
stage. Thisis conceptually easy to do. At any point, the next event that can occur is either
(a) the next customer in the input file arrives, or (b) one of the customers at ateller leaves.
Since all the times when the events will happen are available, we just need to find the
event that happens nearest in the future and process that event.

If the event is a departure, processing includes gathering statistics for the departing
customer and checking the line (queue) to see whether there is another customer waiting.
If so, we add that customer, process whatever statistics are required, compute the time
when that customer will leave, and add that departure to the set of events waiting to
happen.

If the event is an arrival, we check for an available teller. If thereis none, we place the
arrival on the line (queue); otherwise we give the customer ateller, compute the
customer's departure time, and add the departure to the set of events waiting to happen.

The waiting line for customers can be implemented as a queue. Since we need to find the
event nearest in the future, it is appropriate that the set of departures waiting to happen be
organized in a priority queue. The next event is thus the next arrival or next departure
(whichever is sooner); both are easily available.

It isthen straightforward, although possibly time-consuming, to write the simulation
routines. If there are C customers (and thus 2C events) and k tellers, then the running time
of the simulation would be O(C log(k + 1))* because computing and processing each
event takes O(logH), where H = k + 1 isthe size of the heap.

" Weuse O(C log( k + 1)) instead of O(C log k) to avoid confusion for thek = 1 case.

6.5. d-Heaps

Binary heaps are so simple that they are amost always used when priority queues are
needed. A simple generalization is a d-heap, which is exactly like a binary heap except
that all nodes have d children (thus, a binary heap is a 2-heap). Figure 6.19 shows a 3-
heap.

Notice that a d-heap is much more shallow than a binary heap, improving the running
time of insertsto O(logqn). However, the delete_min operation is more expensive,
because even though the tree is shallower, the minimum of d children must be found,
which takes d - 1 comparisons using a standard algorithm. This raises the time for this



operationto O(d loggn). If d isa constant, both running times are, of course, O(log n).
Furthermore, although an array can still be used, the multiplications and divisions to find
children and parents are now by d, which seriously increases the running time, because
we can no longer implement division by a bit shift. d- heaps are interesting in theory,
because there are many algorithms where the number of insertions is much greater than
the number of delete_mins (and thus a theoretical speedup is possible). They are also of
interest when the priority queue istoo large to fit entirely in main memory. In this case, a
d-heap can be advantageous in much the same way as B-trees.

The most glaring weakness of the heap implementation, aside from the inability to
perform finds is that combining two heaps into one is a hard operation. This extra
operation isknown as amerge. There are quite afew ways of implementing heaps so that
the running time of amerge is O(log n). We will now discuss three data structures, of
various complexity, that support the merge operation efficiently. We will defer any
complicated analysis until Chapter 11.

Figure6.19 A d-heap

6.6. L eftist Heaps

It seems difficult to design a data structure that efficiently supports merging (that is,
processesamerge in o(n) time) and uses only an array, asin abinary heap. The reason
for thisisthat merging would seem to require copying one array into another which
would take & (n) time for equal-sized heaps. For this reason, all the advanced data
structures that support efficient merging require the use of pointers. In practice, we can
expect that thiswill make al the other operations slower; pointer manipulation is
generally more time-consuming than multiplication and division by two.

Like abinary heap, aleftist heap has both a structural property and an ordering property.
Indeed, aleftist heap, like virtually all heaps used, has the same heap order property we
have already seen. Furthermore, aleftist heap is also abinary tree. The only difference
between aleftist heap and a binary heap is that |eftist heaps are not perfectly balanced,
but actually attempt to be very unbalanced.

6.6.1. Leftist Heap Property



6.6.2. Leftist Heap Operations

6.6.1. L eftist Heap Property

We define the null path length, npl(X) of any node X to be the length of the shortest path
from X to a node without two children. Thus, the npl of a node with zero or one child is 0,
while npl(NULL) =-1. Inthe tree in Figure 6.20, the null path lengths are indicated inside
the tree nodes.

Notice that the null path length of any node is 1 more than the minimum of the null path
lengths of its children. This applies to nodes with less than two children because the null
path length of is-1.

The leftist heap property isthat for every node X in the heap, the null path length of the
left child isat least aslarge as that of the right child. This property is satisfied by only
one of the treesin Figure 6.20, namely, the tree on the left. This property actually goes
out of its way to ensure that the tree is unbalanced, because it clearly biases the tree to get
deep towards the left. Indeed, atree consisting of along path of left nodesis possible
(and actually preferable to facilitate merging); hence the name leftist heap.

Figure 6.20 Null path lengthsfor two trees; only theleft treeisleftist

Because | eftist heaps tend to have deep left paths, it follows that the right path ought to be
short. Indeed, the right path down a leftist heap is as short as any in the heap. Otherwise,
there would be a path that goes through some node X and takes the left child. Then X
would violate the | eftist property.

THEOREM 6.2.

A leftist tree with r nodes on the right path must have at least 2" - 1 nodes.

PROOF:



The proof isby induction. If r = 1, there must be at |east one tree node. Otherwise,
suppose that the theorem istruefor 1, 2, . . ., r. Consider aleftist tree with r + 1 nodes on
the right path. Then the root has a right subtree with r nodes on the right path, and a left
subtree with at least r nodes on the right path (otherwise it would not be leftist). Applying
the inductive hypothesis to these subtrees yields a minimum of 2" - 1 nodesin each
subtree. This plus the root gives at least 2 - 1 nodesin the tree, proving the theorem.

From this theorem, it follows immediately that aleftist tree of n nodes has aright path
containing at most Llog(n + 1)] nodes. The general idea for the leftist heap operationsis
to perform all the work on the right path, which is guaranteed to be short. The only tricky
part isthat performing inserts and merges on the right path could destroy the leftist heap
property. It turns out to be extremely easy to restore the property.

6.6.2. Leftist Heap Operations

The fundamental operation on leftist heaps is merging. Notice that insertion is merely a
special case of merging, since we may view an insertion as a merge of a one-node heap
with alarger heap. We will first give a simple recursive solution and then show how this
might be done nonrecursively. Our input is the two leftist heaps, Hy and Hz, in Figure
6.21. Y ou should check that these heaps really are leftist. Notice that the smallest
elements are at the roots. In addition to space for the data and left and right pointers, each
cell will have an entry that indicates the null path length.

If either of the two heaps is empty, then we can return the other heap. Otherwise, to
merge the two heaps, we compare their roots. First, we recursively merge the heap with
the larger root with the right subheap of the heap with the smaller root. In our example,
this means we recursively merge H, with the subheap of H; rooted at 8, obtaining the
heap in Figure 6.22.

Since thistree isformed recursively, and we have not yet finished the description of the
algorithm, we cannot at this point show how this heap was obtained. However, it is
reasonable to assume that the resulting tree is aleftist heap, because it was obtained viaa
recursive step. Thisis much like the inductive hypothesis in a proof by induction. Since
we can handle the base case (which occurs when one tree is empty), we can assume that
the recursive step works as long as we can finish the merge; thisisrule 3 of recursion,
which we discussed in Chapter 1. We now make this new heap the right child of the root
of Hy (seeFig. 6.23).
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Figure 6.21 Two leftist heapsH1 and H,




Figure6.23 Result of attachingleftist heap of previousfigureasH 1'sright child

Although the resulting heap satisfiesthe heap order property, it isnot | eftist because theleft subtree of the root hasanull path length
of 1whiletheright subtree hasnull path length of 2. Thus, theleftist property isviolated at theroot. However, it is easy to seethat the
remainder of thetree must beleftist. Theright subtree of theroot isleftist, because of therecursive step. Theleft subtree of the root
has not been changed, so it too must still beleftist. Thus, we only need to fix the root. We can make the entire tree leftist by merely
swapping theroot'sleft and right children (Fig. 6.24) and updating the null path length -- the new null path lengthis 1 plusthe null
path length of the new right child -- completing the merge. Noticethat if the null path length isnot updated, then all null path lengths
will be0, and the heap will not beleftist but merely random. In this case, the algorithm will work, but the time bound wewill claim

will no longer bevalid.

Thedescription of thealgorithm translatesdirectly into code. Thetype definition (Fig. 6.25) isthe same asthebinary tree, except that
it isaugmented with the npl (null path length) field. We have seen in Chapter 4 that when an element isinserted into an empty binary
tree, the pointer to the root will need to change. The easiest way to implement thisisto have theinsertion routinereturn apointer to
thenew tree. Unfortunately, thiswill maketheleftist heap insert incompatible with the binary heap insert (which does not return
anything). Thelast linein Figure 6.25 represents oneway out of thisquandary. Theleftist heap insertion routinewhich returnsthe
new tree will be called insert1; the insert macrowill make an insertion compatiblewith binary heaps. Using macrosthisway may not
be the best or safest course, but the alternative, declaring a PRIORITY QUEUE as a pointer to atree_ptr will flood the code with extra
asterisks.

Because insertisamacro and istextually substituted by the preprocessor, any routinethat calls insert must be able to see the macro
definition. Figure 6.25 would typically be aheader file, so placing the macro declaration thereisthe only reasonable course. Aswe

will seelater. delete_min also needs to be written as amacro.

Figure6.24 Result of swappingchildren of H1'sroot

typedef struct tree_node *tree_ptr;
struct tree_node

{

el ement _type el enent;

tree_ptr left;

tree_ptr right;



unsi gned int npl;

Iy

typedef tree_ptr PRI ORI TY_QUEUE;

#define insert( x, H) ( H=insertl( (x), H) )

Figure6.25 L eftist heap typedeclarations

Theroutineto merge (Fig. 6.26) isadriver designed to remove specia casesand ensurethat H1 has the smaller root. The actual

merging isperformed in mergel (Fig. 6.27).

Thetimeto perform the mergeis proportional to the sum of thelength of theright paths, because constant work isperformed at each
node visited during the recursive calls. Thuswe obtain an O(log n) timebound to mergetwo leftist heaps. We can a so performthis
operation nonrecursively by essentially performing two passes. Inthefirst pass, we create anew tree by merging theright paths of
both heaps. To do this, we arrange the nodes on the right paths of H1 and H2 in sorted order, keeping their respectiveleft children. In
our example, thenew right pathis 3, 6, 7, 8, 18 and theresulting treeis shown in Figure 6.28. A second passis made up the heap, and
child swaps are performed at nodesthat violate the | eftist heap property. In Figure 6.28, thereisaswap at nodes 7 and 3, and the same
tree asbeforeisobtained. The nonrecursiveversionissimpler to visualize but harder to code. Weleaveit to the reader to show that
the recursiveand nonrecursive proceduresdo the samething.

PRI ORI TY_QUEUE
mer ge( PRI ORI TY_QUEUE HL, PRI ORI TY_QUEUE H2 )
{

[*1*/ if( HL == NULL )

[ *2*%] return Hz;

[*3*/ if( H2 == NULL )

1 *4*%/ return Hi;

[ *5*] if( Hl->el enent < H2->elenment )
/*6%/ return nmergel( Hi, H2 );
el se

1*7*/ return mergel( H2, Hl );

}

Figure6.26 Drivingroutinefor mergingleftist heaps

/* For nmergel, Hl has smaller root, Hl and H2 are not NULL */
PRI ORI TY_QUEUE

mergel( PRI ORI TY_QUEUE H1, PRI ORI TY_QUEUE H2 )

{

[*1*] if( HL->left == NULL ) /* single node */
1 *2*%] Hl->left = H2; /* Hl->right is already NULL,
Hi->npl is al ready 0*/

el se

{

[*3*%] H1->right = nmerge( Hl->right, H2 );
[*4%] if( HL->left->npl < HL->right->npl )
/*5*/ swap_children( HL );

/*6*/ Hl->npl = HIl->right->npl + 1;

}

1*7%] return Hi;

}

Figure6.27 Actual routineto mer geleftist heaps
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Figure6.28 Result of mergingright pathsof H1 and H2

Asmentioned above, we can carry out insertionsby making the item to be inserted a one-node heap and performing amerge. To
perform adelete_min, we merely destroy theroot, creating two heaps, which can then be merged. Thus, thetimeto performa
delete_min is O(logn). Thesetwo routines are coded in Figure 6.29 and Figure 6.30. Delete_min can be written asamacro that calls
delete_minl and find_min. Thisisleft asan exerciseto the reader.

Thecall to freeonline4 of Figure 6.30 might ook chancy, but it isactually correct. The call does not destroy the variable H; rather, it
indicatesthat the cell to whichit points can be used. That cell isplaced on thefreelist. H, which isapointer, isthen set to point
somewhereelseby line5. Also, notice how the headingsfor these routines can be made identical to those for the binary heap
implementation. Either priority queue package could be used, and theimplementati on woul d be completely transparent tothecalling

routines.

Finally, we can build aleftist heap in O(n) time by building abinary heap (obviously using a pointer implementation). Although a
binary heapisclearly |eftist, thisisnot necessarily the best sol ution, because the heap we obtain istheworst possibleleftist heap.
Furthermore, traversing thetreein reverse-level order isnot as easy with pointers. The build_heap effect can be obtained by
recursively building theleft and right subtreesand then percol ating the root down. The exercises contain an alternative solution.

PRI ORI TY_QUEUE
insert1( el enent_type x, PRIORI TY_QUEUE H )
{

tree_ptr single_node;

[*1*/ singl e_node = (tree_ptr) malloc( sizeof (struct tree_node) );
[ *2%] if( single_node == NULL )

/*3%/ fatal _error("CQut of space!!l");

el se

{

[ *4*] si ngl e_node->el ement = x; single_node->npl = 0;

/*5%/ si ngl e_node->l eft = singl e_node->right = NULL;

/*6%/ H = nerge( single_node, H);

}
[*7*%] return H;

}



Figure6.29Insertion routinefor leftist heaps

/* Delete_mnl returns the newtree; */
/* to get the minimumuse find_mn */
/* This is for convenience. */

PRI ORI TY_QUEUE

del ete_mi n1( PRI ORI TY_QUEUE H )

{
PRI ORI TY_QUEUE | ef t _heap, right_heap;

[*1*] left_heap = H>left;

[ *2*%] right_heap = H >right;

[*3*/ free( H);

| *4*%] return merge( |eft_heap, right_heap );

}

Figure6.30 Delete_min routinefor leftist heaps

6.7. Skew Heaps

A skew heap is asdlf-adjusting version of aleftist heap that isincredibly simpletoimplement. Therelationship of skew heapstoleftist
heapsisanal ogousto the rel ation between splay treesand AVL trees. Skew heaps are binary treeswith heap order, but thereis no
structural constraint onthesetrees. Unlikeleftist heaps, noinformation ismaintained about the null path length of any node. Theright
path of askew heap can be arbitrarily long at any time, so theworst-case running time of al operationsis O(n). However, aswith
splay trees, it can be shown (see Chapter 11) that for any m consecutive operations, the total worst-case running timeis O(m log n).
Thus, skew heaps have O(log n) amortized cost per operation.

Aswith leftist heaps, the fundamental operation on skew heapsis merging. The merge routineisonce again recursive, and we perform
the exact same operationsasbefore, with one exception. Thedifferenceisthat for leftist heaps, we check to seewhether the left and
right children satisfy the | eftist heap order property and swap them if they do not. For skew heaps, the swap isunconditional -- we
always doit, with the one exception that the smallest of all the nodes on theright paths does not haveits children swapped. Thisone
exception iswhat happensin the natural recursiveimplementation, soitisnot really aspecial caseat all. Furthermore, itisnot
necessary to prove the bounds, but since thisnodeis guaranteed not to have aright child, it would besilly to perform the swap and
giveit one. (In our example, there are no children of thisnode, so we do not worry about it.) Again, suppose our input isthe sametwo
heaps as before, Figure 6.31.

If we recursively merge H2 with the subheap of H1 rooted at 8, we will get the heap in Figure 6.32.
Again, thisisdonerecursively, so by thethird rule of recursion (Section 1.3) we need not worry about how it was obtained. Thisheap

happensto beleftist, but thereis no guarantee that thisisawaysthe case. We make this heap the new | eft child of H1 and the old left
child of H1 becomesthe new right child (seeFig. 6.33).



Figure6.31 Two skew heapsH1 and H2

Figure 6.32 Result of merging H2with H1'sright subheap

Figure6.33 Result of merging skew heapsH1 and H2



Theentiretreeisleftist, but it iseasy to seethat that isnot awaystrue: Inserting 15 into thisnew heap would destroy theleftist
property.

Wecan perform all operationsnonrecursively, aswith | eftist heaps, by merging theright paths and swapping left and right children for
every node on theright path, with the exception of thelast. After afew examples, it becomesclear that sinceall but thelast node on
theright path havetheir children swapped, the net effect isthat this becomesthe new |eft path (see the preceding exampleto convince
yourself). Thismakesit very easy to merge two skew heapsvisualy.

Theimplementation of skew heapsisleft asa(trivial) exercise. Skew heaps havethe advantagethat no extraspaceisrequired to
maintain path lengths and no tests are required to determine when to swap children. Itisan open problem to determine precisely the
expected right path length of both leftist and skew heaps (thelatter isundoubtedly more difficult). Such acomparison would makeit
easier to determine whether the slight loss of bal anceinformation is compensated by the lack of testing.

6.8. Binomial Queues

Although both lftist and skew heaps support merging, insertion, and delete_min all effectively in O(log n) time per operation, thereis
room for improvement because we know that binary heaps support insertion in constant aver age time per operation. Binomial queues
support all three operationsin O(log n) worst-casetime per operation, but insertionstake constant time on average.

<P>

6.8.1. Binomial Queue Structure

Binomial queues differ from all the priority queueimplementationsthat we have seen in that abinomial queueisnot aheap-ordered
tree but rather a collection of heap-ordered trees, known as a forest. Each of the heap-ordered trees are of aconstrained form known as
a binomial tree (thenamewill be obviouslater). Thereisat most one binomial tree of every height. A binomial treeof height Oisa
one-nodetree; abinomial tree, Bk, of height kisformed by attaching abinomial tree, Bk-1, to theroot of another binomial tree, Bk-1.
Figure 6.34 showsbinomial trees BO, B1, B2, B3, and B4.

Itisprobably obviousfrom thediagram that abinomial tree, Bk consists of aroot with children BO, B1, . . ., Bk-1. Binomial trees of
height k have exactly Zk nodes, and the number of nodes at depth d isthe binomial coefficient Illj} . If weimpose heap order on the
binomial treesand allow at most one binomial tree of any height, we can uniquely represent apriority queue of any sizeby a
collection of binomial trees. For instance, apriority queue of size 13 could berepresented by theforest B3, B2, BO. We might write
thisrepresentation as 1101, which not only represents 13 in binary but also representsthefact that B3, B2 and BO are present in the
representationand B1 is not.

Asan example, apriority queue of six elements could be represented asin Figure 6.35.
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Figure6.34 Binomial treesBO, B1, B2, B3, and B4

Figure6.35Binomial queue H1 with six elements

6.8.2. Binomial Queue Operations

The minimum element can then be found by scanning therootsof all thetrees. Sincethereareat most log n different trees, the
minimum can be found in O(log n) time. Alternatively, we can maintain knowledge of the minimum and perform the operationin O(1)

time, if weremember to update the minimum when it changes during other operations.

Merging two binomial queuesisaconceptually easy operation, which wewill describe by example. Consider thetwo binomial queues,
H1 and H2 with six and seven elements, respectively, pictured in Figure 6.36.

Themergeisperformed by essentially adding thetwo queuestogether. Let H3 be the new binomial queue. Since H1 has no binomial
tree of height 0 and H2 does, we can just use the binomial tree of height 0in H2 as part of H3. Next, we add binomial trees of height 1.
Since both H1 and H2 have binomial trees of height 1, we merge them by making thelarger root asubtree of thesmaller, creatinga
binomial tree of height 2, shownin Figure 6.37. Thus, H3 will not have abinomial tree of height 1. There are now three binomial trees
of height 2, namely, the original trees of H1 and H2 plusthe tree formed by the previous step. We keep one binomial tree of height 2
in H3 and mergethe other two, creating abinomial tree of height 3. Since H1 and H2 have no trees of height 3, thistree becomes part
of H3 and we are finished. The resulting binomial queueis shownin Figure 6.38.
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Figure6.36 Two binomial queuesH1 and H2

Figure6.37 Merge of thetwo Bl treesin H1 and H2
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Figure6.38 Binomial queue H3: theresult of merging H1 and H2

Sincemerging two binomial treestakes constant timewith almost any reasonableimplementation, and thereare O(log n) binomial
trees, the merge takes O(log n) timein theworst case. To make this operation efficient, we need to keep the treesin the binomial
queue sorted by height, whichiscertainly asimplething to do.

Insertionisjust aspecial case of merging, since we merely create a one-node tree and perform amerge. Theworst-case time of this
operation islikewise O(log n). Moreprecisdly, if the priority queueinto which theelement isbeing inserted hasthe property that the

smallest nonexistent binomial treeis Bi, therunning timeis proportional to i + 1. For example, H3 (Fig. 6.38) ismissing abinomial
1

treeof height 1, sotheinsertion will terminatein two steps. Since each treein abinomial queueis present with probability z Jit
followsthat we expect an insertion to terminatein two steps, so the average timeis constant. Furthermore, an easy analysiswill show
that performing n insertson aninitially empty binomial queuewill take O(n) worst-casetime. Indeed, it is possibleto do this

operation using only n - 1 comparisons; we leave this as an exercise.

Asan example, we show in Figures 6.39 through 6.45 the binomial queuesthat areformed by inserting 1 through 7in order. Inserting
4 shows off abad case. We merge 4 with BO, obtaining anew tree of height 1. Wethen mergethistreewith B1, obtaining atree of
height 2, whichisthe new priority queue. We count thisasthree steps (two tree merges plusthe stopping case). The next insertion

after 7 isinserted isanother bad case and would require threetree merges.



A delete_min can be performed by first finding the binomial treewith the smallest root. L et thistree be Bk, and |et the original priority
gueue be H. We remove the binomial tree Bk from the forest of treesin H, forming the new binomial queue H'. We also removethe
root of Bk, creating binomial trees BO, B1, . . ., Bk - I, which collectively form priority queue H". Wefinish the operation by merging
H' and H".

Asan example, suppose we perform a delete_min on H3, whichisshown againin Figure 6.46. The minimum root is 12, so we obtain
thetwo priority queues H' and H" in Figure 6.47 and Figure 6.48. The binomial queuethat resultsfrom merging H' and H" is the final
answer and is shown in Figure 6.49.

For the analysis, notefirst that the delete_min operation breaks the original binomial queueinto two. It takes O (log n) time to find the
tree containing the minimum element and to create the queues H' and H". Merging these two queuestakes O (log n) time, so the entire
delete_min operation takes O (log n) time.

6.8.3. Implementation of Binomial Queues

The delete_min operation requiresthe ability tofind all the subtrees of theroot quickly, so the standard representation of general trees
isrequired: The children of each node are kept in alinked list, and each node has apointer toitsfirst child (if any). Thisoperation also
requiresthat the children be ordered by the size of their subtrees, in essentially the same way aswe have been drawing them. The
reason for thisisthat when adelete_minis performed, the children will form the binomia queue H".

Wealso need to make surethat it is easy to mergetwo trees. Two binomial trees can be merged only if they havethe samesize, soif
thisisto be done efficiently, the size of the tree must be stored in theroot. Also, when two trees are merged, one of thetreesis added
asachildtotheother. Sincethisnew treewill bethelast child (asit will bethelargest subtree), we must be able to keep track of the
last child of each node efficiently. Only then will we be ableto mergetwo binomial trees, and thustwo binomial queues, efficiently.
Oneway to dothisistouseacircular doubly linked list. Inthislist, theleft sibling of thefirst child will bethelast child. Theright
sibling of thelast child could be defined asthefirst child, but it might be easier just to defineit as . Thismakesit easy to test whether
the child we are pointing to isthelast.

To summarize, then, each nodein abinomial treewill containthe data, first child, left and right sibling, and the number of children
(which we will call the rank). Since abinomial queueisjust alist of trees, we can use apointer to the smallest tree asthereferenceto
the data structure.

Figure 6.51 showshow the binomial queuein Figure 6.50 isrepresented. Figure 6.52 showsthetype declarationsfor anodein the
binomial tree.

In order to merge two binomial queues, we need aroutineto merge two binomial trees of the same size. Figure 6.53 shows how the
pointerschangewhen two binomial treesare merged. First, theroot of the new tree gainsachild, so we must updateitsrank. Wethen

need to change several pointersin order to splice onetreeinto thelist of children of theroot of the other tree. The codeto dothisis
simple and shown in Figure 6.54.
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Figure6.46 Binomial queueH3
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Figure6.47 Binomial queueH', containingall thebinomial treesin H3 except B3
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Figure6.48 Binomial queueH"': B3 with 12 removed

Figure6.49 Result of delete_ min(H3)
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Figure6.50 Binomial queue H3 drawn asaforest




Figure6.51 Representation of binomial queueH3

typedef struct tree_node *tree_ptr;
struct tree_node

{

el ement _type el enent;

tree_ptr |_sib;

tree_ptr r_sib;

tree_ptr f_child;

unsi gned int rank;

b

typedef tree_ptr PRI ORI TY_QUEUE;

Figure6.52 Binomial queuetypedeclarations

Figure 6.53 Merging two binomial trees

Theroutineto mergetwo binomial queuesisrelatively simple. Weuserecursion to keep the code size small; anonrecursive procedure
will give better performance, and isleft as Exercise 6.32. We assume the macro extract(T, H), which removesthefirst tree from the
priority queue H, placing the treein T. Suppose the smallest binomial treeiscontainedin H1, but not in H2. Then, to merge H1, we
removethefirst treein H1 and add to it the result of merging the rest of H1 with H2. If the smallest treeis contained in both HI and
H2, then we remove both trees and merge them, obtaining aone-tree binomia queue H'. We then merge the remainder of HI and H2,
and mergethisresult with H'. This strategy isimplemented in Figure 6.55. The other routinesare straightforward implementations,
which we leave as exercises.

/* Merge two equal -sized binonmial trees */
tree_ptr

nerge_tree( tree_ptr T1, tree_ptr T2)

{

if( T1->element > T2->elenment )

return nerge_tree( T2, T1);

if( T1->rank++ == 0 )

T1->f _child = T2;



el se

{

T2->| _sib = T1->f _child->l_sib;
T2->| _sib->r_sib = T2,

T1->f _child->l _sib = T2;

}

return T1,;

}

Figure6.54 Routineto mer getwo equal-sized binomial trees

We can extend binomial queuesto support some of the nonstandard operationsthat binary heapsallow, such as decrease_key and
delete, when the position of the affected elementisknown. A decrease key is a percolate up, which can be performed in O(log n) time
if we add afield to each node pointing to its parent. An arbitrary delete can be performed by acombination of decrease key and
delete_ minin O(logn) time.

Summary

In thischapter we have seen variousimplementations and uses of the priority queue ADT. The standard binary heap implementationis
elegant because of itssimplicity and speed. It requires no pointersand only aconstant amount of extraspace, yet supportsthepriority
queue operationsefficiently.

We considered the additional merge operation and devel oped threeimplementations, each of whichisuniqueinitsownway. The
|eftist heapisawonderful example of the power of recursion. The skew heap represents aremarkabl e data structure because of the
lack of balancecriteria. Itsanalysis, whichwewill performin Chapter 11, isinteresting initsown right. The binomial queue shows
how asimpleideacan be used to achieve agood time bound.

Wehave also seen several usesof priority queues, ranging from operating systems scheduling to simulation. We will see their use
againin Chapters7, 9, 10.

PRI ORI TY_QUEUE
mer ge( PRI ORI TY_QUEUE H1, PRI ORI TY_QUEUE H2 )

{
PRI ORI TY_QUEUE H3;
tree_ptr T1, T2, T3;

1*1%/ if( HL == NULL )

[ *2*%/ return Hz;

/*3*/ if( H2 == NULL )

| *4*/ return Hi;

/*5%] if( Hl->rank < H2->rank )

{

/*6%/ Tl = extract( HL ); /* extract is a macro */
[1*7*] H3 = merge( H1, H2 );

/*8*/ T1->l _sib = H3->l _sib;

/*9*] H3->I _sib->r_sib = NULL;

/*10%/ T1->r_sib = H3; H3->I_sib = T1;
[*11*/ return T1;

{

[*12*] if( H2->rank < Hl->rank )

/*13*%/ return merge( H2, HL );

/* Otherwi se, first two trees have sane rank */



/*14%] Tl = extract( HL ); T2 = extract( H2 );

/*15*%/ H3 = nerge( HL, H2);
/*16*/ T3 = nerge_tree( T1, T2 );
[ *17*] return merge( T3, H3 );

}

Figure6.55 Routinetomergetwo priority queues

Exercises

6.1 Suppose that we replace the delete_min function with find_min. Can both insert and find_min be implemented in constant time?
6.2 a. Show theresult of inserting 10, 12, 1, 14, 6, 5, 8, 15, 3,9, 7, 4, 11, 13, and 2, one at atime, into an initially empty binary heap.
b. Show the result of using the linear-time algorithm to build abinary heap using the same input.

6.3 Show theresult of performing three delete_min operationsin the heap of the previousexercise.

6.4 Write the routines to do a percolate up and a percolatedown in abinary heap.

6.5 Writeand test aprogram that performsthe operationsinsert, delete_min, build_heap, find_min, decrease_key, delete, and
increase_key in abinary heap.

6.6 How many nodesarein thelarge heap in Figure 6.13?

6.7 a. Provethat for binary heaps, build_heap does at most 2n - 2 compari sons between elements.
b. Show that aheap of 8 elements can be constructed in 8 comparisons between heap elements.
**¢. Givean algorithm to build abinary heap in 13/8n + O(log n) element comparisons.

** 6.8 Show that the expected depth of the kth smallest element in alarge complete heap (you may assume n = 2k - 1) isbounded by
log k.

6.9* a. Givean algorithmto find al nodes|essthan somevalue, X, in abinary heap. Y our algorithm should runin O(K), where K is

the number of nodes output.

b. Does your agorithm extend to any of the other heap structuresdiscussed in this chapter?

**6.10 Propose an algorithm to insert m nodesinto abinary heap on n elementsin O(m + log n) time. Prove your time bound.
6.11 Write a program to take n elements and do the following:

a. Insert them into a heap one by one,

b. Build aheapinlinear time.



Comparetherunning timeof both algorithmsfor sorted, reverse-ordered, and random inputs.
6.12 Each delete_min operation uses 2 log n comparisonsin theworst case.

*a. Propose a scheme so that the delete_min operation usesonly log n + log log n + O(1) comparisonsbetween elements. Thisneed

not imply less data movement.

**h, Extend your schemein part (a) sothat only log n + log log log n + O(1) comparisons are performed.

**c. How far can you take thisidea?

d. Do the savingsin comparisons compensatefor theincreased complexity of your algorithm?

6.13 If ad-heapisstored asan array, for an entry located in position i, where are the parents and children?

6.14 Suppose we need to perform m percolate_upsand n delete_mins on ad-heap that initially has n elements.

a What isthetotal running time of all operationsintermsof m, n, and d?

b. If d=2, what istherunning time of all heap operations?

c. If d = & (n), what isthetotal running time?

*d. What choice of d minimizesthetotal running time?

6.15 A min-max heap is a data structure that supports both delete_min and delete_max in O(log n) per operation. The structureis
identical to abinary heap, but the heap order property isthat for any node, X, at even depth, the key stored at X is smaller than the
parent but larger than the grandparent (wherethis makes sense), and for any node X at odd depth, the key stored at X islarger than the
parent but smaller than the grandparent. See Figure 6.56.

a How dowefind the minimum and maximum el ements?

*h. Give an agorithm to insert a new node into the min-max heap.

*c. Give an algorithm to perform delete_min and delete_max.

*d. Can you build amin-max heap in linear time?

*e. Suppose we would like to support delete_min, delete_max, and merge. Propose adata structure to support all operationsin O(log n)
time.

6.16 Mergethetwo | eftist heapsin Figure 6.57.
6.17 Show theresult of inserting keys 1 to 15in order into aninitially empty | eftist heap.

k
6.18 Proveor disprove: A perfectly balanced treeformsif keys1to2 - 1areinsertedinorder intoaninitially empty leftist heap.



6.19 Give an exampl e of input which generatesthe best | eftist heap.
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Figure6.56 Min-max heap

Figure 6.57

6.20 a. Can | eftist heapsefficiently support decrease key?

b. What changes, if any (if possible), arerequired to do this?

6.21 One way to delete nodesfrom aknown positionin aleftist heap isto use alazy strategy. To delete anode, merely mark it del eted.
When afind_min or delete_minis performed, there isapotential problem if theroot ismarked deleted, since then the node hasto be
actually deleted and the real minimum needsto be found, which may involve deleting other marked nodes. Inthisstrategy, deletes
cost one unit, but the cost of a delete_min or find_min depends on the number of nodesthat are marked del eted. Supposethat after a
delete_min or find_min there are k fewer marked nodes than before the operation.

*a. Show how to perform the delete_minin O(k log n) time.

**h. Propose an implementation, with an analysisto show that thetimeto perform the delete_min is O(k log(2n/K)).



6.22 We can perform build_heap inlinear timefor |eftist heaps by considering each element asaone-node | eftist heap, placing all
these heaps on a queue, and performing thefollowing step: Until only one heap ison the queue, dequeue two heaps, mergethem, and
enqueue theresult.

a Provethat thisalgorithmis O(n) in the worst case.

b. Why might thisalgorithm be preferabl e to the algorithm described in the text?

6.23 Mergethetwo skew heapsin Figure 6.57.

6.24 Show theresult of inserting keys 1 to 15 in order into askew heap.

k
6.25 Proveor disprove: A perfectly balanced treeformsif thekeys1to2 - lareinsertedinorderintoaninitially empty skew heap.

6.26 A skew heap of n elementscan bebuilt using the standard binary heap algorithm. Can we use the same merging strategy
described in Exercise 6.22 for skew heapsto get an O(n) running time?

6.27 Provethat abinomial tree Bk has binomial trees BO, B1, . . ., Bk-1 as children of the root.

"
6.28 Provethat abinomial tree of height k has l:-i } nodes at depth d.

6.29 Merge the two binomial queuesin Figure 6.58.

6.30 a. Show that n insertsinto aninitially empty binomial queue takes O(n) timein the worst case.

b. Givean agorithm to build abinomia queue of n elements, using at most n - 1 comparisons between elements.

*6.31 Propose an algorithm to insert m nodes into a binomial queue of n elementsin O(m + log n) worst-case time. Prove your bound.
6.32 Write nonrecursiveroutinesto perform merge, insert, and delete_min using binomial queues.

**6.33 Suppose we extend binomial queuesto allow at most two trees of the same height per structure. Can we obtain O(1) worst-case

timefor insertion whileretaining O(log n) for the other operations?

(13) (23) (12
o




Figure 6.58

6.34 Suppose you have anumber of boxes, each of which can hold total weight C and itemsil,i2,i3, .. ., in, which weigh wl, w2,
w3, ..., wn. Theobject isto pack al theitemswithout placing moreweight in any box than its capacity and using asfew boxesas
possible. For instance, if C =5, and theitems haveweights 2, 2, 3, 3, then we can solve the problem with two boxes. In general, this
problemisvery hard and no efficient solution isknown. Write programsto i mplement efficiently thefollowing approximation

strategies:

*a Placetheweight in thefirst box for whichit fits (creating anew box if thereisno box with enough room). (Thisstrategy and all
that follow would givethree boxes, whichissuboptimal.)

b. Place the weight in the box with the most room for it.

*c. Placetheweight in the most filled box that can accept it without overflowing.

**d, Areany of these strategies enhanced by presorting theitemsby weight?

6.35 Suppose we want to add the decrease all_keys(H) operation to the heap repertoire. Theresult of this operationisthat all keysin
the heap have their val ue decreased by an amount . For the heap implementation of your choice, explain the necessary modifications

sothat all other operationsretaintheir running timesand decrease _all_keysrunsin O(1).

6.36 Which of the two selection algorithms hasthe better time bound?
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CHAPTER 7: SORTING

In this chapter we discuss the problem of sorting an array of elements. To simplify
matters, we will assume in our examples that the array contains only integers, although,
obviously, more complicated structures are possible. For most of this chapter, we will
also assume that the entire sort can be done in main memory, so that the number of
elementsisrelatively small (lessthan amillion). Sorts that cannot be performed in main
memory and must be done on disk or tape are also quite important. Thistype of sorting,
known as external sorting, will be discussed at the end of the chapter.

Our investigation of internal sorting will show that
*There are several easy algorithms to sort in O(n?), such asinsertion sort.

*Thereis an algorithm, Shellsort, that is very simple to code, runsin o(n?), and is efficient
in practice.

*There are slightly more complicated O(n log n) sorting algorithms.
*Any general - purpose sorting algorithm requires x(n log n) comparisons.

Therest of this chapter will describe and analyze the various sorting algorithms. These
algorithms contain interesting and important ideas for code optimization as well as
algorithm design. Sorting is also an example where the analysis can be precisely
performed. Be forewarned that where appropriate, we will do as much analysis as
possible.

7.1. Preliminaries

The algorithms we describe will all be exchangeable. Each will be passed an array
containing the elements and an integer containing the number of elements.

Wewill assume that n, the number of elements passed to our sorting routines, has already
been checked and is legal. For some of the sorting routines, it will be convenient to place
asentinel in position 0, so we will assume that the array ranges from 0 to n. The actual
datawill start at position 1 for all the sorts.

We will also assume the existence of the "<" and ">" operators, which can be used to
place a consistent ordering on the input. Besides the assignment operator, these are the
only operations allowed on the input data. Sorting under these conditions is known as
comparison-based sorting.



7.2. Insertion Sort
7.2.1. The Algorithm

One of the simplest sorting algorithms is the insertion sort. Insertion sort consistsof n- 1
passes. For pass p = 2 through n, insertion sort ensures that the elements in positions 1
through p are in sorted order. Insertion sort makes use of the fact that elementsin
positions 1 through p - 1 are aready known to be in sorted order. Figure 7.1 shows a
sample file after each pass of insertion sort.

Figure 7.1 shows the general strategy. In pass p, we move the pth element left until its
correct place isfound among the first p elements. The code in Figure 7.2 implements this
strategy. The sentinel in a[0] terminates the while loop in the event that in some pass an
element is moved al the way to the front. Lines 3 through 6 implement that data
movement without the explicit use of swaps. The element in position p is saved in tmp,
and all larger elements (prior to position p) are moved one spot to the right. Then tmp is
placed in the correct spot. Thisis the same technique that was used in the implementation
of binary heaps.

Ori gi nal 34 8 64 51 32 21 Posi ti ons Mved
After p =2 8 34 64 51 32 21 1
After p =3 8 34 64 51 32 21 0
After p = 4 8 34 51 64 32 21 1
After p =5 8 32 34 51 64 21 3
After p = 6 8 21 32 34 51 64 4

Figure7.1Insertion sort after each pass

voi d

i nsertion_sort( input_type a[ ], unsigned int n)
{

unsigned int j, p;

i nput _type tnp;

[*1*] a[ 0] = M N_DATA; [* sentinel */
[*2*%] for( p=2; p <= n; p++ )

{

[*3*] tnp = a[p];

[*4x] for( j =p; tmp < a[j-1]; j-- )
[*5%] a[j] = a[j-1];

[*6*] a[j] = tnp;

}

}

Figure 7.2 Insertion sort routine.

7.2.2. Analysis of Insertion Sort



Because of the nested loops, each of which can take n iterations, insertion sort is O(n?).
Furthermore, this bound is tight, because input in reverse order can actually achieve this
bound. A precise calculation shows that the test at line 4 can be executed at most p times
for each value of p. Summing over all p givesatotal of

S p=2+344+ - tn =B
=i

On the other hand, if the input is presorted, the running timeis O(n), because the test in
theinner for loop always failsimmediately. Indeed, if the input is almost sorted (this term
will be more rigorously defined in the next section), insertion sort will run quickly.
Because of thiswide variation, it is worth analyzing the average-case behavior of this
algorithm. It turns out that the average case is © (n°) for insertion sort, aswell asfor a
variety of other sorting algorithms, as the next section shows.

7.3. A Lower Bound for Simple Sorting
Algorithms

Aninversion in an array of numbersisany ordered pair (i, j) having the property that i <j
but a[i] > a[j]. In the example of the last section, theinput list 34, 8, 64, 51, 32, 21 had
nine inversions, namely (34,8), (34,32), (34,21), (64,51), (64,32), (64,21), (51,32), (51,21)
and (32,21). Notice that this is exactly the number of swaps that needed to be (implicitly)
performed by insertion sort. Thisis always the case, because swapping two adjacent
elements that are out of place removes exactly one inversion, and a sorted file has no
inversions. Since thereis O(n) other work involved in the algorithm, the running time of
insertion sort is O(l + n), where isthe number of inversionsin the origina file. Thus,
insertion sort runsin linear time if the number of inversionsis O(n).

We can compute precise bounds on the average running time of insertion sort by
computing the average number of inversions in a permutation. As usual, defining average
isadifficult proposition. We will assume that there are no duplicate elements (if we
allow duplicates, it is not even clear what the average number of duplicatesis). Using this
assumption, we can assume that the input is some permutation of thefirst n integers
(since only relative ordering isimportant) and that all are equally likely. Under these
assumptions, we have the following theorem:

THEOREM 7.1.
The average number of inversionsin an array of n distinct numbersisn(n - 1)/4.
PROOF:

For any list, L, of numbers, consider L, thelist in reverse order. The reverse list of the
exampleis 21, 32, 51, 64, 34, 8. Consider any pair of two numbersin thelist (x, y), withy



> X. Clearly, in exactly one of L and L, this ordered pair represents an inversion. The total
number of these pairsinalist L and itsreverse L, isn(n - 1)/2. Thus, an average list has
half thisamount, or n(n -1)/4 inversions.

This theorem implies that insertion sort is quadratic on average. It also provides avery
strong lower bound about any algorithm that only exchanges adjacent elements.

THEOREM 7.2.
Any algorithm that sorts by exchanging adjacent elements requires £x(n?) time on average.
PROOF:

The average number of inversionsisinitially n(n - 1)/4 = a(n?). Each swap removes only
one inversion, so tx(n?) swaps are required.

Thisisan example of alower-bound proof. It isvalid not only for insertion sort, which
performs adjacent exchanges implicitly, but also for other simple algorithms such as
bubble sort and selection sort, which we will not describe here. In fact, it isvalid over an
entire class of sorting algorithms, including those undiscovered, that perform only
adjacent exchanges. Because of this, this proof cannot be confirmed empirically.
Although thislower-bound proof is rather smple, in general proving lower boundsis
much more complicated than proving upper bounds and in some cases resembles voodoo.

Thislower bound shows us that in order for a sorting algorithm to run in subquadratic, or
o(n?), time, it must do comparisons and, in particular, exchanges between elements that
are far apart. A sorting algorithm makes progress by eliminating inversions, and to run
efficiently, it must eliminate more than just one inversion per exchange.

7.4. Shellsort

Shellsort, named after its inventor, Donald Shell, was one of the first algorithms to break
the quadratic time barrier, although it was not until several years after itsinitial discovery
that a subquadratic time bound was proven. As suggested in the previous section, it works
by comparing elements that are distant; the distance between comparisons decreases as
the algorithm runs until the last phase, in which adjacent elements are compared. For this
reason, Shellsort is sometimes referred to as diminishing increment sort.

Shellsort uses asequence, hy, hy, . . ., h;, called the increment sequence. Any increment
sequence will do aslong as h; = 1, but obviously some choices are better than others (we
will discuss that question later). After a phase, using someincrement hy, for every i, we
have a[i] =a[i+hy] (where this makes sense); all elements spaced hy apart are sorted. The
fileisthen said to be hy-sorted. For example, Figure 7.3 shows an array after several
phases of Shellsort. An important property of Shellsort (which we state without proof) is
that an hy-sorted file that is then hy.1-sorted remains hy-sorted. If this were not the case,



the algorithm would likely be of little value, since work done by early phases would be
undone by later phases.

Oi gi nal 81 94 11 93 12 35 17 95 28 58 41 75 15

After 5-sort 35 17 11 28 12 41 75 15 96 58 81 94 95
After 3-sort 28 12 11 35 15 41 58 17 94 75 81 96 095
After 1-sort 11 12 15 17 28 35 41 58 75 81 94 95 96

Figure 7.3 Shellsort after each pass

The genera strategy to hy-sort isfor each position, i, inhg+ 1, hy + 2, . . ., n, place the
element in the correct spot among i, i - hy, i - 2hy, etc. Although this does not affect the
implementation, a careful examination shows that the action of an hg-sort isto perform an
insertion sort on hy independent sub-arrays. This observation will be important when we
analyze the running time of Shellsort.

A popular (but poor) choice for increment sequence is to use the sequence suggested by

Shell: hy Ln/2], and hy = Lh,../2]. Figure 7.4 contains a program that implements Shellsort
using this sequence. We shall see later that there are increment sequences that give a
significant improvement in the algorithm's running time.

The program in Figure 7.4 avoids the explicit use of swaps in the same manner as our
implementation of insertion sort. Unfortunately, for Shellsort it is not possible to use a
sentinel, and so the code in lines 3 through 7 is not quite as clean as the corresponding
code in insertion sort (lines 3 through 5).

voi d

shel I sort( input_type a[ ], unsigned int n )

{

unsigned int i, j, increnent;

i nput _type tnp;

[*1*] for( increment = n/2; increnent > 0; increnment /= 2)
[ *2*] for( i = increnment+l; i<=n; i++ )

{

[*3*/ tmp = ali];

[*4*/ for( j =i; j > increnment; j -= increnent )
[ *5*/ if( tnp < a[j-increnment] )

[*6*/ alj] = a[j-increnent];

el se

[*7*] br eak;

[ *8*/ a[j] = tnp;

}

}

Figure 7.4 Shellsort routine using Shell'sincrements (better increments are possible)

7.4.1. Wor st-Case Analysis of Shellsort



Although Shellsort is simple to code, the analysis of its running time is quite another
story. The running time of Shellsort depends on the choice of increment sequence, and
the proofs can be rather involved. The average-case analysis of Shellsort isalong-
standing open problem, except for the most trivial increment sequences. We will prove
tight worst-case bounds for two particular increment sequences.

THEOREM 7.3.
The worst-case running time of Shellsort, using Shell'sincrements, is © (n?).
PROOF:

The proof requires showing not only an upper bound on the worst-case running time but
also showing that there exists some input that actually takes f(n®) time to run. We prove
the lower bound first, by constructing a bad case. First, we choose n to be a power of 2.
This makes all the increments even, except for the last increment, which is 1. Now, we
will give asinput an array, input_data, with the n/2 largest numbers in the even positions
and the n/2 smallest numbersin the odd positions. As all the increments except the last
are even, when we cometo the last pass, the n/2 largest numbers are still al in even
positions and the n/2 smallest numbers are still all in odd positions. Theith smallest
number (i =n/2) isthusin position 2i -1 before the beginning of the last pass. Restoring
the ith element to its correct place requires moving it i -1 spacesin the array. Thus, to
merely place the n/2 smallest elements in the correct place requires at |east

#fr . 4 2 )
2i=1i = 1 =1Ur ok Asan example, Figure 7.5 shows abad (but not the worst)
input when n = 16. The number of inversions remaining after the 2-sort isexactly 1 + 2 +
3+4+5+6+7=28; thus, the last pass will take considerable time.

To finish the proof, we show the upper bound of O(n?). Aswe have observed before, a
pass with increment hy consists of hy insertion sorts of about n/hy elements. Since
insertion sort is quadratic, the total cost of a passis O(h(n/hy)?) = O(n*/hy). Summing

. O _1niih) = O 2 1/h)
over al passes gives atotal bound of ! ' t Becausethe
increments form a geometric series with common ratio 2, and the largest term in the

. . h1=11 Z:‘=1lfh¥{1 . 2
seriesis . Thus we obtain atotal bound of O(n®).

The problem with Shell'sincrementsis that pairs of increments are not necessarily
relatively prime, and thus the smaller increment can have little effect. Hibbard suggested
adlightly different increment sequence, which gives better resultsin practice (and
theoretically). Hisincrements are of theform 1, 3, 7, . . ., 2¢- 1. Although these
increments are aimost identical, the key difference is that consecutive increments have no
common factors. We now analyze the worst-case running time of Shellsort for this
increment sequence. The proof israther complicated.



After 8-sort 1 9 2 10 3 11 4 12 5 13 6 14 7 15 8 16
After 4-sort 1 9 2 10 3 11 4 12 5 13 6 14 7 15 8 16
After 2-sort 1 9 2 10 3 11 4 12 5 13 6 14 7 15 8 16
After 1-sort 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Figure 7.5 Bad case for Shellsort with Shell'sincrements

THEOREM 7.4.

The worst-case running time of Shellsort using Hibbard's incrementsis @ (n*?).

PROOF:

We will prove only the upper bound and |eave the proof of the lower bound as an
exercise. The proof requires some well-known results from additive number theory.
References to these results are provided at the end of the chapter.

For the upper bound, as before, we bound the running time of each pass and sum over all
passes. For increments hi > n2, we will use the bound O(n?/h,) from the previous
theorem. Although this bound holds for the other increments, it is too large to be useful.
Intuitively, we must take advantage of the fact that this increment sequence is special.
What we need to show is that for any element a, in position p, when it is time to perform
an he.sort, there are only afew elements to the left of position p that are larger than ap.

When we come to hy-sort the input array, we know that it has already been hy.1- and hy.o-
sorted. Prior to the hy-sort, consider elementsin positionspandp-i,i<p.Ifiisa
multiple of hy.1 or hes 2, then clearly a[p - i] < a[p]. We can say more, however. If i is
expressible as alinear combination (in nonnegative integers) of hy:1 and hy. 2, then afp - i]
< a[p]. As an example, when we come to 3-sort, the fileisalready 7- and 15-sorted. 52 is
expressible as alinear combination of 7 and 15, because 52 =1* 7 + 3 * 15. Thus, a[100]
cannot be larger than a[152] because a[100] =a[107] =a[122] =a[137] =a [152].

Now, hit2 = 2hg+1 + 1, SO he+1 and h+2 cannot share acommon factor. In thiscase, it is
possible to show that all integers that are at least as large as (hie1 - 1)(hie2 - 1) = 8h% +
4hy can be expressed as alinear combination of hy1 and hy.» (see the reference at the end
of the chapter).

Thistells usthat the body of the for loop at line 4 can be executed at most 8hy + 4 = O(hy)
times for each of the n - hy positions. This gives a bound of O(nhy) per pass.

. . . by < Jfn . :
Using the fact that about half the increments satisfy ¥ ,andassumingthatt is

even, thetotal running timeisthen

D(zi.-"il nhy + Zi_”zﬂ nz,-'rhk) = U(ﬂ z;"rfib.t + n’ZE-,;m 1”’]:]
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Because both sums are geometric series, and since thissimplifiesto

2
— Ofnbya) + o(,,lf;) = 0™

The average-case running time of Shellsort, using Hibbard's increments, is thought to be
O(n®*#), based on simulations, but nobody has been able to prove this. Pratt has shown
that the @ (n*2) bound applies to awide range of increment sequences.

Sedgewick has proposed several increment sequences that give an O(n*®) worst-case
running time (also achievable). The average running time is conjectured to be O(n”’®) for
these increment sequences. Empirical studies show that these sequences perform
significantly better in practice than Hibbard's. The best of these is the sequence {1, 5, 19,
41,109, ...}, in which the terms are either of theform 9+4' - 9+2' + 1 or 4'- 3+2' + 1.
Thisismost easily implemented by placing these valuesin an array. Thisincrement
sequence is the best known in practice, although thereis alingering possibility that some
increment sequence might exist that could give a significant improvement in the running
time of Shellsort.

There are severa other results on Shellsort that (generally) require difficult theorems
from number theory and combinatorics and are mainly of theoretical interest. Shellsort is
afine example of avery smple agorithm with an extremely complex analysis.

The performance of Shellsort is quite acceptable in practice, even for nin the tens of
thousands. The simplicity of the code makes it the algorithm of choice for sorting up to
moderately large input.

7.5. Heapsort

As mentioned in Chapter 6, priority queues can be used to sort in O(n log n) time. The
algorithm based on thisideais known as heapsort and gives the best Big-Oh running
time we have seen so far. In practice however, it is slower than aversion of Shellsort that
uses Sedgewick's increment sequence.

Recall, from Chapter 6, that the basic strategy isto build a binary heap of n elements.
This stage takes O(n) time. We then perform n delete_min operations. The elements leave
the heap smallest first, in sorted order. By recording these elements in a second array and
then copying the array back, we sort n elements. Since each delete_min takes O(log n)
time, the total running timeis O(n log n).

The main problem with this algorithm isthat it uses an extra array. Thus, the memory
reguirement is doubled. This could be a problem in some instances. Notice that the extra



time spent copying the second array back to thefirst is only O(n), so that thisis not likely
to affect the running time significantly. The problem is space.

A clever way to avoid using a second array makes use of the fact that after each
delete_min, the heap shrinks by 1. Thusthe cell that was last in the heap can be used to
store the element that was just deleted. As an example, suppose we have a heap with six
elements. Thefirst delete_min produces a;. Now the heap has only five elements, so we
can place a; in position 6. The next delete_min produces a,. Since the heap will now only
have four elements, we can place a; in position 5.

Using this strategy, after the last delete_min the array will contain the elementsin
decreasing sorted order. If we want the elements in the more typical increasing sorted
order, we can change the ordering property so that the parent has alarger key than the
child. Thus we have a (max)heap.

In our implementation, we will use a (max)heap, but avoid the actual Aot for the purposes
of speed. Asusual, everything isdonein an array. Thefirst step builds the heap in linear
time. We then perform n - 1 delete_maxes by swapping the last element in the heap with
the first, decrementing the heap size, and percolating down. When the algorithm
terminates, the array contains the el ements in sorted order. For instance, consider the
input sequence 31, 41, 59, 26, 53, 58, 97. The resulting heap is shown in Figure 7.6.

Figure 7.7 shows the heap that results after the first delete_max. Asthe figuresimply, the
last element in the heap is 31; 97 has been placed in a part of the heap array that is
technically no longer part of the heap. After 5 more delete_max operations, the heap will
actually have only one element, but the elements |eft in the heap array will be in sorted
order.

The code to perform heapsort isgivenin Figure 7.8.

9753|5926 |41 |58|31
0 1 2 3 4 5 6 7 8 9 10

Figure 7.6 (Max) heap after build_heap phase



o 1 2 3 4 5 6 7 8 92 1

Figure 7.7 Heap after first delete_ max

voi d

heapsort( input_type a[], unsigned int n)

{

int i;

[*1*]/ for( i=n/2; i>0; i--) [* build_heap */
[*2*%] perc_down (a, i, n);

[*3*]/ for( i=n; i>=2; i--)

{

[ *4%] swap( &a[1], &a[i] ); /* delete_max */
[ *5*/ perc_down( a, 1, i-1);

}

}

voi d

perc_down( input_type a[], unsigned int i, unsigned int n )
{

unsigned int child,
i nput _type tnp;

[*1*/ for( tnp=al[i]; i*2<=n; i=child)
{

[ *2*] child =i*2;

[ *3*/ if( (child!=n) & & ( a[child+l] > a[child] ) )
[ *4*] chil d++;

[ *5*/ if( tnp < a[child] )

[ *6*/ a[i] = a[child];

el se

[*7*%] br eak;

}

[ *8%/ a[i] = tnp;

}

Figure7.8 Heapsort

7.6. Mergesort



We now turn our attention to mergesort. Mergesort runsin O(n log n) worst-case running
time, and the number of comparisons used is nearly optimal. It is afine example of a
recursive algorithm.

The fundamental operation in this algorithm is merging two sorted lists. Because the lists
are sorted, this can be done in one pass through the input, if the output is put in athird list.
The basic merging algorithm takes two input arrays a and b, an output array ¢, and three
counters, aptr, bptr, and cptr, which areinitially set to the beginning of their respective
arrays. The smaller of a[aptr] and b[bptr] is copied to the next entry in ¢, and the
appropriate counters are advanced. When either input list is exhausted, the remainder of
the other list is copied to c. An example of how the merge routine worksis provided for
the following input.

!

[T]1372472%6]  [(Z]I5727]38] CT rt 1 Pl |
T .
ﬂ,ltr botr cpir
If the array a contains 1, 13, 24, 26, and b contains 2, 15, 27, 38, then the algorithm

proceeds as follows: First, acomparison is done between 1 and 2. 1 isadded to ¢, and
then 13 and 2 are compared.

T

apir hpir epir

|_1|1i3|2¢|26| ?1 7138 ar r r 1 rr I |

2 isadded to ¢, and then 13 and 15 are compared.

T 11312326 [Z[15[27]38] OT2T 1T T 1T [T [ |

aper bpir epir

13 isadded to ¢, and then 24 and 15 are compared. This proceeds until 26 and 27 are
compared.

T 126 W |1|2|'3iT! [ T 1T 1

apir bpir cptr
T13]24]26 [Z[asz7 8] [Ap27Bis] [ T | |
a;Lr bptr f-'ﬁl-'?'
[T13[24] %) 271 38 O72[ny5]24] | | |

T

aptr bpr cpir



26 isadded to ¢, and the a array is exhausted.

|1|13|24|2|5]| p) 15|2T?133 [1|2|13|15[24|261]| |

apir bprr pr

The remainder of the b array isthen copied to c.

[T[13]24]2%6] [Z 32738 1[2[13]15]24] 26
T T /

apir bpir cpir

The time to merge two sorted listsis clearly linear, because at most n - 1 comparisons are
made, where n is the total number of elements. To see this, note that every comparison
adds an element to ¢, except the last comparison, which adds at |east two.

The mergesort algorithm is therefore easy to describe. If n = 1, there is only one element
to sort, and the answer is a hand. Otherwise, recursively mergesort the first half and the
second half. This gives two sorted halves, which can then be merged together using the

merging algorithm described above. For instance, to sort the eight-element array 24, 13,
26, 1, 2, 27, 38, 15, we recursively sort the first four and last four elements, obtaining 1,
13, 24, 26, 2, 15, 27, 38. Then we merge the two halves as above, obtaining the final list
1, 2,13, 15, 24, 26, 27, 38. Thisagorithm is a classic divide-and-conquer strategy. The

problem is divided into smaller problems and solved recursively. The conquering phase
consists of patching together the answers. Divide-and-conquer is avery powerful use of

recursion that we will see many times.

An implementation of mergesort is provided in Figure 7.9. The procedure called
mergesort isjust adriver for the recursive routine m_sort.

The merge routine is subtle. If atemporary array is declared locally for each recursive
call of merge, then there could be log n temporary arrays active at any point. This could
be fatal on a machine with small memory. On the other hand, if the merge routine
dynamically allocates and frees the minimum amount of temporary memory,
considerable time will be used by malloc. A close examination shows that since mergeis
thelast line of m_sort, there only needs to be one temporary array active at any point.
Further, we can use any part of the temporary array; we will use the same portion as the
input array a. This alows the improvement described at the end of this section. Figure
7.10 implements the merge routine.

7.6.1. Analysis of Mergesort

7.6.1. Analysis of Mergesort



Mergesort isaclassic example of the techniques used to analyze recursive routines. It is
not obvious that mergesort can easily be rewritten without recursion (it can), so we have
to write arecurrence relation for the running time. We will assume that n is a power of 2,
so that we always split into even halves. For n = 1, the time to mergesort is constant,
which we will denote by 1. Otherwise, the time to mergesort n numbersis equal to the
time to do two recursive mergesorts of size n/2, plus the time to merge, which islinear.
The equations below say this exactly:

T(1) =1

T(n) = 2T(n/2) + n

voi d

nmergesort( input_type a[], unsigned int n)
{

i nput _type *tnp_array;

tnmp_array = (input_type *) malloc

( (n+l) * sizeof (input_type) );

if( tnp_array != NULL )

{

msort( a, tnp_array, 1, n);

free( tnp_array );

}

el se

fatal _error("No space for tnp array!!!");
}

voi d

msort( input_type a[], input_type tnp_array[ ],
int left, int right )

{

int center;

if( left <right )

{

center = (left + right) / 2;

msort( a, tnp_array, left, center );
msort( a, tnp_array, center+1, right );
nmerge( a, tnp_array, left, center+l, right );
}

}

Figure7.9 Mergesort routine

Thisis astandard recurrence relation, which can be solved several ways. We will show
two methods. The first ideaisto divide the recurrence relation through by n. The reason
for doing this will become apparent soon. Thisyields

Tin} _ Tin/2}
= ni2 +1

Thisequation isvalid for any n that isapower of 2, so we may also write



Tin/2)  Tin/4)

= +1
n/2 ni4

/* 1 pos = start of left half, r_pos = start of right half */
voi d

merge( input_type a[ ], input_type tnp_array[ ],

int | _pos, int r_pos, int right_end )

{

int i, left_end, num.elenents, tnp_pos;
left _end = r_pos - 1;

tnp_pos = | _pos;

numel ements = right_end - | _pos + 1,

/* main | oop */

while( ( 1_pos <= left_end ) & & ( r_pos <= right_end ) )
if( a[l_pos] <= a[r_pos] )

tnmp_array[tnp_pos++] = a[l_pos++];

el se

tnmp_array[tnp_pos++] = a[r_pos++];

while( | _pos <= left_end ) [/* copy rest of first half */
tnp_array[tnp_pos++] = a[l_pos++];

while( r_pos <= right_end ) /* copy rest of second half */
tnp_array[tnp_pos++] = a[r_pos++];

/* copy tnp_array back */

for(i=1; i <= numelenents; i++, right_end-- )
a[right_end] = tnp_array[right_end];

Figure 7.10 Mergeroutine

and

Tin/4) _ Tin/8)

yy iy e
T2y _ 1Yy
=z — 1 *!

Now add up all the equations. This means that we add all of the terms on the left-hand
side and set the result equal to the sum of all of the terms on the right-hand side. Observe
that the term T(n/2)/(n/2) appears on both sides and thus cancels. In fact, virtually all the
terms appear on both sides and cancel. Thisis called telescoping a sum. After everything
isadded, thefina resultis

=]

() = Ilj[lj + logn

a ‘

because all of the other terms cancel and there are log n equations, and so all the 1s at the
end of these equations add up to log n. Multiplying through by n givesthe final answer.



T(n) =nlogn+n=0qn log n)

Notice that if we did not divide through by n at the start of the solutions, the sum would
not telescope. Thisiswhy it was necessary to divide through by n.

An alternative method is to substitute the recurrence relation continually on the right-
hand side. We have

T(n) = 2T(n/2) + n

Since we can substitute n/2 into the main equation,
2T(n/2) = 2(2(T(n/4)) + n/2) = 4T(n/4) + n
we have

T(n) = 4T(n/4) + 2n

Again, by substituting n/4 into the main equation, we see that
AT(n/4) = 4(2T(n/8)) + (n/4) = 8T(n/8) + n
So we have

T(n) = 8T(n/8) + 3n

Continuing in this manner, we obtain

T(n) = 2T(n/ 2% + k * n

Using k = log n, we obtain

T(n) =nT(1) +nlogn=nlogn+n

The choice of which method to use isamatter of taste. The first method tends to produce

scrap work that fits better on a standard 87 x 11 sheet of paper, leading to fewer
mathematical errors, but it requires a certain amount of experience to apply. The second
method is more of abrute force approach.

Recall that we have assumed n = 2¥. The analysis can be refined to handle cases when n is
not a power of 2. The answer turns out to be almost identical (thisisusually the case).

Although mergesort's running timeis O(n log n), it is hardly ever used for main memory
sorts. The main problem is that merging two sorted lists requires linear extra memory,
and the additional work spent copying to the temporary array and back, throughout the
algorithm, has the effect of slowing down the sort considerably. This copying can be
avoided by judiciously switching theroles of a and tmp_array at alternate levels of the



recursion. A variant of mergesort can also be implemented nonrecursively (Exercise
7.13), but even so, for serious internal sorting applications, the algorithm of choiceis
quicksort, which is described in the next section. Nevertheless, as we will see later in this
chapter, the merging routine is the cornerstone of most external sorting algorithms.

7.7. Quicksort

Asitsnameimplies, quicksort is the fastest known sorting algorithm in practice. Its
average running timeis O(n log n). It is very fast, mainly due to avery tight and highly
optimized inner loop. It has O(n?) worst-case performance, but this can be made
exponentially unlikely with alittle effort. The quicksort algorithm is simple to understand
and prove correct, although for many yearsit had the reputation of being an algorithm
that could in theory be highly optimized but in practice was impossible to code correctly
(no doubt because of ForTraN). Like mergesort, quicksort is a divide-and-conquer
recursive algorithm. The basic algorithm to sort an array S consists of the following four

easy steps:
1. If the number of elementsin SisO or 1, then return.
2. Pick any element v in S Thisis called the pivot.

3. Partition S- {v} (theremaining elementsin S) into two digoint groups: S, = {X €S-
{v}| xav},and S; = {x =S-{V}| x 2v}.

4. Return { quicksort(S) followed by v followed by quicksort(S)} .

Since the partition step ambiguously describes what to do with elements equal to the
pivot, this becomes a design decision. Part of agood implementation is handling this case
as efficiently as possible. Intuitively, we would hope that about half the keys that are
egual to the pivot go into § and the other half into S, much as we like binary search trees
to be balanced.

Figure 7.11 shows the action of quicksort on a set of numbers. The pivot is chosen (by
chance) to be 65. The remaining elementsin the set are partitioned into two smaller sets.
Recursively sorting the set of smaller numbersyields 0, 13, 26, 31, 43, 57 (by rule 3 of
recursion). The set of large numbersis similarly sorted. The sorted arrangement of the
entire set isthen trivially obtained.

It should be clear that this algorithm works, but it is not clear why it is any faster than
mergesort. Like mergesort, it recursively solves two subproblems and requires linear
additional work (step 3), but, unlike mergesort, the subproblems are not guaranteed to be
of equal size, which is potentially bad. The reason that quicksort is faster is that the
partitioning step can actually be performed in place and very efficiently. This efficiency
more than makes up for the lack of equal-sized recursive calls.



The algorithm as described so far lacks quite afew details, which we now fill in. There
are many ways to implement steps 2 and 3; the method presented here is the result of
extensive analysis and empirical study and represents a very efficient way to implement
quicksort. Even the slightest deviations from this method can cause surprisingly bad
results.

7.7.1. Picking the Pivot

7.7.2. Partitioning Strategy

7.7.3. Small Files

7.7.4. Actual Quicksort Routines

7.7.5. Analysis of Quicksort

7.7.6. A Linear-Expected-Time Algorithm for Selection

7.7.1. Picking the Pivot

Although the algorithm as described works no matter which element is chosen as pivot,
some choices are obviously better than others.
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Figure 7.11 The steps of quicksort illustrated by example

A Wrong Way

A Safe Maneuver

Median-of- Three Partitioning

A Wrong Way

The popular, uninformed choiceis to use the first element as the pivot. Thisis acceptable
if theinput israndom, but if the input is presorted or in reverse order, then the pivot
provides a poor partition, because virtually all the elementsgo into S; or . Worsg, this
happens consistently throughout the recursive calls. The practical effect isthat if the first

element is used as the pivot and the input is presorted, then quicksort will take quadratic
time to do essentially nothing at al, which is quite embarrassing. Moreover, presorted



input (or input with alarge presorted section) is quite frequent, so using the first element
aspivot is an absolutely horrible idea and should be discarded immediately. An
alternative is choosing the larger of the first two distinct keys as pivot, but this has the
same bad properties as merely choosing the first key. Do not use that pivoting strategy
either.

A Safe M aneuver

A safe courseis merely to choose the pivot randomly. This strategy is generally perfectly
safe, unless the random number generator has a flaw (which is not as uncommon as you
might think), since it is very unlikely that a random pivot would consistently provide a
poor partition. On the other hand, random number generation is generally an expensive
commodity and does not reduce the average running time of the rest of the algorithm at
al.

M edian-of-Three Partitioning

The median of agroup of n numbers is theln/2l th largest number. The best choice of
pivot would be the median of the file. Unfortunately, thisis hard to calculate and would
slow down quicksort considerably. A good estimate can be obtained by picking three
elements randomly and using the median of these three as pivot. The randomness turns
out not to help much, so the common course is to use as pivot the median of the left, right
and center elements. For instance, with input 8, 1, 4, 9, 6, 3, 5, 2, 7, 0 as before, the | eft
element is 8, the right element is 0 and the center (in positionl(1 ef t + right)/2}) element
is6. Thus, the pivot would be v = 6. Using median-of-three partitioning clearly eliminates
the bad case for sorted input (the partitions become equal in this case) and actually
reduces the running time of quicksort by about 5 percent.

7.7.2. Partitioning Strategy

There are several partitioning strategies used in practice, but the one described hereis
known to give good results. It is very easy, as we shall see, to do thiswrong or
inefficiently, but it is safe to use a known method. The first step is to get the pivot
element out of the way by swapping it with the last element. i starts at the first element
and | starts at the next-to- last element. If the original input was the same as before, the
following figure shows the current situation.

8 1 4 9 0 3 5 2 7 6
T T
i j

For now we will assume that all the elements are distinct. Later on we will worry about
what to do in the presence of duplicates. Asalimiting case, our algorithm must do the
proper thing if all of the elements areidentical. It is surprising how easy it isto do the
wrong thing.



What our partitioning stage wantsto do isto move all the small elements to the left part
of the array and all the large elements to the right part. "Small" and "large" are, of course,
relative to the pivot.

While i istotheleft of j, we movei right, skipping over elements that are smaller than
the pivot. We move j left, skipping over elementsthat are larger than the pivot. When i
and | have stopped, i is pointing at alarge element and j is pointing at asmall element. If i
isto theleft of |, those elements are swapped. The effect isto push alarge element to the
right and a small element to the left. In the example above, i would not move and j would
slide over one place. The situation is as follows.

8 1 4 9 0 3 5 2 7 6
T T
i j

We then swap the elements pointed to by i and j and repeat the process until i and j cross.

After First Swap

2 1 4 9 0 3 5 8 7 6
T T
! J

Bef ore Second Swap

2 1 4 9 0 3 5 8 7 6
T T
i i
After Second Swap

2 1 45 0 3 9 8 7 6
T T
I J
Before Third Swap

2 1 4 5 0 3 9 8 7 6
T 7T
o

At thisstage, i and j have crossed, so no swap is performed. Thefinal part of the
partitioning is to swap the pivot element with the element pointed to by i.

After Swap with Pivot

When the pivot is swapped with i in the last step, we know that every element in a
position p < i must be small. Thisis because either position p contained a small element
to start with, or the large element originally in position p was replaced during a swap. A
similar argument shows that elementsin positions p > i must be large.



One important detail we must consider is how to handle keys that are equal to the pivot.
The questions are whether or not i should stop when it sees akey equal to the pivot and
whether or not j should stop when it sees akey equal to the pivot. Intuitively, i and j
ought to do the same thing, since otherwise the partitioning step is biased. For instance, if
I stopsand j does not, then all keysthat are equal to the pivot will wind up in S.

To get an idea of what might be good, we consider the case where al the keysin thefile
areidentical. If both i and | stop, there will be many swaps between identical el ements.
Although this seems useless, the positive effect isthat i and j will crossin the middle, so
when the pivot is replaced, the partition creates two nearly equal subfiles. The mergesort
analysistells us that the total running time would then be O(n log n).

If neither i nor j stop, and code is present to prevent them from running off the end of the
array, no swaps will be performed. Although this seems good, a correct implementation
would then swap the pivot into the last spot that i touched, which would be the next-to-
last position (or last, depending on the exact implementation). This would create very
uneven subfiles. If all the keys areidentical, the running time is O(n,). The effect isthe
same as using the first element as a pivot for presorted input. It takes quadratic time to do
nothing!

Thus, we find that it is better to do the unnecessary swaps and create even subfiles than to
risk wildly uneven subfiles. Therefore, we will have both i and j stop if they encounter a
key equal to the pivot. Thisturns out to be the only one of the four possibilities that does
not take quadratic time for thisinput.

At first glance it may seem that worrying about afile of identical elementsissilly. After
all, why would anyone want to sort 5,000 identical elements? However, recall that
quicksort is recursive. Suppose there are 100,000 elements, of which 5,000 are identical.
Eventually, quicksort will make the recursive call on only these 5,000 elements. Then it
really will be important to make sure that 5,000 identical elements can be sorted
efficiently.

7.7.3. Small Files

For very small files (n s20), quicksort does not perform as well asinsertion sort.
Furthermore, because quicksort is recursive, these cases will occur frequently. A common
solution is not to use quicksort recursively for small files, but instead use a sorting
algorithm that is efficient for small files, such asinsertion sort. An even better ideaisto
leave the file slightly unsorted and finish up with insertion sort. This works well, because
insertion sort is efficient for nearly sorted files. Using this strategy can actually save
about 15 percent in the running time (over doing no cutoff at all). A good cutoff rangeis
n = 10, athough any cutoff between 5 and 20 is likely to produce similar results. This
also saves nasty degenerate cases, such as taking the median of three elements when there
areonly one or two. Of course, if thereis abug in the basic quicksort routine, then the
insertion sort will be very, very slow.



7.7.4. Actual Quicksort Routines

Thedriver for quicksort is shown in Figure 7.12.

The general form of the routines will be to pass the array and the range of the array (left
and right) to be sorted. The first routine to deal with is pivot selection. The easiest way to
dothisisto sort a[left], a[right], and a[center] in place. This has the extra advantage that
the smallest of the three winds up in a[left], which is where the partitioning step would
put it anyway. The largest winds up in gright], which is also the correct place, sinceitis
larger than the pivot. Therefore, we can place the pivot in a[right - 1] and initializei and |
to left + 1 and right - 2 in the partition phase. Y et another benefit isthat because a[left] is
smaller than the pivot, it will act asa sentinel for j. Thus, we do not need to worry about |
running past the end. Since i will stop on keys equal to the pivot, storing the pivot in
alright - 1] provides a sentinel for i. The code in Figure 7.13 does the median-of-three
partitioning with all the side effects described. It may seem that it is only slightly
inefficient to compute the pivot by a method that does not actually sort a[left], a[center],
and a[right], but, surprisingly, this produces bad results (see Exercise 7.37).

Thereal heart of the quicksort routine isin Figure 7.14. It includes the partitioning and
recursive calls. There are several things worth noting in thisimplementation. Line 3
initializes i and j to 1 past their correct values, so that there are no special cases to
consider. Thisinitialization depends on the fact that median-of-three partitioning has
some side effects; this program will not work if you try to use it without change with a
simple pivoting strategy, becausei and j start in the wrong place and there is no longer a
sentinel for j.

voi d

qui ck_sort( input_type a[ ], unsigned int n )
{

g_sort( a, 1, n);

insertion_sort( a, n);

}
Figure7.12 Driver for quicksort

/* Return nmedian of left, center, and right. */
/* Order these and hide pivot */

i nput _type

medi an3( input_type a[], int left, int right )

{

int center;

center = (left + right) / 2;

if( a[left] > a[center] )

swap( &a[left], &a[center] );

if( a[left] > a[right] )

swap( &a[left], &a[right] );

if( a[center] > a[right] )

swap( &a[center], &a[right] );

/* invariant: a[left] <= a[center] <= a[right] */
swap( &a[center], &a[right-1] ); /* hide pivot */



return af[right-1]; /* return pivot */

}

Figure 7.13 Codeto perform median-of-three partitioning

The swap at line 8 is sometimes written explicitly, for speed purposes. For the algorithm
to befast, it is necessary to force the compiler to compile this code in-line. Many
compilerswill do thisautomatically, if asked to, but for those that do not the difference
can be significant.

Finally, lines 5 and 6 show why quicksort is so fast. The inner loop of the algorithm
consists of an increment/decrement (by 1, which isfast), atest, and ajump. Thereisno
extrajuggling asthereisin mergesort. This codeis still surprisingly tricky. It istempting
to replace lines 3 through 9 with the statements in Figure 7.15. This does not work,
because there would be an infinite loop if a[i] = a[j] = pivot.

7.7.5. Analysis of Quicksort

Like mergesort, quicksort isrecursive, and hence, its analysis requires solving a
recurrence formula. We will do the analysis for a quicksort, assuming a random pivot (no
median-of-three partitioning) and no cutoff for small files. We will take T(0) = T(1) =1,
asin mergesort. The running time of quicksort is equal to the running time of the two
recursive calls plus the linear time spent in the partition (the pivot selection takes only
constant time). This gives the basic quicksort relation

TN)=T(@i)+T(n-i-1) +cn
(7.1)

where i = |S| isthe number of elementsin S;. We will look at three cases.

voi d

g_sort( input_type a[], int left, int right )
L

int i, j;

i nput _type pivot;

[*1*/ if( left + CUTOFF <= right )

{

[*2*] pi vot = nmedian3( a, left, right );
[*3*/ i=left; j=right-1;

[*4*] for(;;)

{

[ *5*%] while( a[++i] < pivot );
[ *6*/ while( a[--j] > pivot );
[*7*%] if(i <j)

1*8%1 swap( &a[i], &a[j] );
el se

[*9*/ br eak;

}
[ *10*/ swap( &a[i], &a[right-1] ); /*restore pivot*/



[*11*/ g_sort( a, left, i-1);
[*12*] g_sort( a, i+1, right );
}
}

Figure 7.14 Main quicksort routine

[*3*/ i=left+l; j=right-2;

[*4*] for(;;)

{

/| *5*%/ while( a[i] < pivot ) i++
[ *6*/ while( a[j] > pivot ) j--;
[*7*] if(i <j)

1*8*/ swap( &a[i], &a[j] );
el se

[ *9*/ br eak;

}

Figure 7.15 A small change to quicksort, which breaksthealgorithm
Worst-Case Analysis

Best-Case Analysis

Average-Case Analysis

Worst-Case Analysis

The pivot isthe smallest element, all thetime. Theni =0and if weignore T(0) = 1,
which isinsignificant, the recurrenceis

T()=T(n-1) +cn,n>1
(7.2)

We telescope, using Equation (7.2) repeatedly. Thus
T(n-1)=T(n- 2) + c(n- 1)

(7.3)

T(n-2)=T(n-3) +c(n- 2)

(7.4)

T(2) =T(1) +c(2)



(7.5)

Adding up all these equations yields
Tin) = T + ¢ i = Ofn?)
i=1

(7.6)

asclaimed earlier.

Best-Case Analysis

In the best case, the pivot isin the middle. To ssimplify the math, we assume that the two
subfiles are each exactly half the size of the original, and although this gives a dlight
overestimate, thisis acceptable because we are only interested in a Big-Oh answer.

T(n) = 2T(n/2) + ¢cn

(7.7

Divide both sides of Equation (7.7) by n.

Tin) _ T#/2) .
n on/2

(7.8)
We will telescope using this equation.

Tin/2) Tin/4) +c

nfl n/4
(7.9)
Tin/4) _ Tin/8)
ni4  ni8 e
(7.10)

TR T,
21



(7.11)

We add all the equations from (7.7) to (7.11) and note that there are log n of them:

Tim _ T
—_— + elogn
(7.12)

whichyields

T(n)=cnlogn+n=0(nlog n)

(7.13)

Notice that thisisthe exact same analysis as mergesort, hence we get the same answer.
Average-Case Analysis

Thisisthe most difficult part. For the average case, we assume that each of the file sizes
for S isequally likely, and hence has probability 1/n. This assumption is actually valid
for our pivoting and partitioning strategy, but it is not valid for some others. Partitioning
strategies that do not preserve the randomness of the subfiles cannot use this analysis.

Interestingly, these strategies seem to result in programs that take longer to runin
practice.

134T

With this assumption, the average value of T(i), and hence T(n- i -1), is :
Equation (7.1) then becomes

=1
Tin) = %[Zrm]+ en
i=0

(7.14)

If Equation (7.14) ismultiplied by n, it becomes

-1
nTin) = E[ZTU}] + en?

i=0
(7.15)

We need to remove the summation sign to ssimplify matters. We note that we can
telescope with one more equation.



n=1
{m=1Tn-1) = leTfﬂ ] + eln — 1)

i=0

(7.16)

If we subtract (7.16) from (7.15), we obtain

nT(n) - (n-1)T(n-1) =2T(n-1) + 2cn -

(7.17)

We rearrange terms and drop the insignificant -c on the right, obtaining
nT(n) =(n+ 1)T(n-1) + 2cn

(7.18)

We now have aformulafor T(n) intermsof T(n -1) only. Again the ideaisto telescope,
but Equation (7.18) isin the wrong form. Divide (7.18) by n(n + 1):

T _Ts-1) 2

n+1  n o+ 1
(7.19)
Now we can telescope.
T — 1) Tin-=-2) 2c
= + —

" n—1 "
(7.20)
Tir-2) _Tin=-3) N 2¢

n—-1  n-=-2 n—1

(7.21)

Q) _ T, 2

3 2

(7.22)



Adding equations (7.19) through (7.22) yields

Tim) _ T}, 1
s Tl LI

(7.23)

. (n+1)+y—3 .
The sumis about loge , Where 1=+0.577 is known as Euler's constant, so

Tin)
n+1

= Oflogn)

(7.24)

And so
Tin) = Qinlogs)

(7.25)

Although this analysis seems complicated, it really is not--the steps are natural once you
have seen some recurrence relations. The analysis can actually be taken further. The
highly optimized version that was described above has also been analyzed, and this result
gets extremely difficult, involving complicated recurrences and advanced mathematics.
The effects of equal keys has also been analyzed in detail, and it turns out that the code
presented does the right thing.

7.7.6. A Linear-Expected-Time Algorithm for Selection

Quicksort can be modified to solve the selection problem, which we have seen in
chapters 1 and 6. Recall that by using a priority queue, we can find the kth largest (or
smallest) element in O(n + k log n). For the special case of finding the median, this gives
an O(n log n) algorithm.

Since we can sort the filein O(n log n) time, one might expect to obtain a better time
bound for selection. The algorithm we present to find the kth smallest elementinaset Sis
almost identical to quicksort. In fact, the first three steps are the same. We will call this
algorithm quickselect. Let |S| denote the number of elementsin S. The steps of
quickselect are

1. 1f |§ = 1, then k = 1 and return the elementsin S as the answer. If a cutoff for small
filesisbeing used and |§ sCUTOFF, then sort Sand return the kth smallest element.

2. Pick apivot element, v €S.



3. Partition S- {v} into § and S, as was done with quicksort.

4. If k 5|5, then the kth smallest element must bein S;. In this case, return quickselect (S,
K). If k =1+ |S|, then the pivot is the kth smallest element and we can return it as the
answer. Otherwise, the kth smallest element liesin &, and it isthe (k - |S| - 1)st smallest
elementin $. We make arecursive call and return quickselect (S, k - [S] - 1).

In contrast to quicksort, quickselect makes only one recursive call instead of two. The
worst case of quickselect isidentical to that of quicksort and is O(n?). Intuitively, thisis
because quicksort'sworst caseiswhen oneof S and S, is empty; thus, quickselect is not
really saving arecursive call. The average running time, however, is O(n). The analysisis
similar to quicksort's and is | eft as an exercise.

The implementation of quickselect is even simpler than the abstract description might
imply. The code to do this shown in Figure 7.16. When the algorithm terminates, the kth
smallest element isin position k. This destroys the original ordering; if thisis not
desirable, then a copy must be made.

/* qg_select places the kth smallest elenent in a[k]*/

voi d

g_select( input_type a[], int k, int left, int right )
L

int i, j;

i nput _type pivot;

[*1*/ if( left + CUTOFF <= right )

{

[*2%] pi vot = nmedian3( a, left, right );
[*3*/ i=left; j=right-1

[*4*] for(;;)

{

[ *5*/ while( a[++i] < pivot );

[ *6*/ while( a[--j] > pivot );

[*7*] if (i <j)

[*8%] swap( &a[i], &a[j] );

el se

[*9*/ br eak;

}

/*10*/ swap( &a[i], &a[right-1] ); /* restore pivot */
[*11*/ if( k <i)

[*12*/ g_select( a, k, left, i-1);
el se

[*13*/ if( k>i)

[*14*] g-select( a, k, i+1, right );
}

el se

[ *15*/ insert_sort(a, left, right );

}

Figure 7.16 Main quickselect routine

Using a median-of-three pivoting strategy makes the chance of the worst case occuring
almost negligible. By carefully choosing the pivot, however, we can eliminate the



guadratic worst case and ensure an O(n) algorithm. The overhead involved in doing this

is considerable, so the resulting algorithm is mostly of theoretical interest. In Chapter 10,
we will examine the linear-time worst-case algorithm for selection, and we shall also see
an interesting technique of choosing the pivot that results in a somewhat faster selection

algorithmin practice.

7.8. Sorting Large Structures

Throughout our discussion of sorting, we have assumed that the elements to be sorted are
simply integers. Frequently, we need to sort large structures by a certain key. For instance,
we might have payroll records, with each record consisting of a name, address, phone
number, financial information such as salary, and tax information. We might want to sort
thisinformation by one particular field, such as the name. For al of our algorithms, the
fundamental operation is the swap, but here swapping two structures can be avery
expensive operation, because the structures are potentially large. If thisisthe case, a
practical solution isto have theinput array contain pointers to the structures. We sort by
comparing the keys the pointers point to, swapping pointers when necessary. This means
that all the data movement is essentially the same asif we were sorting integers. Thisis
known as indirect sorting; we can use this technique for most of the data structures we
have described. This justifies our assumption that complex structures can be handled
without tremendous | oss efficiency.

7.9. A General Lower Bound for Sorting

Although we have O(n log n) algorithms for sorting, it is not clear that thisis as good as
we can do. In this section, we prove that any algorithm for sorting that uses only
comparisons requires x(n log n) comparisons (and hence time) in the worst case, so that
mergesort and heapsort are optimal to within a constant factor. The proof can be extended
to show that 22(n log n) comparisons are required, even on average, for any sorting
algorithm that uses only comparisons, which means that quicksort is optimal on average
to within a constant factor.

Specifically, we will prove the following result: Any sorting algorithm that uses only
comparisons requires!log n! | comparisons in the worst case and log n! comparisons on
average. We will assume that all n elements are distinct, since any sorting algorithm must
work for this case.

7.9.1 Decision Trees

7.9.1 Decision Trees

A decision treeis an abstraction used to prove lower bounds. In our context, a decision
tree isabinary tree. Each node represents a set of possible orderings, consistent with



comparisons that have been made, among the elements. The results of the comparisons
are the tree edges.

a=<h<e a<e<h
) &

Figure 7.17 A decision treefor three-element insertion sort

The decision tree in Figure 7.17 represents an algorithm that sorts the three elements a, b,
and c. Theinitial state of the algorithm is at the root. (We will use the terms state and
node interchangeably.) No comparisons have been done, so all orderings arelegal. The
first comparison that this particular algorithm performs compares a and b. The two
results lead to two possible states. If a < b, then only three possibilities remain. If the
algorithm reaches node 2, then it will compare a and c. Other algorithms might do
different things; adifferent algorithm would have a different decision tree. If a> c, the
algorithm enters state 5. Since there is only one ordering that is consistent, the algorithm
can terminate and report that it has completed the sort. If a < ¢, the algorithm cannot do
this, because there are two possible orderings and it cannot possibly be sure which is
correct. In this case, the algorithm will require one more comparison.

Every algorithm that sorts by using only comparisons can be represented by a decision
tree. Of course, it isonly feasible to draw the tree for extremely small input sizes. The
number of comparisons used by the sorting algorithm is equal to the depth of the deepest
leaf. In our case, this algorithm uses three comparisons in the worst case. The average
number of comparisons used is equal to the average depth of the leaves. Since a decision
treeislarge, it follows that there must be some long paths. To prove the lower bounds, all
that needs to be shown are some basic tree properties.



LEMMA 7.1.

Let T be abinary tree of depth d. Then T has at most 2° leaves.

PROOF:

The proof is by induction. If d = 0, then there is at most one leaf, so the basisistrue.
Otherwise, we have aroot, which cannot be a leaf, and aleft and right subtree, each of
depth at most d - 1. By the induction hypothesis, they can each have at most 2% |eaves,
giving atotal of at most 2° leaves. This proves the lemma.

LEMMA 7.2.

A binary tree with L leaves must have depth at least [1og L.

PROOF:

Immediate from the preceding lemma.

THEOREM 7.5.

Any sorting algorithm that uses only comparisons between elements requires at least log
n!l comparisonsin the worst case.

PROOF:

A decision tree to sort n elements must have n! leaves. The theorem follows from the
preceding lemma.

THEOREM 7.6.

Any sorting algorithm that uses only comparisons between elements requiresx(n log n)
comparisons.

PROOF:

From the previous theorem, log n! comparisons are required.
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Thistype of lower-bound argument, when used to prove a worst-case result, is sometimes
known as an information-theoretic lower bound. The general theorem says that if there
are P different possible cases to distinguish, and the questions are of the form YES/NO,
then [log P questions are always required in some case by any algorithm to solve the
problem. It is possible to prove asimilar result for the average-case running time of any
comparison-based sorting algorithm. Thisresult isimplied by the following lemma,
which isleft as an exercise: Any binary tree with L leaves has an average depth of at least
log L.

7.10. Bucket Sort

Although we proved in the previous section that any general sorting algorithm that uses
only comparisons requires tx(n log n) time in the worst case, recal that it is still possible
to sort in linear time in some special cases.

A simple example is bucket sort. For bucket sort to work, extrainformation must be
available. Theinput ai, az, . . . , &, must consist of only positive integers smaller than m.
(Obvioudly extensions to this are possible.) If thisisthe case, then the algorithm is simple:
Keep an array called count, of size m, which isinitialized to al 0s. Thus, count has m
cells, or buckets, which are initially empty. When g is read, increment count[a] by 1.
After al the input isread, scan the count array, printing out a representation of the sorted
list. This algorithm takes O(m + n); the proof is left as an exercise. If mis O(n), then the
total is O(n).

Although this agorithm seems to violate the lower bound, it turns out that it does not
because it uses a more powerful operation than ssmple comparisons. By incrementing the
appropriate bucket, the algorithm essentially performs an m-way comparison in unit time.
Thisissimilar to the strategy used in extendible hashing (Section 5.6). Thisis clearly not
in the model for which the lower bound was proven.

This algorithm does, however, question the validity of the model used in proving the
lower bound. The model actually is a strong model, because a general-purpose sorting
algorithm cannot make assumptions about the type of input it can expect to see, but must
make decisions based on ordering information only. Naturally, if thereis extra



information available, we should expect to find a more efficient algorithm, since
otherwise the extrainformation would be wasted.

Although bucket sort seems like much too trivial an algorithm to be useful, it turns out
that there are many cases where the input is only small integers, so that using a method
like quicksort isreally overkill.

7.11. External Sorting

So far, dl the algorithms we have examined require that the input fit into main memory.
There are, however, applications where the input is much too large to fit into memory.
This section will discuss external sorting algorithms, which are designed to handle very
large inputs.

7.11.1. Why We Need New Algorithms

Most of the internal sorting algorithms take advantage of the fact that memory is directly
addressable. Shellsort compares elements a[;] and a[i - h] in one time unit. Heapsort
compareselements a[i] and a[i * 2] in one time unit. Quicksort, with median-of-three
partitioning, requires comparing a[left], a[center], and a[right] in a constant number of
time units. If the input is on atape, then all these operations lose their efficiency, since
elements on atape can only be accessed sequentially. Even if the datais on a disk, there
isstill apractical loss of efficiency because of the delay required to spin the disk and
move the disk head.

To see how slow external accessesredly are, create arandom file that is large, but not
too big to fit in main memory. Read the file in and sort it using an efficient algorithm.

Thetimeit takes to sort the input is certain to be insignificant compared to the time to
read the input, even though sorting is an O(n log n) operation and reading the input is

only O(n).

7.11.2. Model for External Sorting

The wide variety of mass storage devices makes external sorting much more device-
dependent than internal sorting. The algorithms that we will consider work on tapes,
which are probably the most restrictive storage medium. Since access to an element on
tape is done by winding the tape to the correct location, tapes can be efficiently accessed
only in sequentia order (in either direction).

We will assume that we have at least three tape drives to perform the sorting. We need

two drivesto do an efficient sort; the third drive simplifies matters. If only one tape drive
is present, then we are in trouble: any algorithm will require f2(n?) tape accesses.

7.11.3. The Simple Algorithm



The basic external sorting algorithm uses the merge routine from mergesort. Suppose we
have four tapes, Ta1, Ta2, To1, Th2, Which are two input and two output tapes. Depending
on the point in the algorithm, the a and b tapes are either input tapes or output tapes.
Supposethe dataisinitially on Ta1. Suppose further that the internal memory can hold
(and sort) mrecords at atime. A natural first step isto read mrecords at atime from the
input tape, sort the records internally, and then write the sorted records alternately to Tp:
and Ty2. We will call each set of sorted records arun. When thisis done, we rewind all
the tapes. Suppose we have the same input as our example for Shellsort.

T, 81 94 11 946 12 35 17 99 28 58 4 75 15
T.II
T
T

If m = 3, then after the runs are constructed, the tapes will contain the dataindicated in
thefollowing figure.

81 94 17 28 93 15
35 96 41 i8 75

Now Tp1 and Tp, contain agroup of runs. We take the first run from each tape and merge
them, writing the result, which isarun twice as long, onto Ta1. Then we take the next run
from each tape, merge these, and write the result to T,2. We continue this process,
alternating between T,; and Ty, until either Ty or Ty is empty. At this point either both
are empty or thereis one run left. In the latter case, we copy this run to the appropriate
tape. We rewind al four tapes, and repeat the same steps, this time using the a tapes as
input and the b tapes as output. Thiswill give runs of 4m. We continue the process until
we get one run of length n.

This algorithm will require/log(n/m)| passes, plus the initial run-constructing pass. For
instance, if we have 10 million records of 128 bytes each, and four megabytes of internal
memory, then the first pass will create 320 runs. We would then need nine more passesto
complete the sort. Our example requires/log 13/3] = 3 more passes, which are shown in
the following figure.

Ta 11 12 35§ 81 94 96 | 15
Tz 17 28 41 58 75 99
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7.11.4. Multiway Merge

If we have extra tapes, then we can expect to reduce the number of passes required to sort
our input. We do this by extending the basic (two-way) merge to a k-way merge.

Merging two runsis done by winding each input tape to the beginning of each run. Then
the smaller element is found, placed on an output tape, and the appropriate input tapeis
advanced. If there are k input tapes, this strategy works the same way, the only difference
being that it is slightly more complicated to find the smallest of the k elements. We can
find the smallest of these elements by using a priority queue. To obtain the next element
to write on the output tape, we perform a delete_min operation. The appropriate input
tape is advanced, and if the run on the input tape is not yet completed, we insert the new
element into the priority queue. Using the same example as before, we distribute the input
onto the three tapes.

Tﬂl

Ta

Tn-J

Ty 11 g1 94 41 58 75
Th: 12 i5 96 15

Thy 17 18 a9 J

We then need two more passes of three-way merging to compl ete the sort.

Ta 11 12 17 28 35 B1 94 9 99
T 15 41 58 75
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After theinitial run construction phase, the number of passes required using k-way
merging is/log«(n/m)], becausethe runs get k times as large in each pass. For the
example above, the formula is verified, sincellogs 13/3] = 2. If we have 10 tapes, then k
=5, and our large example from the previous section would require!logs 3201 = 4 passes.

7.11.5. Polyphase Merge

The k-way merging strategy developed in the last section requires the use of 2k tapes.
This could be prohibitive for some applications. It is possible to get by withonly k + 1
tapes. As an example, we will show how to perform two-way merging using only three

tapes.

Suppose we have three tapes, T, T,, and T3, and an input file on Ty that will produce 34
runs. One option isto put 17 runs on each of T, and Ts. We could then merge this result
onto Ty, obtaining one tape with 17 runs. The problem isthat since all the runs are on one
tape, we must now put some of these runs on T to perform another merge. The logical
way to do thisisto copy thefirst eight runs from T onto T, and then perform the merge.
This has the effect of adding an extra half pass for every pass we do.

An aternative method isto split the original 34 runs unevenly. Suppose we put 21 runs
on T, and 13 runs on T3. We would then merge 13 runs onto T, before T3 was empty. At
this point, we could rewind T; and T3, and merge T4, with 13 runs, and T, which has 8
runs, onto Ts. We could then merge 8 runs until T, was empty, which would leave 5 runs
left on T1 and 8 runs on Ts. We could then merge T, and T3, and so on. The following
table below shows the number of runs on each tape after each pass.

Run After After After After After After After
Const . T3+T2T1+T2T1+T3T2+T3T1+T2T1+T3T2+T3

Tl 0 13 5 0 3 1 0 1
T2 21 8 0 5 2 0 1 0
T3 13 0 8 3 0 2 1 0

Theoriginal distribution of runsmakesagreat deal of difference. For instance, if 22 runsare placed on T2, with 12 on T3, then after
thefirst merge, we obtain 12 runson T1 and 10 runs on T2. Afte another merge, there are 10 runson T1 and 2 runs on T3. At this point
the going gets slow, because we can only merge two sets of runsbefore T3 is exhausted. Then T1 has 8 runsand T2 has 2 runs. Again,
we can only merge two sets of runs, obtaining T1 with 6 runs and T3 with 2 runs. After three more passes, T2 has two runs and the

other tapes are empty. Wemust copy onerun to another tape, and then we can finish the merge.



It turns out that thefirst distribution we gaveisoptimal. If the number of runsisaFibonacci number Fn, then the best way to
distributethem isto split them into two Fibonacci numbers Fn-1 and Fn-2. Otherwise, it isnecessary to pad the tape with dummy runs
in order to get the number of runsup to aFibonacci number. Weleave the details of how to placetheinitial set of runson thetapesas

an exercise.

We can extend thisto a k-way mer%e in whlkch casewe ntﬁed kth order Fi bonlfcu numbersfor thedistribution, where the kth orlger
Fibonacci number |sdef|nedasF (n)=F )(n 1)+ F( )( -2)+eeer F )(n k), with the appropriateinitial conditions F( )(n) 0,
0=n=k-2,F '(k-1)=1

7.11.6. Replacement Selection

Thelastitemwewill consider is construction of theruns. The strategy we have used so far isthe simplest possible: We read as many
records as possible and sort them, writing theresult to some tape. This seemslike the best approach possible, until one realizesthat as
soon asthefirst record iswritten to an output tape, the memory it used becomes available for another record. If the next record on the

input tapeislarger than therecord we have just output, then it can beincluded in the run.

Using thisobservation, we can give an algorithm for producing runs. Thistechniqueiscommonly referred to as replacement selection.
Initially, mrecordsare read into memory and placed in apriority queue. We perform adelete_min, writing the smallest record to the
output tape. Weread the next record from theinput tape. If itislarger than the record we have just written, we can add it to the
priority queue. Otherwise, it cannot go into the current run. Sincethe priority queueissmaller by one element, we can store this new
element in the dead space of the priority queue until the run iscompleted and use the el ement for the next run. Storing an element in
the dead spaceissimilar to what isdonein heapsort. We continue doing thisuntil the size of the priority queueis zero, at which point
therunisover. Westart anew run by building anew priority queue, using all the elementsin the dead space. Figure 7.18 showsthe
run construction for the small examplewe have been using, with m = 3. Dead elements areindicated by an asterisk.

Inthisexample, replacement selection produces only threeruns, compared with thefiveruns obtained by sorting. Because of this, a
three-way mergefinishesin onepassinstead of two. If theinput israndomly distributed, replacement selection can be shown to
produce runs of average length 2m. For our large example, wewould expect 160 runsinstead of 320 runs, so afive-way merge would
requirefour passes. In this case, we have not saved apass, athough we might if we get lucky and have 125 runs or less. Since external
sortstake solong, every pass saved can make asignificant differencein therunning time.

3 Elenments In Heap Array Qut put Next El enent Read
H1  HZ2] H 3]

Run 1 11 94 81 11 96

81 94 96 81 12+

94 96 12+ 94 35*

96 35* 12* 96 17*

17* 35* 12* End of Run. Rebuild Heap
Run 2 12 35 17 12 99

17 35 99 17 28

28 99 35 28 58

35 99 58 35 41

41 99 58 41 75*%

58 99 75*% 58 end of tape

99 75* 99

75* End of Run. Rebuild Heap



Figure7.18 Exampleof run construction

Aswehave seen, itispossiblefor replacement sel ection to do no better than the standard algorithm. However, theinput isfrequently
sorted or nearly sorted to start with, in which case replacement sel ection produces only afew very long runs. Thiskind of input is

common for external sortsand makesreplacement selection extremely valuable.

Summary

For most general internal sorting applications, either insertion sort, Shellsort, or quicksort will bethe method of choice, and the
decision of which to usewill depend mostly on the size of theinput. Figure 7.19 showsthe running time obtained for each algorithm
onvariousfilesizes.

The datawas chosen to be random permutations of n integers, and thetimesgiveninclude only the actual timeto sort. The code given
inFigure7.2 was used for insertion sort. Shellsort used the codein Section 7.4 modified to run with Sedgewick'sincrements. Based
onliterally millions of sorts, ranging in sizefrom 100 to 25 million, the expected running time of Shellsort with these incrementsis
conjecturedtobe O(n ). The heapsort routineisthe sameasin Section 7.5. Two versions of quicksort aregiven. Thefirst usesa
simple pivoting strategy and does not do a cutoff. Fortunately, theinput fileswere random. The second uses median-of-three
partitioning and acutoff of ten. Further optimizationswere possible. We could have coded the median-of-three routine in-lineinstead
of using afunction, and we could have written quicksort nonrecursively. There are some other optimizations to the code that arefairly
tricky toimplement, and of course we could have used an assembly language. We have made an honest attempt to codeall routines
efficiently, but of coursethe performance can vary somewhat from machineto machine.

Thehighly optimized version of quicksortisasfast as Shellsort even for very small input sizes. Theimproved version of quicksort

till hasan O(n ) worst case (one exercise asksyou to construct asmall example), but the chances of thisworst case appearing are so
negligible asto not be afactor. If you need to sort largefiles, quicksort isthe method of choice. But never, ever, take the easy way out
and usethefirst element aspivot. It isjust not safe to assumethat theinput will berandom. If you do not want to worry about this, use
Shellsort. Shellsort will giveasmall performance penalty but could also be acceptable, especialy if smplicity isrequired. ltsworst
caseisonly O(n ); thechance of that worst case occuringislikewisenegligible.

Heapsort, although an O (n log n) algorithmwith an apparently tight inner loop, isslower than Shellsort. A close examination of the
agorithm reveal sthat in order to movedata, heapsort doestwo comparisons. Carl sson hasanalyzed animprovement suggested by
Floyd that movesdatawith essentially only one comparison, but implementing thisimprovement makesthe code somewhat longer.
Weleaveit to the reader to decide whether the extracoding effort isworth theincreased speed (Exercise 7.39).

Insertion Sort Shellsort Heapsort Qui cksort  Quicksort (opt.)

n Qn% o(n ) Qn log n) Q'n log n) Q(n log n)
10 0. 00044 0. 00041 0. 00057 0. 00052 . 00046
100 0. 00675 0.00171 0. 00420 0. 00284 . 00244
1000 0. 59564 0. 02927 0. 05565 0. 03153 . 02587
10000 58. 864 0. 42998 0. 71650 0. 36765 . 31532
100000 NA 5.7298 8.8591 4.2298 3.5882
1000000 NA 71.164 104. 68 47. 065 41. 282

Figure7.19 Comparison of different sortingalgorithms(all timesar ein seconds)



Insertion sort isuseful only for small filesor very nearly sorted files. We have not included mergesort, becauseits performanceisnot
asgood as quicksort for main memory sortsand it isnot any simpler to code. We have seen, however, that merging isthe central idea
of external sorts.

Exercises

7.1 Sort thesequence 3, 1, 4, 1,5, 9, 2, 6, 5 using insertion sort.
7.2 What istherunning time of insertion sort if all keysare equal?

7.3 Suppose we exchange elements a[i] and a[i + k], which were originally out of order. Provethat at least 1 and at most 2k - 1
inversionsareremoved.

7.4 Show theresult of running Shellsort ontheinput 9, 8,7, 6, 5, 4, 3, 2, L using theincrements{ 1,3, 7}.
7.5 What isthe running time of Shellsort using thetwo-increment sequence 1, 2} ?
— . 2 . 2 _

7.6 *a. Provethat the running time of Shellsort is£L(n ~ usingincrementsof theform1, ¢, ¢ , ..., ¢ for any integer c.

. L 32
**}, Provethat for theseincrements, theaveragerunningtimeis & (n ).
*7.7 Provethat if ak-sorted file is then h-sorted, it remains k-sorted.
**7 .8 Provethat the running time of Shellsort, using theincrement sequence suggested by Hibbard, is£(n ) inthe worst case. Hint:
Y ou can provethe bound by considering the special case of what Shellsort doeswhen al elementsareeither 0 or 1. Set input_datali]
=1if iisexpressibleasalinear combination of ht, ht-1, ..., lLt/2J+1 and O otherwise.
7.9 Determine the running time of Shellsort for
a sorted input
*h. reverse-ordered input
7.10 Show how heapsort processestheinput 142, 543, 123, 65, 453, 879, 572, 434, 111, 242, 811, 102.
7.11 a. What isthe running time of heapsort for presorted input?
**P, |sthere any input for which heapsort runsin o(n log n) (in other words, arethere any particularly good inputsfor heapsort)?
7.12Sort 3,1,4,1,5,9, 2, 6 using mergesort.

7.13 How would youimplement mergesort without using recursion?

7.14 Determine the running time of mergesort for



a. sorted input
b. reverse-ordered input
. random input

7.15Intheanalysisof mergeﬁt, constants have been disregarded. Provethat the number of comparisons used in the worst case by
mergesort isrl-log n] - ﬂ-log n+1

7.16S0rt3,1,4,1,5,9, 2,6, 5, 3, 5 using quicksort with median-of-three partitioning and a cutoff of 3.
7.17 Using the quicksort implementationin this chapter, determinethe running time of quicksort for

a. sorted input

b. reverse-ordered input

¢. random input

7.18 Repeat Exercise 7.17 when the pivot ischosen as

a thefirst element

b. thelargest of thefirst two nondistinct keys

c. arandom element

*d. the average of all keysin the set

7.19 a for the quicksort implementation in this chapter, what isthe running timewhen al keysare equal ?

b. Suppose we change the partitioning strategy so that neither i nor | stopswhen an element with the samekey asthe pivot isfound.
What fixes need to be madein the code to guarantee that quicksort works, and what isthe running time, when all keysare equal ?

¢. Suppose we changethe partitioning strategy sothat i stopsat an element with the samekey asthe pivot, but j doesnot stopin a
similar case. What fixes need to be madein the code to guarantee that quicksort works, and when all keysare equal, what isthe
running time of quicksort?

7.20 Suppose we choose the middie key as pivot. Doesthismakeit unlikely that quicksort will require quadratic time?

7.21 Construct apermutation of 20 elementsthat is asbad aspossiblefor quicksort using median-of-three partitioning and a cutoff of
3.

7.22 Write aprogram to implement the selection algorithm.



Tim) = Y375 T +en, T(O) = 0

7.23 Solvethefollowing recurrence: s

7.24 A sorting algorithm is stable if elementswith equal keysareleft in the same order asthey occur in theinput. Which of the sorting
agorithmsin this chapter are stable and which are not? Why?

7.25 Suppose you are given asorted list of n elements followed by &(n) randomly ordered elements. How would you sort theentirelist
if

a a(n) =0(1)?
b. &n) =O(log n)?
c. fin) = Of jn)
*d. How large can &(n) be for the entirelist still to be sortablein O(n) time?

7.26 Provethat any algorithm that findsan element x in asorted list of n elementsrequires £X(log n ) comparisons.

T
7.27 Using Stirling'sformula, nl=(nje)” lmn

, giveapreciseestimatefor logn!.
7.28*a. Inhow many ways can two sorted arrays of n elements be merged?
*b. Giveanontrivial lower bound on the number of comparisonsrequired to merge two sorted listsof n elements.

7.29 Prove that sorting n elementswith integer keysin the range 1 Skey =m takes O(m + n) time using bucket sort.

7.30 Suppose you have an array of n elements containing only two distinct keys, true and false. Give an O(n) algorithm to rearrange
thelist so that all false elements precede the true elements. Y ou may use only constant extra space.

7.31 Suppose you have an array of n elements, containing threedistinct keys, true, false, and maybe. Give an O(n) agorithm to
rearrangethelist so that all false elements precede maybe elements, which in turn precede true elements. Y ou may use only constant
extraspace.

7.32 a. Prove that any compari son-based al gorithm to sort 4 elementsrequires5 comparisons.

b. Give an algorithm to sort 4 elementsin 5 comparisons.

7.33 a. Prove that 7 comparisonsarerequired to sort 5 elements using any compari son-based al gorithm.

. b. Givean algorithm to sort 5 elementswith 7 comparisons.

7.34 Writean efficient version of Shellsort and compare performancewhen thefollowingincrement sequencesare used:

a. Shell'soriginal sequence



b. Hibbard'sincrements

c. Knuth's increments: #; = %[3" + 1)

d. Gonnet's increments: by = ||, and by = |21 (with &) = 1if b, = 2)

e. Sedgewick'sincrements.

7.35 mplement an optimized version of quicksort and experiment with combinations of thefollowing:

a Pivot: first element, middle element, random element, median of three, median of five.

b. Cutoff valuesfrom O to 20.

7.36 Writearoutinethat readsin two al phabetized files and mergesthem together, forming athird, al phabetized, file.

7.37 Suppose weimplement the median of threeroutine asfollows: Find the median of a[left], a[center], a[right], and swap it with
a[right]. Proceed with thenormal partitioning step starting i at left and j at right - 1 (instead of left + 1 and right - 2). Assumethat a [0]
= MIN_DATA, so that sentinels are present.

a. Supposetheinputis2,3,4, ...,n -1, n, 1. What isthe running time of thisversion of quicksort?

b. Supposetheinputisin reverseorder. What isthe running time of thisversion of quicksort?

7.38 Prove that any comparison-based sorting a gorithm requires £(n log n) comparisons on average.

7.39 Consider the following strategy for percolate_down. We have a hole at node X. The normal routineisto compare X's children and
then movethe child upto Xiif itislarger (in the case of a (max)heap) than the element we aretrying to place, thereby pushing thehole
down; we stop when it is safeto placethe new element in the hole. The alternate strategy isto move elements up and the hole down as
far aspossible, without testing whether the new cell can beinserted. Thiswould placethe new cell in aleaf and probably violate the
heap order; to fix the heap order, percolate the new cell up inthe normal manner. Write aroutineto include thisidea, and comparethe

running timewith astandard implementation of heapsort.

7.40 Propose an algorithm to sort alargefile using only two tapes.
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CHAPTER 8: THE DISJOINT SET ADT

In this chapter, we describe an efficient data structure to solve the equivalence problem.
The data structure is simple to implement. Each routine requires only a few lines of code,
and asimple array can be used. The implementation is also extremely fast, requiring
constant average time per operation. This data structure is also very interesting from a
theoretical point of view, because its analysisis extremely difficult; the functional form
of the worst case is unlike any we have yet seen. For the digoint set ADT, we will

*Show how it can be implemented with minimal coding effort.

*Greatly increase its speed, using just two simple observations.

*Analyze the running time of afast implementation.

*See asimple application.

8.1. Equivalence Relations

A relation Ris defined on aset Sif for every pair of elements(a, b), a, beS aRb is
either true or false. If aR b istrue, then we say that a isrelated to b.

An equivalence relation isa relation R that satisfies three properties:

1. (Reflexive) aR a, for all a =S.

2. (Symmetric) aRb if and only if bR a.

3. (Transitive) aRb and b Rcimpliesthat aRc.

WE'll consider several examples.

The srelationship is not an equivalence relationship. Although it is reflexive, since a =a,
and transitive, since a sb and b sc implies a =c, it is not symmetric, since a sb does not
imply b =a.

Electrical connectivity, where al connections are by metal wires, is an equivalence
relation. Therelation is clearly reflexive, as any component is connected to itself. If ais
electrically connected to b, then b must be electrically connected to a, so therelation is

symmetric. Finaly, if a isconnected to b and b is connected to ¢, then a is connected to c.
Thus electrical connectivity is an equivalence relation.



Two cities arerelated if they are in the same country. It is easily verified that thisis an
equivalence relation. Supposetown a isrelatedto b if it is possible to travel fromato b
by taking roads. Thisrelation is an equivalence relation if all the roads are two-way.

8.2. The Dynamic Equivalence Problem

Given an equivalence relation ~, the natural problem isto decide, for any aand b, if a~ b.
If the relation is stored as a two-dimensional array of booleans, then, of course, this can
be done in constant time. The problem is that the relation is usually not explicitly, but
rather implicitly, defined.

As an example, suppose the equivalence relation is defined over the five-element set { ay,
ay, a3, as, as}. Then there are 25 pairs of elements, each of which is either related or not.
However, theinformation a; ~ ap, asg ~ a4, as ~ a1, a4 ~ a impliesthat all pairs are related.
We would like to be able to infer this quickly.

The equivalence class of an element a =Sisthe subset of Sthat contains all the elements
that are related to a. Notice that the equivalence classes form a partition of S: Every
member of Sappearsin exactly one equivalence class. To decideif a ~ b, we need only to
check whether a and b are in the same equivalence class. This provides our strategy to
solve the equivalence problem.

Theinputisinitially acollection of n sets, each with one element. Thisinitial
representation isthat all relations (except reflexive relations) are false. Each set hasa
different element, so that § ~ § = &; this makes the sets digjoint.

There are two permissible operations. Thefirst is find, which returns the name of the set
(that is, the equivalence class) containing a given element. The second operation adds
relations. If we want to add the relation a ~ b, then wefirst see if aand b are already
related. Thisis done by performing finds on both a and b and checking whether they are
in the same equivalence class. If they are not, then we apply union. This operation merges
the two equivalence classes containing a and b into a new equivalence class. From a set
point of view, theresult of ~ isto create anew set Sc= § ' §, destroying the originals
and preserving the digointness of al the sets. The algorithm to do thisis frequently
known as the digjoint set union/find algorithm for this reason.

Thisalgorithm is dynamic because, during the course of the algorithm, the sets can
change viathe union operation. The algorithm must also operate on-line: When afind is
performed, it must give an answer before continuing. Another possibility would be an off-
line algorithm. Such an agorithm would be allowed to see the entire sequence of unions
and finds. The answer it provides for each find must still be consistent with all the unions
that were performed up until the find, but the algorithm can give all its answers after it
has seen all the questions. The differenceis similar to taking a written exam (which is
generally off-line--you only have to give the answers before time expires), and an oral



exam (which is on-line, because you must answer the current question before proceeding
to the next question).

Notice that we do not perform any operations comparing the relative values of elements,
but merely require knowledge of their location. For this reason, we can assume that all
the elements have been numbered sequentially from 1 to n and that the numbering can be
determined easily by some hashing scheme. Thus, initially we have § = {i} fori=1
through n.

Our second observation is that the name of the set returned by find is actually fairly
abitrary. All that really mattersisthat find(x) = find(r) if and only if x and Tarein the
same set.

These operations are important in many graph theory problems and also in compilers
which process equivalence (or type) declarations. We will see an application later.

There are two strategies to solve this problem. One ensures that the find instruction can
be executed in constant worst-case time, and the other ensures that the union instruction
can be executed in constant worst-case time. It has recently been shown that both cannot
be done simultaneously in constant worst-case time.

We will now briefly discuss the first approach. For the find operation to be fast, we could
maintain, in an array, the name of the equivalence class for each element. Then find is
just asimple O(1) lookup. Suppose we want to perform union(a, b). Supposethat aisin
equivalenceclassi and b isin equivalence class . Then we scan down the array,
changing all isto j. Unfortunately, this scan takes & (n). Thus, asequence of n - 1 unions
(the maximum, since then everything isin one set), would take © (n?) time. If there are &
(n?) find operations, this performance is fine, since the total running time would then
amount to O(1) for each union or find operation over the course of the algorithm. If there
are fewer finds, this bound is not acceptable.

Oneideaisto keep al the elements that are in the same equivalence classin a linked list.
This saves time when updating, because we do not have to search through the entire array.
This by itself does not reduce the asymptotic running time, because it is still possible to
perform © (n?) equivalence class updates over the course of the algorithm.

If we also keep track of the size of each equivalence class, and when performing unions
we change the name of the smaller equivalence class to the larger, then the total time
spent for n - 1 mergesisO (n log n). The reason for thisis that each element can have its
equivalence class changed at most log n times, since every timeits class is changed, its
new equivalence classis at least twice aslarge asits old. Using this strategy, any
sequence of mfindsand up to n - 1 unions takes at most O(m + nlog n) time.

In the remainder of this chapter, we will examine a solution to the union/find problem
that makes unions easy but finds hard. Even so, the running time for any sequences of at
most m finds and up to n - 1 unions will be only a little more than O(m + n).



8.3. Basic Data Structure

Recall that the problem does not require that a find operation return any specific name,
just that finds on two elements return the same answer if and only if they are in the same
set. Oneideamight be to use a tree to represent each set, since each element in a tree has
the same root. Thus, the root can be used to name the set. We will represent each set by a
tree. (Recall that a collection of treesis known as a forest.) Initially, each set contains one
element. The trees we will use are not necessarily binary trees, but their representation is
easy, because the only information we will need is a parent pointer. The name of aset is
given by the node at the root. Since only the name of the parent is required, we can
assume that this tree is stored implicitly in an array: each entry p[i] in the array represents
the parent of element i. If i isaroot, then p[i] = 0. In the forest in Figure 8.1, p[i] = O for
1= i =8. Aswith heaps, we will draw the trees explicitly, with the understanding that an
array isbeing used. Figure 8.1 shows the explicit representation. We will draw the root's
parent pointer vertically for convenience.

To perform a union of two sets, we merge the two trees by making the root of one tree
point to the root of the other. It should be clear that this operation takes constant time.
Figures 8.2, 8.3, and 8.4 represent the forest after each of union(5,6) union(7,8),
union(5,7), where we have adopted the convention that the new root after the union(x,y)
IsX. Theimplicit representation of the last forest is shown in Figure 8.5.

A find(x) on element x is performed by returning the root of the tree containing x. The
time to perform this operation is proportional to the depth of the node representing X,
assuming, of course, that we can find the node representing x in constant time. Using the
strategy above, it is possible to create atree of depth n - 1, so the worst-case running time
of afind isO(n). Typically, the running time is computed for a sequence of m intermixed
instructions. In this case, m consecutive operations could take O(mn) time in the worst
case.

The code in Figures 8.6 through 8.9 represents an implementation of the basic algorithm,
assuming that error checks have already been performed. In our routine, unions are
performed on the roots of the trees. Sometimes the operation is performed by passing any
two elements, and having the union perform two finds to determine the roots.

The average-case analysisis quite hard to do. The least of the problems is that the answer
depends on how to define average (with respect to the union operation). For instance, in
the forest in Figure 8.4, we could say that since there arefive trees, thereare 5+4 = 20
equally likely results of the next union (as any two different trees can be unioned). Of

course, the implication of thismodel isthat thereisonly a 3 chance that the next union
will involve the large tree. Another model might say that all unions between any two
elementsin different trees are equally likely, so alarger tree is more likely to be involved

: : , 8
in the next union than a smaller tree. In the example above, there is an 1t chance that the
large treeisinvolved in the next union, since (ignoring symmetries) there are 6 waysin
which to merge two elementsin {1, 2, 3, 4}, and 16 ways to merge an element in {5, 6, 7,



8} withan elementin {1, 2, 3, 4}. There are still more models and no general agreement
on which is the best. The average running time depends on the model; & (m), & (mlog n),
and & (mn) bounds have actually been shown for three different models, although the
latter bound is thought to be more redlistic.
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Figure 8.1 Eight elements, initially in different sets
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Figure 8.2 After union (5, 6)
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Figure 8.3 After union (7, 8)
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Figure 8.4 After union (5, 7)



Figure 8.5 Implicit representation of previoustree

typedef int DI SJ_SET[ NUM SETS+1 ];
typedef unsigned int set_type;
typedef unsigned int el enment_type;

Figure 8.6 Digoint set type declaration

voi d

initialize( DISI_SET S)

L

int i;

for( i = NUNSETS; i > 0; i--)
S[i] = 0;

}

Figure 8.7 Digoint set initialization routine

[/« Assumes rootl and root2 are roots. «f

/[~ union is a C keyword, so this routine is naned set_union. -/
voi d

set_union( DISJ_SET S, set_type rootl, set_type root2 )

{
S[root2] = root1;

}
Figure 8.8 Union (not the best way)

set _type
find( elenment _type x, DISJ_SET S)

{

if( S[x] <=0)

return x;

el se

return( find( S[x], S) );
}

Figure 8.9 A simpledigoint set find algorithm
Quadratic running time for a sequence of operations is generally unacceptable.

Fortunately, there are several ways of easily ensuring that this running time does not
occur.

8.4. Smart Union Algorithms



The unions above were performed rather arbitrarily, by making the second tree a subtree
of thefirst. A simple improvement is always to make the smaller tree a subtree of the
larger, breaking ties by any method; we call this approach union-by-size. The three
unions in the preceding example were all ties, and so we can consider that they were
performed by size. If the next operation were union (4, 5), then the forest in Figure 8.10
would form. Had the size heuristic not been used, a deeper forest would have been
formed (Fig. 8.11).

ééédﬁnn

Figure 8.10 Result of union-by-size
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Figure8.12 Worst-casetreefor n = 16



We can prove that if unions are done by size, the depth of any node is never more than
log n. To seethis, note that anodeisinitially at depth 0. When its depth increases as a
result of aunion, itisplaced in atreethat is at least twice aslarge as before. Thus, its
depth can be increased at most log n times. (We used this argument in the quick-find
algorithm at the end of Section 8.2.) Thisimplies that the running time for afind
operation is O(log n), and a sequence of m operations takes O(m log n). The treein
Figure 8.12 shows the worst tree possible after 16 unions and is obtained if all unions are
between equal-sized trees (the worst-case trees are binomial trees, discussed in Chapter
6).

To implement this strategy, we need to keep track of the size of each tree. Since we are
really just using an array, we can have the array entry of each root contain the negative of
the size of itstree. Thus, initially the array representation of thetreeisall -1s (and Fig 8.7
needs to be changed accordingly). When a union is performed, check the sizes; the new
sizeisthe sum of the old. Thus, union-by-sizeisnot at all difficult to implement and
requires no extra space. It isalso fast, on average. For virtually all reasonable models, it
has been shown that a sequence of m operations requires O(m) average time if union-by-
sizeisused. Thisis because when random unions are performed, generally very small
(usually one-element) sets are merged with large sets throughout the algorithm.

An alternative implementation, which also guarantees that all the trees will have depth at
most O(log n), is union-by-height. We keep track of the height, instead of the size, of
each tree and perform unions by making the shallow tree a subtree of the deeper tree.
Thisis an easy algorithm, since the height of a tree increases only when two equally deep
trees are joined (and then the height goes up by one). Thus, union-by-height isatrivial
modification of union-by-size.

The following figures show atree and itsimplicit representation for both union-by-size
and union-by-height. The code in Figure 8.13 implements union-by-height.
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8.5. Path Compression

The union/find algorithm, as described so far, is quite acceptable for most cases. It isvery
simple and linear on average for a sequence of m instructions (under all models).
However, the worst case of O(mlog n') can occur fairly easily and naturaly.

[/~ assunme rootl and root2 are roots -/

/[~ union is a C keyword, so this routine is nanmed set_union -/
voi d

set_union (DISJ_SET S, set _type rootl, set_type root2 )

{

if( S[root2] < Y[rootl] ) [/« root2 is deeper set */
S[root1] = root2; /* make root2 new root */

el se

{

if( S[root2] == S[rootl] ) /+ same height, so update */
S[root1]--;

S[root2] = rootl; /-« make rootl new root */

}
}

Figure 8.13 Code for union-by-height (rank)

For instance, if we put all the sets on a queue and repeatedly dequeue the first two sets
and enqueue the union, the worst case occurs. If there are many more finds than unions,
this running time is worse than that of the quick-find algorithm. Moreover, it should be
clear that there are probably no more improvements possible for the union algorithm.
Thisis based on the observation that any method to perform the unions will yield the



same worst-case trees, since it must break ties arbitrarily. Therefore, the only way to
speed the algorithm up, without reworking the data structure entirely, isto do something
clever on the find operation.

The clever operation is known as path compression. Path compression is performed
during afind operation and is independent of the strategy used to perform unions.
Suppose the operation is find(x). Then the effect of path compression isthat every node
on the path from x to the root has its parent changed to the root. Figure 8.14 shows the
effect of path compression after find (15) on the generic worst tree of Figure 8.12.

The effect of path compression is that with an extratwo pointer moves, nodes 13 and 14
are now one position closer to the root and nodes 15 and 16 are now two positions closer.
Thus, the fast future accesses on these nodes will pay (we hope) for the extrawork to do
the path compression.

Asthe codein Figure 8.15 shows, path compression isatrivia change to the basic find
algorithm. The only change to the find routine is that §x] is made equal to the value
returned by find; thus after the root of the set is found recursively, x is made to point
directly to it. Thisoccurs recursively to every node on the path to the root, so this
implements path compression. As we stated when we implemented stacks and queues,
modifying a parameter to a function called is not necessarily in line with current software
engineering rules. Some languages will not alow this, so this code may well need
changes.

Figure 8.14 An example of path compression

set _type
find( element_type x, DISJ_SET S)

{

if( S[x] <= 0)

return x;

el se

return( S[x] = find( S[x], S) );

Figure 8.15 Code for digoint set find with path compression



When unions are done arbitrarily, path compression is a good idea, because there is an
abundance of deep nodes and these are brought near the root by path compression. It has
been proven that when path compression is done in this case, a sequence of m operations
requires at most O(m log n) time. It is still an open problem to determine what the
average-case behavior isin this situation.

Path compression is perfectly compatible with union-by-size, and thus both routines can
be implemented at the same time. Since doing union-by-size by itself is expected to
execute a sequence of m operationsin linear time, it is not clear that the extra pass
involved in path compression is worthwhile on average. Indeed, this problem is till open.
However, as we shall see later, the combination of path compression and a smart union
rule guarantees a very efficient algorithm in al cases.

Path compression is not entirely compatible with union-by-height, because path
compression can change the heights of thetrees. It isnot at al clear how to re-compute
them efficiently. The answer isdo not!! Then the heights stored for each tree become
estimated heights (sometimes known as ranks), but it turns out that union-by-rank (which
iswhat this has now become) isjust as efficient in theory as union-by-size. Furthermore,
heights are updated less often than sizes. As with union-by-size, it is not clear whether
path compression is worthwhile on average. What we will show in the next section is that
with either union heuristic, path compression significantly reduces the worst-case running
time.

8.6. Worst Casefor Union-by-Rank_and
Path Compression

When both heuristics are used, the algorithm is almost linear in the worst case.
Specificaly, the time required in the worst case is & (m=(m, n)) (provided m 2n), where =
(m, n) isafunctional inverse of Ackerman's function, which is defined below:*

A(l, j) =2 forj 21
Ali, 1) =A>i -1, 2) for i 22
A(i, j) = A 1,A(i, j - 1) fori, j 22

" Ackerman's function is frequently defined with A(L, j) =j + 1 for j 21. the form in this text grows faster;
thus, the inverse grows more slowly.

From this, we define

®(m n) = nin{i = 1A, m nb) > 109 n

Y ou may want to compute some values, but for all practical purposes, =(m, n) =4, which
isall that isreally important here. The single-variable inverse Ackerman function,

sometimes written as log* n, is the number of times the logarithm of n needs to be applied
until n <1. Thus, log* 65536 = 4, because log log log log 65536 = 1. log* 2°°°%¢ =5 but



keep in mind that 2°°°% is a 20,000-digit number. =(m, n) actually grows even slower then
log* n. However, =(m, n) isnot a constant, so the running timeis not linear.

In the remainder of this section, we will prove a dlightly weaker result. We will show that
any sequence of m = £x(n) union/find operations takes atotal of O(m log* n) running time.
The same bound holds if union-by-rank is replaced with union-by-size. Thisanalysisis
probably the most complex in the book and one of the first truly complex worst-case
analyses ever performed for an algorithm that is essentially trivial to implement.

8.6.1 Analysis of the Union/Find Algorithm

8.6.1 Analysis of the Union/Find Algorithm

In this section we establish afairly tight bound on the running time of a sequence of m =
£x(n) union/find operations. The unions and finds may occur in any order, but unions are
done by rank and finds are done with path compression.

We begin by establishing some lemmas concerning the number of nodes of rank r.
Intuitively, because of the union-by-rank rule, there are many more nodes of small rank
than large rank. In particular, there can be at most one node of rank log n. What we
would like to do is to produce as precise a bound as possible on the number of nodes of
any particular rank r. Since ranks only change when unions are performed (and then only
when the two trees have the same rank), we can prove this bound by ignoring the path
compression.

LEMMA 8.1.

When executing a sequence of union instructions, a node of rank r must have 2'
descendants (including itself).

PROOF:

By induction. the basis, r = 0, isclearly true. Let T be the tree of rank r with the fewest
number of descendants and let x be T'sroot. Suppose the last union x was involved in was
between T; and T,. Suppose T;'sroot was x. If T; had rank r, then T; would be atree of
height r with fewer descendants than T, which contradicts the assumption that T is the
tree with the smallest number of descendants. Hence the rank of Ty sr - 1. The rank of Tz
srank of T1. Since T hasrank r and the rank could only increase because of T, it follows
that therank of T, =r - 1. Thentherank of T, =r - 1. By the induction hypothesis, each
tree has at least 2-! descendants, giving atotal of 2 and establishing the lemma.

Lemma 8.1 tells us that if no path compression is performed, then any node of rank r
must have at least 2" descendants. Path compression can change this, of course, since it
can remove descendants from anode. However, when unions are performed, even with
path compression, we are using the ranks, which are estimated heights. These ranks



behave as though there is no path compression. Thus, when bounding the number of
nodes of rank r, path compression can be ignored.

Thus, the next lemmais valid with or without path compression.
LEMMA 8.2.

The number of nodes of rank r is at most n/2"

PROOF:

Without path compression, each node of rank r isthe root of a subtree of at least 2r nodes. No node in the subtree can haverank r.
Thusall subtrees of nodes of rank r aredigoint. Therefore, there are at most n/2r disjoint subtrees and hence n/2r nodes of rank r.

The next lemmaseems somewhat obvious, butiscrucial intheanalysis.

LEMMA 8.3.

At any point in the union/find algorithm, the ranks of the nodes on a path fromthe I eft to a root increase monotonically.
PROOF:

Thelemmaisobviousif thereisno path compression (seethe example). If, after path compression, somenode v is a descendant of w,

then clearly v must have been adescendant of w when only unions were considered. Hence the rank of v isless than the rank of w.

L et ussummarizethe preliminary results. Lemma8.2 tellsus how many nodes can be assigned rank r. Because ranks are assigned
only by unions, which have no ideaof path compression, Lemma8.2isvalid at any stage of the union/find algorithm--even in the
midst of path compression. Figure 8.16 showsthat while there are many nodes of ranks 0 and 1, there are fewer nodes of rank r asr
getslarger.

Lemma8.2istight, inthe sensethat it ispossible for thereto be n/2r nodesfor any rank r. Itisslightly loose, becauseit is not possible
for the bound to hold for all ranksr simultaneously. While Lemma 8.2 describes the number of nodesin arank r, Lemmag8.3 tellsus
their distribution. Asonewould expect, the rank of nodesisstrictly increasing along the path from aleaf to theroot.

Weare now ready to prove the main theorem. Our basicideaisasfollows: A find on any node v costs time proportional to the number
of nodes on the path from v to theroot. Let us, then, charge one unit of cost for every node on the path from v to the root for each find.
To help uscount the charges, wewill deposit an imaginary penny into each node on the path. Thisisstrictly an accounting gimmick,
whichisnot part of the program. When the algorithm isover, we collect al the coinsthat have been deposited; thisisthetotal cost.

Asafurther accounting gimmick, we deposit both American and Canadian pennies. Wewill show that during the execution of the
algorithm, we can deposit only acertain number of American penniesduring each find. Wewill aso show that we can deposit only a
certain number of Canadian penniesto each node. Adding these two total s gives usabound on thetotal number of penniesthat can be
deposited.

Wenow sketch our accounting schemein alittlemoredetail. Wewill dividethe nodesby their ranks. Wethen dividetheranksinto
rank groups. On each find, wewill deposit some American coinsinto the general kitty and some Canadian coinsinto specific vertices.



To computethetotal number of Canadian coinsdeposited, wewill computethe deposits per node. By adding up all thedepositsfor
each nodein rank r, wewill get thetotal deposits per rank r. Then we will add up all the deposits for each rank r in group g and
thereby obtain thetotal depositsfor each rank group g. Finally, we add up all the depositsfor each rank group g to obtain the total
number of Canadian coinsdeposited inthe forest. Adding thisto the number of American coinsin thekitty givesusthe answer.

Wewill partition ranksinto groups. Ranks r goesinto group G(r), and G will bedetermined later. Thelargest rank in any rank group g
is F(g), where F = G-1 isthe inverse of G. The number of ranksin any rank group, g > 0, isthus F(g) - F(g - 1). Clearly G(n) isavery
loose upper bound on the largest rank group. As an example, supposethat we partitioned theranksasin Figure 8.7. In this case,

G 2 = .'ll'; i3
(r} [ h 1 . Thelargest rank in group g is F(g) = g2, and observe that group g > 0 containsranks F(g - 1) + 1 through F(g)

inclusive. Thisformuladoesnot apply for rank group O, so for conveniencewewill ensurethat rank group 0 contains only elements of
rank 0. Noticethat the groups are made of consecutiveranks.
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Figure8.16 A largedig oint set tree (number sbelow nodesar eranks)

As mentioned before, each union instruction takes constant time, aslong as each root keepstrack of how bigitssubtreesare. Thus,

unionsareessentially free, asfar asthis proof goes.

Each find(i) takestime proportional to the number of vertices on the path from the vertex representing i to the root. We will thus
deposit one penny for each vertex on the path. If thisisall we do, however, we cannot expect much of abound, becausewe are not
taking advantage of path compression. Thus, we need to take advantage of path compressionin our anaysis. Wewill usefancy
accounting.

For each vertex, v, on the path from the vertex representing i to the root, we deposit one penny under one of two accounts:

1. If vistheroot, or if the parent of vistheroot, or if the parent of visin adifferent rank group from v, then charge one unit under this
rule. Thisdepositsan American penny into thekitty.

2. Otherwise deposit aCanadian penny into the vertex.
LEMMA 8.4.

For anyfind (v), thetotal number of penniesdeposited, either into thekitty or into a vertex, isexactly equal to the number of nodes on

the path fromv to the root.



PROOF:

Obvious.

Thusall weneed to doisto sum al the American pennies deposited under rule 1 with all the Canadian pennies deposited under rule 2.

We are doing at most m finds. We need to bound the number of penniesthat can be deposited into thekitty during afind.

LEMMA 8.5

Over theentirealgorithm, thetotal deposits of American penniesunder rule 1 amount to m(G(n) + 2).

Group Rank
0 0
1 1
2 2,3,4
3 5 through 9
4 10 through 16

i (i-1)2 + 1 through i2

Figure8.17 Possiblepartitioning of ranksinto groups

PROOF:

Thisiseasy. For any find, two American pennies are deposited, because of theroot and itschild. By Lemma8.3, the verticesgoing up
the path are monotonically increasing in rank, and since there are at most G(n) rank groups, only G(n) other vertices on the path can
qualify asarule 1 deposit for any particular find. Thus, during any one find, at most G(n) + 2 American pennies can be placed in the
kitty. Thus, at most m(G(n) + 2) American pennies can be deposited under rule 1 for asequence of mfinds.

To get agood estimate for all the Canadian depositsunder rule 2, we will add up the deposits by verticesinstead of by find
instructions. If acoinisdeposited into vertex v under rule 2, vwill bemoved by path compression and get anew parent of higher rank
thanitsold parent. (Thisiswherewe are using thefact that path compressionisbeing done.) Thus, avertex v in rank group g > 0 can
be moved at most F(g) - F(g - 1) timesbeforeits parent gets pushed out of rank group g, sincethat isthe size of therank group.* After
this happens, all future chargesto v will go under rule 1.

* Thiscan bereduced by 1. Wedo not for the sake of clarity; the bound isnotimproved by being more careful here.

LEMMA 8.6.

The number of vertices, N(g), inrank group g > Oisat most n/2F(g- 1).

PROOF:

By Lemma8.2, there are at most n/2r vertices of rank r. Summing over theranksin group g, we obtain
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LEMMA 8.7.
Thenumber of Canadian penniesdeposited into all verticesinrank group gisat most nF(g)/2F(g - 1).

PROOF:

Each vertex in the rank group can receive at most F(g) - F(g - 1) =F(g) Canadian pennieswhileitsparent staysinitsrank group, and
Lemma8.6 tellshow many such verticesthereare. Theresult isobtained by asimple multiplication.

LEMMA 8.38.

50 g/ 27

Thetotal deposit under rule2isat most n Canadian pennies.

PROOF:

Because rank group 0 containsonly elementsof rank 0O, it cannot contributeto rule 2 charges (it cannot have aparent in the same rank

group). The bound is obtained by summing the other rank groups.
Thuswe have the depositsunder rules1 and 2. Thetotd is
G}

m(Gin) +2) +n > Flg)/2F6~1

=1

(81



Westill have not specified G(n) or itsinverse F(n). Obviously, we arefreeto choose virtually anything we want, but it makes senseto
choose G(n) to minimize the bound above. However, if G(n) istoo small, then F(n) will belarge, hurting the bound. An apparently
good choiceisto choose F(i) to be the function recursively defined by F(0) = 0 and F(i) = 2F(i - 1). Thisgives G(n) = 1 +[log* n].
Figure 8.18 shows how this partitionsthe ranks. Noticethat group 0 containsonly rank O, which we required in the previouslemma. F

isvery similar to the single-variable Ackerman function, which differsonly in the definition of the base case (F(0) = 1).

THEOREM 8.1.

Therunning time of munionsand findsisO(mlog* n).

3,4
5 through 16
17 through 216
65537 t hrough 265536
truly huge ranks

~N o o b~ W N P O

Figure8.18 Actual partitioning of ranksinto groupsused in the pr oof
PROOF:

Plug in the definitions of F and Ginto Equation (8.1). Thetotal number of American penniesis O(mG(n)) = O(m log* n). The total

L =1} -
n S U Fig)/ 2Rl = n ST 1 = wGin) = O(nlog’ n)
number of Canadian penniesis .Sincem=£{L
(n), the bound follows.

What the analysis showsisthat there are few nodesthat could be moved frequently by path compression, and thusthetotal time spent
isrelatively small.

8.7. An Application

Asan exampleof how this data structure might be used, consider thefollowing problem. We have anetwork of computers and alist of
bidirectional connections; each of these connectionsallowsafiletransfer from one computer to another. Isit possibleto send afile
from any computer on the network to any other? An extrarestriction isthat the problem must be solved on-line. Thus, the list of

connectionsis presented one at atime, and the algorithm must be prepared to give an answer at any point.

Analgorithmto solvethisproblem caninitially put every computer initsown set. Our invariant isthat two computers can transfer
filesif and only if they arein the same set. We can seethat the ability to transfer filesformsan equivalencerelation. We then read
connectionsone at atime. When we read some connection, say (u, v), we test to see whether u and v are in the same set and do nothing
if they are. If they arein different sets, we mergetheir sets. At theend of theagorithm, the graphisconnected if and only if thereis
exactly one set. If there are m connections and n computers, the space requirement is O(n). Using union-by-size and path compression,
we obtain aworst-case running time of O(mze(m, n)), since there are 2m finds and at most n - 1 unions. Thisrunning timeislinear for
all practical purposes.



Wewill see amuch better application in the next chapter.

Summary

Wehave seen avery simple datastructure to maintain disjoint sets. When the union operation is performed, it does not matter, asfar
ascorrectnessisconcerned, which set retainsits name. A valuablelesson that should be learned hereisthat it can be very important to
consider the alternativeswhen aparticul ar stepisnot totally specified. The union step isflexible; by taking advantage of this, weare
ableto get amuch moreefficient algorithm.

Path compression isone of the earliest formsof self-adjustment, which we have seen el sewhere (splay trees, skew heaps). Itsuseis

extremely interesting, especially from atheoretical point of view, becauseit wasoneof thefirst examplesof asimplealgorithmwitha
not-so-simpleworst-case analysis.

Exercises

8.1 Show theresult of thefollowing sequence of instructions: union(1, 2), union(3, 4), union(3, 5), union(1, 7), union(3, 6), union(8,
9), union(1, 8), union(3, 10), union(3, 11), union(3, 12), union(3, 13), union(14, 15), union(16, 17), union(14, 16), union(1, 3), union(1,
14), when the unions are

a performed arbitrarily

b. performed by height

c. performed by size

8.2 For each of thetreesin the previous exercise, perform a find with path compression on the deepest node.

8.3 Write aprogram to determine the effects of path compression and the various unioning strategies. Y our program should processa

long sequence of equivalence operationsusing all six of the possible strategies.

8.4 Show that if unions are performed by height, then the depth of any treeis O(log n) .
8.5a Show that if m= n2, then the running time of munion/find operationsis O(m).

b. Show that if m= nlogn, then the running time of munion/find operationsis O(m) .
*¢. Suppose m= £ (n log log n). What isthe running time of munion/find operations?
*d. Suppose m= &} (n log* n). What is the running time of m union/find operations?

8.6 Show the operation of the programin Section 8.7 on thefollowing graph: (1,2), (3,4), (3,6), (5,7), (4,6), (2,4), (8,9), (5,8). What
are the connected components?

8.7 Writeaprogram to implement the algorithmin Section 8.7.



*8.8 Suppose we want to add an extra operation, deunion, which undoes the last union operation that has not been aready undone.

a. Show that if we do union-by-height and finds without path compression, then deunion is easy and asequence of munion, find, and
deunion operationstake O(mlog n) time.

b. Why does path compression make deunion hard?
**¢. Show how to implement all three operations so that the sequence of m operations takes O(m log n/log log n) time.

* 8.9 Suppose we want to add an extra operation, remove(x), which removes x from its current set and placesit in its own. Show how
to modify the union/find algorithm so that the running time of a sequence of munion, find, and remove operations is O(mi(m, n)).

**8.10 Givean algorithm that takes asinput an n-vertex tree and alist of n pairs of vertices and determinesfor each pair (v, w) the
closest common ancestor of v and w. Y our agorithm should runin O(n log* n).

*8.11 Show that if all of the unions precede the finds, then the disjoint set algorithm with path compression requireslinear time, even
if the unions are done arbitrarily.

**8.12 Provethat if unionsare donearbitrarily, but path compression isperformed on the finds, then the worst-case running timeis

£ (mlogn).
8.13 Provethat if unionsare done by size and path compressionis performed, the worst-case running time is O(m log* n).

8.14 Supposeweimplement partial path compression on find(i) by making every other node on the path fromi to the root point to its
grandparent (wherethismakes sense). Thisisknown as path halving.

a. Write aprocedure to do this.

b. Provethat if path halving is performed on the finds and either union-by-height or union-by-sizeis used, the worst-case running time
isO(mlog* n).
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CHAPTER 9: GRAPH ALGORITHMS

In this chapter we discuss several common problems in graph theory. Not only are these
algorithms useful in practice, they are interesting because in many real- life applications
they are too slow unless careful attention is paid to the choice of data structures. We will

*Show several real-life problems, which can be converted to problems on graphs.
*Give algorithmsto solve several common graph problems,

+Show how the proper choice of data structures can drastically reduce the running time of
thesealgorithms.

*See an important technique, known as depth-first search, and show how it can be used to
solve several seemingly nontrivial problemsin linear time.

0.1 Definitions

A graph G = (V, E) consists of a set of vertices, V, and a set of edges, E. Each edgeisa
pair (v,w), where v,w £V. Edges are sometimes referred to as arcs. If the pair is ordered,
then the graph is directed. Directed graphs are sometimes referred to as digraphs. Vertex
wisadjacent tov if and only if (v,w) E. In an undirected graph with edge (v,w), and
hence (w,v), wis adjacent to v and v is adjacent to w. Sometimes an edge has a third
component, known as either aweight or a cost.

A path in agraph is asequence of vericeswi, Wo, Ws, . . ., Wy such that (w;, wi+) €E for 1
sl < n. Thelength of such a path is the number of edges on the path, which isequal to n -
1. We allow a path from avertex to itself; if this path contains no edges, then the path
lenght is 0. Thisis aconvenient way to define an otherwise special case. If the graph
contains an edge (v,v) from avertex to itself, then the path v, v is sometimes referred to as
aloop. The graphs we will consider will generally be loopless. A simple path is a path
such that all vertices are distinct, except that the first and last could be the same.

A cyclein adirected graph is a path of length at least 1 such that w; = wy,; thiscycleis
simpleif the path is simple. For undirected graphs, we require that the edges be distinct.
Thelogic of these requirementsis that the path u, v, uin an undirected graph should not
be considered a cycle, because (u, v) and (v, u) are the same edge. In a directed graph,
these are different edges, so it makes sense to call thisacycle. A directed graph is acyclic
if it has no cycles. A directed acyclic graph is sometimes referred to by its abbreviation,
DAG.



An undirected graph is connected if there is a path from every vertex to every other
vertex. A directed graph with this property is called strongly connected. If a directed
graph is not strongly connected, but the underlying graph (without direction to the arcs) is
connected, then the graph is said to be weakly connected. A complete graphisagraphin
which there is an edge between every pair of vertices.

An example of areal-life situation that can be modeled by a graph is the airport system.
Each airport is avertex, and two vertices are connected by an edge if there is a nonstop
flight from the airports that are represented by the vertices. The edge could have a weight,
representing the time, distance, or cost of the flight. It is reasonable to assume that such a
graph isdirected, since it might take longer or cost more (depending on local taxes, for
example) to fly in different directions. We would probably like to make sure that the
airport system is strongly connected, so that it is always possible to fly from any airport

to any other airport. We might also like to quickly determine the best flight between any
two airports. "Best" could mean the path with the fewest number of edges or could be
taken with respect to one, or al, of the weight measures.

Traffic flow can be modeled by a graph. Each street intersection represents a vertex, and
each street is an edge. The edge costs could represent, among other things, a speed limit
or a capacity (number of lanes). We could then ask for the shortest route or use this
information to find the most likely location for bottlenecks.

In the remainder of this chapter, we will see several more applications of graphs. Many of
these graphs can be quite large, so it isimportant that the algorithms we use be efficient.

9.1.1. Representation of Graphs
We will consider directed graphs (undirected graphs are similarly represented).

Suppose, for now, that we can number the vertices, starting at 1. The graph shown in
Figure 9.1 represents 7 vertices and 12 edges.

One simple way to represent a graph is to use atwo-dimensional array. Thisis known as
an adjacency matrix representation. For each edge (u, v), we set a[u][v] = 1; otherwise the
entry inthe array is 0. If the edge has aweight associated with it, then we can set a[u][v]
equal to the weight and use either avery large or avery small weight as a sentinel to
indicate nonexistent edges. For instance, if we were looking for the cheapest airplane
route, we could represent nonexistent flights with acost of =. If we were looking, for
some strange reason, for the most expensive airplane route, we could use - = (or perhaps
0) to represent nonexistent edges.

Although this has the merit of extreme simplicity, the space requirement is @ (|V|?), which
can be prohibitive if the graph does not have very many edges. An adjacency matrix is an
appropriate representation if the graph is dense: |E| = @ (|V[?). In most of the applications
that we shall see, thisis not true. For instance, suppose the graph represents a street map.
Assume a Manhattan- like orientation, where ailmost all the streets run either north-south



or east-west. Therefore, any intersection is attached to roughly four streets, so if the graph
isdirected and all streets are two-way, then |E| =4|V|. If there are 3,000 intersections,
then we have a 3,000-vertex graph with 12,000 edge entries, which would require an
array of size nine million. Most of these entries would contain zero. Thisisintuitively
bad, because we want our data structures to represent the data that is actually there and
not the data that is not present.

Figure9.1 A directed graph

If the graph is not dense, in other words, if the graph is sparse, a better solution is an
adjacency list representation. For each vertex, we keep alist of all adjacent vertices. The
space requirement is then O|E| + |V]). The leftmost structure in Figure 9.2 is merely an
array of header cells. The representation should be clear from Figure 9.2. If the edges
have weights, then this additional information is also stored in the cells.

Adjacency lists are the standard way to represent graphs. Undirected graphs can be
similarly represented; each edge (u, v) appears in two lists, so the space usage essentially
doubles. A common requirement in graph algorithmsisto find all vertices adjacent to
some given vertex v, and this can be done, in time proportional to the number of such
vertices found, by a simple scan down the appropriate adjacency list.

In most real-life applications, the vertices have names, which are unknown at compile
time, instead of numbers. Since we cannot index an array by an unknown name, we must
provide a mapping of names to numbers. The easiest way to do thisis to use a hash table,
in which we store a name and an internal number ranging from 1 to |V| for each vertex.
The numbers are assigned as the graph is read. The first number assigned is 1. As each
edgeisinput, we check whether each of the two vertices has been assigned a number, by
seeing if it isin the hash table. If so, we use the internal number. Otherwise, we assign to
the vertex the next available number and insert the vertex name and number into the hash
table.

With this transformation, all the graph algorithms will use only the internal numbers.
Since eventually we will need to output the real vertex names and not the internal



numbers, we must also record, for each internal number, the corresponding vertex name.
One way isto use an array of strings. If the vertex names are long, this can cost
considerable space, because the vertex names are stored twice. An aternativeis to keep
an array of pointersinto the hash table. The price of this aternativeis adlight loss of the
sanctity of the hash table apr.
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Figure 9.2 An adjacency list representation of a graph

The code that we present in this chapter will be pseudocode using aots as much as
possible. We will do thisto save space and, of course, to make the algorithmic
presentation of the algorithms much clearer.

9.2. Topological Sort

A topological sort isan ordering of verticesin adirected acyclic graph, such that if there
isapath from v; to vj, then v; appears after v; in the ordering. The graph in Figure 9.3
represents the course prerequisite structure at a state university in Miami. A directed edge
(v,w) indicates that course v must be completed before course w may be attempted. A
topological ordering of these courses is any course sequence that does not violate the
prerequisite requirement.

It isclear that atopological ordering isnot possibleif the graph has a cycle, since for two
vertices v and w on the cycle, v precedes w and w precedes v. Furthermore, the ordering is
not necessarily unique; any legal ordering will do. In the graph in Figure 9.4, v1, V2, Vs, V4,
V3, V7, Vg @nd V1, Vo, Vs, V4, V7, V3, Ve @re both topol ogical orderings.



A simple algorithm to find atopological ordering isfirst to find any vertex with no
incoming edges. We can then print this vertex, and remove it, along with its edges, from
the graph. Then we apply this same strategy to the rest of the graph.
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Figure 9.3 An acyclic graph representing cour se prerequisite structure
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Figure 9.4 An acyclic graph

To formalize this, we define the indegree of avertex v as the number of edges (u,v). We
compute the indegrees of all verticesin the graph. Assuming that the indegree array is
initialized and that the graph is read into an adjacency list, we can then apply the
algorithm in Figure 9.5 to generate a topological ordering.

Thefunction find_new_vertex of indegree zero scans the indegree array looking for a
vertex with indegree O that has not already been assigned atopological number. It returns
NOT_A VERTEX if no such vertex exists; thisindicates that the graph has acycle.



voi d
topsort( graph G)
{

unsi gned int counter;

vertex v, w

for( counter = 0; counter < NUM VERTEX; counter++ )
{

v = find_new vertex_of i ndegree_zero( );

if( v = NOT_A VERTEX )

{

error("Graph has a cycle");

br eak;

}

top_nunfv] = counter;
for each w adjacent to v
i ndegree[w] --;

}
}

Figure 9.5 Simpletopological sort pseudocode

Because find_new_vertex_of indegree zero isasimple sequential scan of the indegree
array, each call to it takes O(|V]) time. Snce there are |V| such calls, the running time of
the algorithmis O(|V[?).

By paying more careful attention to the data structures, it is possible to do better. The
cause of the poor running timeis the sequential scan through the indegree array. If the
graph is sparse, we would expect that only afew vertices have their indegrees updated
during each iteration. However, in the search for avertex of indegree O, we look at
(potentially) all the vertices, even though only afew have changed.

We can remove this inefficiency by keeping all the (unassigned) vertices of indegree 0 in
aspecia box. Thefind_new_vertex_of indegree_zero function then returns (and removes)
any vertex in the box. When we decrement the indegrees of the adjacent vertices, we
check each vertex and placeit in the box if itsindegree fallsto 0.

To implement the box, we can use either a stack or aqueue. First, the indegree is
computed for every vertex. Then all vertices of indegree O are placed on an initially
empty queue. While the queue is not empty, avertex v is removed, and all edges adjacent
to v have their indegrees decremented. A vertex is put on the queue as soon as its
indegree fallsto 0. The topological ordering then is the order in which the vertices
dequeue. Figure 9.6 shows the status after each phase.

A pseudocode implementation of thisalgorithm isgiven in Figure 9.7. As before, we will
assume that the graph is already read into an adjacency list and that the indegrees are
computed and placed in an array. A convenient way of doing thisin practice would be to
place the indegree of each vertex in the header cell. We also assume an array top_num, in
which to place the topol ogical numbering.

| ndegree Before Dequeue #
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Figure9.6 Result of applyingtopological sort tothegraph in Figure 9.4

voi d

topsort( graph G)

{

QUELE Q

unsi gned int counter;

vertex v,

[*1*]
[*2*]
[*3*/
[*4*]
[*5*%]
{
/*6*/
[*7*]
/*8*/
/*9*/
/*10*/
}
/*11*%]
[*12*%]
/*13*/
}

Q = create_queue( NUM VERTEX ); nmake_null( Q); counter = O;
for each vertex v
if( indegree[v] = 0)
enqueue( v, Q);
while( lis_enmpty( Q) )

v = dequeue( Q);
top_nunfv] = ++counter; /* assign next nunber */
for each w adjacent to v
if( --indegree[w] = 0)
enqueue( w, Q);

i f( counter != NUM VERTEX )
error("Gaph has a cycle");
di spose_queue( Q); /* free the menory */

Figure9.7 Pseudocodeto per form topological sort

Thetimeto perform thisalgorithm is O(|E| + |V|) if adjacency listsareused. Thisisapparent when onerealizesthat the body of the

for loop at line 8 isexecuted at most once per edge. The queue operations are done at most once per vertex, and theinitialization steps

also take time proportional to the size of the graph.

9.3. Shortest-Path Algorithms

In this section we examine various shortest-path problems. Theinput isaweighted graph: associated with each edge (vi, vj) isacost

n—1

ci,j totraversethearc. Thecost of apath viv2 ... vnis =—i =1 €ii+1 Thisisreferred to asthe weighted path length. The unweighted

path length is merely the number of edges on the path, namely, n - 1.



SINGLE-SOURCE SHORTEST-PATH PROBLEM:

Given asinput a weighted graph, G = (V, E), and a distinguished vertex, s, find the shortest weighted path fromsto every other
vertexin G.

For example, in the graph in Figure 9.8, the shortest weighted path from v1 to v6 has acost of 6 and goes from v1 to v4 to v7 to v6.
The shortest unwei ghted path between these verticesis 2. Generally, when it is not specified whether we arereferring to aweighted or
an unweighted path, the path isweighted if thegraphis. Notice also that in this graph thereisno path from v6 to v1.

The graphin the preceding example has no edges of negative cost. The graphin Figure 9.9 showsthe problemsthat negative edges
can cause. The path from v5 to v4 has cost 1, but ashorter path exists by following theloop v5, v4, v2, V5, v4, which has cost -5. This
pathisstill not the shortest, because we could stay in theloop arbitrarily long. Thus, the shortest path between these two pointsis
undefined. Similarly, the shortest path from v1 to v6 is undefined, because we can get into the sameloop. Thisloopisknown asa
negative-cost cycle; when oneispresent inthegraph, the shortest paths are not defined. Negative-cost edges are not necessarily bad,
asthecyclesare, but their presence seemsto make the problem harder. For convenience, in the absence of anegative-cost cycle, the

shortest path from sto sis zero.

Figure 9.8 A directed graph G

Figure 9.9 A graph with a negative-cost cycle

Thereare many exampleswhere we might want to solve the shortest-path problem. If the verticesrepresent computers; theedges
represent alink between computers; and the costs represent communi cation costs (phone bill per 1,000 bytes of data), delay costs



(number of secondsrequired to transmit 1,000 bytes), or acombination of these and other factors, then we can use the shortest-path
agorithm to find the cheapest way to send el ectronic news from one computer to a set of other computers.

Wecan model airplane or other masstransit routes by graphs and use a shortest- path algorithm to compute the best route between two
points. In thisand many practical applications, we might want to find the shortest path from onevertex, s, to only one other vertex, t.
Currently thereare no algorithmsin which finding the path from sto one vertex isany faster (by more than aconstant factor) than

finding the path from sto all vertices.

Wewill examine algorithmsto solvefour versionsof thisproblem. First, wewill consider the unweighted shortest-path problem and
show how to solveitin O(|E| + |V]). Next, wewill show how to solvethe weighted shortest-path problem if we assume that there are

no negative edges. Therunning timefor thisalgorithmis O (|E| log |V]) whenimplemented with reasonabledatastructures.

If the graph has negative edges, wewill provide asimple solution, which unfortunately hasapoor timebound of O (|E| *|V|). Finaly,
wewill solve theweighted problem for the special case of acyclic graphsinlinear time.

9.3.1. Unweighted Shortest Paths

Figure 9.10 shows an unweighted graph, G. Using some vertex, s, whichisaninput parameter, wewould liketo find the shortest path
from sto all other vertices. Weare only interested in the number of edges contained on the path, so there are no weights on the edges.
Thisisclearly aspecial case of the weighted shortest-path problem, sincewe could assign all edgesaweight of 1.

For now, suppose we areinterested only in thelength of the shortest paths, not in the actual pathsthemselves. Keeping track of the
actual pathswill turn out to be amatter of simple bookkeeping.

Figure9.10 An unweighted directed graph G

Suppose we choose s to be v3. Immediately, we cantell that the shortest path from s to v3 isthen a path of length 0. We can mark this
information, obtaining thegraphin Figure9.11.

Now we can start looking for all verticesthat are adistance 1 away from s. These can befound by looking at the verticesthat are
adjacent to s. If we do this, we see that v1 and v6 are one edge from s. Thisis shown in Figure 9.12.



Figure9.11 Graph after markingthestart nodeasreachablein zero edges

Figure9.13 Graph after findingall verticeswhose shortest path is2

Wecan now find verticeswhose shortest path from sisexactly 2, by finding all the vertices adjacent to v1 and v6 (the vertices at
distance 1), whose shortest paths are not al ready known. This search tellsusthat the shortest path to v2 and v4 is 2. Figure 9.13 shows
the progress that has been made so far.

Finally we canfind, by examining vertices adjacent to the recently evaluated v2 and v4, that v5 and v7 have a shortest path of three
edges. All verticeshave now been calculated, and so Figure 9.14 showsthefinal result of the a gorithm.



Thisstrategy for searching agraph isknown as breadth-first search. It operatesby processing verticesinlayers: theverticesclosest to
the start are evaluated first, and the most distant verticesare evaluated last. Thisismuch the sameasalevel-order traversal for trees.

Giventhisstrategy, we must translateit into code. Figure9.15 showstheinitial configuration of thetablethat our algorithmwill useto
keep track of its progress.

For each vertex, wewill keep track of three piecesof information. First, wewill keep itsdistancefrom sin the entry dv. Initially all
vertices are unreachable except for s, whose path length is 0. The entry in pvisthe bookkeeping variable, which will alow usto print
the actual paths. The entry knownisset to 1 after avertex isprocessed. Initially, all entriesare unknown, including the start vertex.

Figure9.14 Final shortest paths

o ©o o o

Figure9.15Initial configuration of tableused in unweighted shortest-path computation

When avertex is known, we have aguarantee that no cheaper path will ever befound, and so processing for that vertex is essentially
complete.

The basic algorithm can bedescribed in Figure 9.16. The algorithmin Figure 9.16 mimicsthe diagrams by declaring as known the
vertices at distance d = 0, then d = 1, then d = 2, and so on, and setting all the adjacent vertices w that still have dw = *to adistance
dw=d+1.

By tracing back through the pv variable, the actual path can be printed. Wewill see how when we discussthe weighted case.

2
The running time of the algorithm is O(|V| ), because of the doubly nested for loops. An obviousinefficiency isthat the outsideloop
continuesuntil NUM_VERTEX -1, even if all the vertices becomeknown much earlier. Although an extratest could be madeto avoid



this, it does not affect the worst-case running time, as can be seen by generalizing what happenswhen theinput isthegraphin Figure
9.17 with start vertex vO.

voi d
unwei ght ed( TABLE T ) /* assune Tis initialized */
{

unsi gned int curr_dist;
vertex v, w

[*1*/ for( curr_dist = 0; curr_dist < NUM VERTEX; curr_dist++)
[*2%] for each vertex v

[*3*] if( ( !'T[v].known ) && ( T[v].dist =curr_dist ) )
{

[*4*] T[v]. known = TRUE;

[ *5%/ for each w adjacent to v

/*6*/ if( T[wW.dist = INT_MAX )

{

1*7*/ T[wW .dist = curr_dist + 1;

/*8*/ T[wW .path = v;

}
}
}

Figure9.16 Pseudocodefor unweighted shortest-path algorithm

Figure9.17 A bad casefor unweighted shortest-path algorithm without data structures

We can removetheinefficiency in much the sameway aswas done for topological sort. At any point intime, thereare only two types
of unknown verticesthat have dv# . Some have dv = curr_dist, and therest have dv = curr_dist + 1. Because of thisextrastructure,

itisvery wasteful to search through the entire tableto find aproper vertex at lines2 and 3.

A very simple but abstract solutionisto keep two boxes. Box #1 will havethe unknown verticeswith dv = curr_dist, and box #2 will
havedv = curr_dist + 1. Thetest at lines 2 and 3 can be replaced by finding any vertex in box #1. After line 8 (inside the if block), we
can add w to box #2. After the outside for |oop terminates, box #1 isempty, and box #2 can betransferred to box #1 for the next pass
of the for loop.

Wecan refinethisideaeven further by using just one queue. At the start of the pass, the queue contains only vertices of distance
curr_dist. When we add adjacent vertices of distance curr_dist + 1, since they enqueue at the rear, we are guaranteed that they will not
be processed until after al the vertices of distance curr_dist have been processed. After thelast vertex at distance curr_dist dequeues
and is processed, the queue only containsvertices of distance curr_dist + 1, so this process perpetuates. We merely need to begin the
process by placing the start node on the queue by itself.

Therefined algorithmisshownin Figure9.18. In the pseudocode, we have assumed that the start vertex, s, is known somehow and
T[g].distis0. A Croutine might pass sasan argument. Also, it ispossiblethat the queue might empty prematurely, if somevertices
are unreachable from the start node. In thiscase, adistance of INT_MAX will bereported for these nodes, whichis perfectly
reasonable. Finally, the known field is not used; once avertex is processed it can never enter the queue again, so thefact that it need
not bereprocessed isimplicitly marked. Thus, the known field can be discarded. Figure 9.19 shows how the values on the graph we



have been using are changed during the algorithm. We keep the known field to make the table easier to follow, and for consistency
with therest of this section.

Using the same analysisaswas performed for topological sort, we seethat therunningtimeis O(|E| + |V|), aslong as adjacency lists
are used.

9.3.2. Dijkstra's Algorithm
If the graph isweighted, the problem (apparently) becomes harder, but we can till usetheideasfrom the unweighted case.

Wekeep all of the sameinformation asbefore. Thus, each vertex ismarked as either known or unknown. A tentativedistance dv is
kept for each vertex, as before. Thisdistanceturnsout to bethe shortest path length from sto v using only known vertices as
intermediates. Asbefore, werecord pv, which isthelast vertex to cause achangeto dv.

voi d
unwei ghted( TABLE T ) /* assune Tis initialized (Fig 9.30) */
{

QUELE Q

vertex v, w

/*1*/ Q = create_queue( NUM VERTEX ); make_null( Q);
/* enqueue the start vertex s, determ ned el sewhere */

[ *2*] enqueue( s, Q);

[*3*%] while( 'is empty( Q) )

{

[ *4*] v = dequeue( Q);

/*5%/ T[v].known = TRUE; /* not really needed anynore */
/*6%/ for each w adjacent to v

[1*7*] if( T[w.dist = INT_MAX )

{

/*8%/ T[w .dist = T[v].dist + 1;
/*9*%/ T[wW . path = v;

/*10%/ enqueue( w, Q);

}

}

/*11%/ di spose_queue( Q); /* free the menory */

}

Figure9.18 Pseudocodefor unweighted shortest-path algorithm

The general method to solve the single-source shortest-path problem isknown as Dijkstra'salgorithm. This thirty-year-old solutionis
aprime example of a greedy algorithm. Greedy algorithmsgenerally solveaproblem in stages by doing what appearsto bethe best
thing at each stage. For example, to make changein U.S. currency, most people count out the quartersfirst, thenthe dimes, nickels,
and pennies. Thisgreedy algorithm gives change using the minimum number of coins. The main problem with greedy algorithmsis
that they do not alwayswork. The addition of a12-cent piece breaks the coin-changing a gorithm, because the answer it gives (one 12-
cent piece and three pennies) isnot optimal (onedimeand one nickel).

Dijkstra'sa gorithm proceedsin stages, just likethe unwei ghted shortest-path algorithm. At each stage, Dijkstra's algorithm selectsa
vertex v, which hasthe smallest dvamong all the unknown vertices, and declaresthat the shortest path from sto visknown. The
remainder of astage consists of updating thevaluesof dw.



Initial State v3 Dequeued vl Dequeued v6 Dequeued

vi o *® 1 v3 1 1 v3 1 1 v3
v 0o ¥ o o * o 0 2 vi 0 2 wvi
v3 0 0 0 1 0 o0 1 0 o0 1 0 o

N o ¥ o 0 2 vi 0 2 wvi
vs oo ¥ o o ¥ 0 o ® 0 o ® o
w o o 0 1 v3 0 1 v3 1 1 3
vi o ¥ o o ¥ 0 o ® 0 o ® o
Q v3 vl, v6 v6,v2,v4 v2,v4

v2 Dequeued v4 Dequeued v5 Dequeued v7 Dequeued

vl 1 1 v3 1 1 v3 1 1 v3 1 1 v3
v2 1 2 vl 1 2 vl 1 2 vl 1 2 vl
v3 1 0 o0 1 0 0 1 0 O 1 00
v4 0 2 vl 1 2 vl 1 2 vl 1 2 vl
v5 0 3 v2 0 3 v2 1 3 v2 1 3 v2
v6 1 1 v3 1 1 v3 1 1 v3 1 1 v3
vi 0o ¥ 0o 0o 3 v4 0 3 v4 1 3 v4
Q v4, v5 v5, v7 v7 enpty

Figure9.19 How thedatastr ucturechangesduringtheunweighted shortest-path algorithm

In the unweighted case, we set dw =dv + 1if dw= = Thus, we essentially lowered the value of dw if vertex v offered a shorter path.
If we apply the samelogic to the weighted case, then we should set dw = dv + cv,w if this new value for dw would be an improvement.
Put simply, the algorithm decideswhether or not it isagood ideato use v on the path to w. The original cost, dw, isthe cost without
using v; the cost cal culated aboveisthe cheapest path using v (and only known vertices).

The graph in Figure 9.20 is our example. Figure9.21 representstheinitial configuration, assuming that thestart node, s, isvl. The
first vertex selected isv1, with path length 0. Thisvertex ismarked known. Now that v1 isknown, some entries need to be adjusted.
Theverticesadjacent to v1 arev2 and v4. Both thesevertices get their entries adjusted, asindicated in Figure 9.22.

Next, v4 is selected and marked known. Vertices v3, v5, v6, and v7 are adjacent, and it turnsout that all require adjusting, asshownin
Figure9.23.

Next, v2 is selected. v4 isadjacent but already known, so no work isperformed onit. v5 isadjacent but not adjusted, because the cost
of going through v2is2 + 10 = 12 and a path of length 3isaready known. Figure 9.24 shows the table after these vertices are sel ected.
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vi 1 0 o

v2 0 2 vl
v3 o o
v4 0 1 vl
V5 o o
v6 o o
v7 o o

vl 1 0 o0
v2 0 2 vl
v3 0 3 v4
v4 1 1 vl
v5 0 3 v4
v6 0 9 v4
v7 0 5 v4

Figure 9.23 After v4isdeclared known

v Known dv pv



vl 1 0 o0

v2 1 2 vl
v3 0 3 v4
v4 1 1 vl
v5 0 3 v4
v6 0 9 v4
v7 0 5 v4

vl 1 0 o0

v2 1 2 vl
v3 1 3 v4
v4 1 1 vl
v5 1 3 v4
v6 0 8 v3
v7 0 5 v4

vl 1 0 0
v2 1 2 vl
v3 1 3 v4
v4 1 1 vl
v5 1 3 v4
v6 0 6 v7
v7 1 5 v4

Figure 9.26 After v7isdeclared known

The next vertex selected is v5 at cost 3. v7 isthe only adjacent vertex, but it isnot adjusted, because 3+ 6 > 5. Then v3 is selected, and
thedistance for v6 isadjusted down to 3 + 5= 8. Theresulting tableis depicted in Figure 9.25.

Next v7 is selected; v6 getsupdated downto 5+ 1 =6. Theresulting tableis Figure 9.26.

Finally, v6isselected. Thefina tableisshownin Figure 9.27. Figure 9.28 graphically shows how edges are marked known and
vertices updated during Dijkstra'salgorithm.

vl 1 0 O

v2 1 2 vl
v3 1 3 v4
v4 1 1 vl
v5 1 3 v4
v6 1 6 v7
v7 1 5 v4



Figure 9.27 After v6isdeclared known and algorithm terminates

Figure9.28 Stagesof Dijkstra'salgorithm
To print out the actual path from a start vertex to some vertex v, we can write arecursiveroutineto follow thetrail leftinthe p array.

Wenow give pseudocode to implement Dijkstra'sa gorithm. Wewill assumethat the vertices are numbered from 0to NUM_VERTEX
for convenience (see Fig. 9.29), and that the graph can be read into an adjacency list by theroutine read_graph.

Intheroutinein Figure 9.30, the start vertex is passed to theinitialization routine. Thisisthe only placein the code wherethe start

vertex needsto be known.



The path can be printed out using therecursiveroutinein Figure 9.31. Theroutinerecursively printsthe path all the way up to the
vertex before v on the path, and then just prints v. Thisworks because the path issimple.

typedef int vertex;

struct table_entry

{

LI ST header; /* Adj acency |ist header */
int known;

di st _type dist;

vertex path;

}s

/* Vertices are nunbered from1 */

#def i ne NOT_A_VERTEX 0

typedef struct tabl e_entry TABLE[ NUM VERTEX+1] ;

Figure9.29 Declar ationsfor Dijkstra'salgorithm

voi d

init_table( vertex start, graph G TABLE T)
{

int i;

[*1%/ read graph( G T ); /* read graph sonehow */
[ *2%] for( i =NUM_VERTEX; i>0; i-- )
{

/*3%/ T[i].known = FALSE;

| *4*] T[i].dist = I NT_MAX;

/*5%] T[i].path = NOT_A_VERTEX;
}

/*6*/ T[start].dist = 0;

}

Figure9.30 Tableinitialization routine

/* print shortest path to v after dijkstra has run */

/* assunme that the path exists */

voi d

print_path( vertex v, TABLE T)
{

if( T[v].path !'= NOT_A_VERTEX )
{

print_path( T[v].path, T);
printf(" to");
}

printf("%", v); /* % is a pseudocode option for printf */

}

Figure9.31 Routinetoprint theactual shortest path

Figure 9.32 showsthemain algorithm, whichisjust afor loop to fill up the table using the greedy selectionrule.

A proof by contradiction will show that thisalgorithm alwaysworksaslong as no edge has anegative cost. If any edge has negative

cost, thealgorithm could produce thewrong answer (see Exercise 9.7a). The running time depends on how thetableis manipul ated,
whichwe haveyet to consider. If we use the obvious algorithm of scanning down the table to find the minimum dv, each phase will



take O(|V|) timeto find the minimum, and thus O(|V|2) timewill be spent finding the minimum over the course of thea gorithm. The

time for updating dw is constant per update, and thereis at most one update per edge for atotal of O(|E|). Thus, thetotal running time
isO(E|+ |V ) = O(]V] ). If the graph is dense, with [E| = £} (V| ), thisalgorithmisnot only simplebut essentially optimal, sinceit
runsintimelinear in the number of edges.

If the graph is sparse, with |E| = &) (|V]), thisalgorithmistoo slow. Inthis case, the distanceswould need to be kept in a priority
queue. Thereare actually two waysto do this; both are similar.

Lines2 and 5 combine to form adelete_min operation, since once the unknown minimum vertex isfound, it isno longer unknown and
must be removed from future consideration. The update at line 9 can beimplemented two ways.

Oneway treats the update as a decrease_key operation. Thetimeto find the minimumisthen O(log |V|), asisthetime to perform
updates, which amount to decrease _key operations. This givesa running time of O(|E| log |V| + |V| log |[V]) = O(|E| log |V]), an
improvement over the previousbound for sparse graphs. Sincepriority queuesdo not efficiently support the find operation, the
location in the priority queue of each valueof di will need to be maintained and updated whenever di changesin the priority queue.
Thisisnot typical of the priority queue ADT and thusis considered ugly.

The aternate method isto insert w and the new value dw into the priority queue every timeline 9 isexecuted. Thus, there may be
morethan onerepresentativefor each vertex inthe priority queue. When the delete_min operation removesthe smallest vertex from
the priority queue, it must be checked to make surethat it isnot already known. Thus, line 2 becomesaloop performing delete_mins
until an unknown vertex emerges. Although thismethod i s superior from asoftware point of view, and iscertainly much easier to code,
the size of the priority queue could get to be asbig as |E|. This does not affect the asymptotic time bounds, since |E| 5|V| impliesthat
log|E| =2 log |V|. Thus, we still get an O(|E| log |V|) algorithm. However, the spacerequirement doesincrease, and thiscould be
important in some applications. Moreover, becausethismethod requires|E| delete_minsinstead of only |V|, it islikely to be Slower in
practice.

voi d

dijkstra( TABLE T )

{

vertex v, w

[*1*%] for( ; ;)
{

1 *2*/ v = snmal | est unknown di stance vertex;
Py if{ v = HOT_A_VERTEX )

1 *4*%/ br eak;

/*5*] T[v] . known = TRUE;

/*6%/ for each w adjacent to v

[*7*] if( !'T[wW.known )

/*8*%/ if( T[v].dist + cv,w< T[wW.dist )

{ /* update w */

[ *9*/ decrease( T[w .dist to

T[v].dist + cv,w);

/*10*%/ T[wW .path = v;

}
}
}

Figure9.32 Pseudocodefor Dijkstra'salgorithm



Noticethat for thetypical problems, such ascomputer mail and masstransit commutes, the graphsaretypically very sparse because
most vertices have only acouple of edges, soitisimportant in many applicationsto useapriority queueto solvethisproblem.

There are better time bounds possible using Dijkstra'sa gorithm if different datastructuresare used. In Chapter 11, wewill see
another priority queue data structure called the Fibonacci heap. When thisisused, therunning timeis O(|E| + |V| log |V]). Fibonacci
heaps have good theoretical time boundsbut afair amount of overhead, so it isnot dear whether using Fibonacci heapsisactually
better in practice than Dijkstra'sa gorithm with binary heaps. Needlessto say, there are no average-case resultsfor this problem, since
itisnot even obvious how to model arandom graph.

voi d /* assume T is initialized as in Fig 9.18 */
wei ght ed_negative( TABLE T )
{

QUEUE Q

vertex v, w

[*1%/ Q = create_queue( NUM VERTEX ); make_null( Q);
[*2%] enqueue( s, Q); /* enqueue the start vertex s */
[*3*/ while( lis_empty( Q) )

{

| *4%] v = dequeue( Q);

/*5*] for each w adjacent to v

/1 *6*/ if( T[v].dist + cv,w< T[W.dist )

{ /*update w */

[*7%/ T[w .dist = T[v].dist + cv,w;
/*8*%/ T[wW .path = v;

[*9%/ if( wis not already in Q)
/*10%/ enqueue( w, Q);

}

}

/*11*/ di spose_queue( Q);

}

Figure9.33 Pseudocodefor weighted shortest-path algorithm with negative edge costs

9.3.3. Graphswith Negative Edge Costs

If the graph has negative edge costs, then Dijkstra's algorithm does not work. The problemisthat onceavertex uis declared known, it
ispossiblethat from someother, unknown vertex v thereisa path back to u that isvery negative. In such acase, taking a path from s
to v back to u is better than going from sto u without using v.

A combination of theweighted and unweighted al gorithmswill solvethe problem, but at the cost of adrasticincreasein running time.
Weforget about the concept of known vertices, since our algorithm needsto be ableto changeits mind. We begin by placing son a
queue. Then, at each stage, we dequeue avertex v. We find all vertices w adjacent to v such that dw > dv + cv,w. We update dw and
pw, and place w on aqueue if itisnot already there. A bit can be set for each vertex to indicate presencein the queue. We repeat the
processuntil thequeueisempty. Figure 9.33 (almost) implementsthisalgorithm.

Although the algorithm worksif there are no negative-cost cycles, itisnolonger true that the codein lines 6 through 10 is executed
once per edge. Each vertex can degueue at most [V| times, so the running timeis O(|E| *|V|) if adjacency listsare used (Exercise9.7b).
Thisisquiteanincreasefrom Dijkstra'sagorithm, soitisfortunatethat, in practice, edge costs are nonnegative. If negative-cost
cycles are present, then the algorithm aswritten will loop indefinitely. By stopping the algorithm after any vertex hasdequeued |V| + 1
times, we can guarantee termination.



9.3.4. Acyclic Graphs

If thegraphisknown to be acyclic, we canimprove Dijkstra's algorithm by changing the order in which vertices are declared known,
otherwise known asthe vertex selection rule. Thenew ruleisto select verticesin topological order. Thealgorithm can bedoneinone
pass, since the selections and updates can take place asthe topol ogical sort is being performed.

Thisselection ruleworksbecause when avertex v is selected, its distance, dv, can no longer belowered, since by the topological

ordering ruleit hasno incoming edges emanating from unknown nodes.
Thereisno need for apriority queuewith this selection rule; therunning timeis O(|E| + |V]), since the sel ection takes constant time.

Anacyclic graph could model somedownhill skiing problem -- we want to get from point a to b, but can only go downhill, so clearly
there are no cycles. Another possibleapplication might bethe modeling of (nonreversible) chemical reactions. We could have each
vertex represent aparticular state of an experiment. Edgeswould represent atransition from one state to another, and the edge weights
might represent the energy released. If only transitionsfrom ahigher energy stateto alower areallowed, thegraphisacyclic.

A moreimportant use of acyclic graphsis critical path analysis. The graphin Figure 9.34 will serve as our example. Each node
representsan activity that must be performed, along with thetimeit takesto completetheactivity. Thisgraphisthusknownasan
activity-node graph. The edges represent precedence rel ationships: An edge (v, w) meansthat activity v must be completed before
activity wmay begin. Of course, thisimpliesthat the graph must be acyclic. We assumethat any activitiesthat do not depend (either

directly or indirectly) on each other can be performedin parallel by different servers.

)

e -

finish

Figure9.34 Activity-node graph

Thistype of agraph could be (and frequently is) used to model construction projects. In thiscase, there are several important
questionswhich would be of interest to answer. First, what isthe earliest completion timefor the project? We can seefrom the graph
that 10 time unitsarerequired along the path A, C, F, H. Another important question isto determinewhich activitiescan bedelayed,
and by how long, without affecting the minimum completion time. For instance, delaying any of A, C, F, or H would push the
completion time past 10 units. On the other hand, activity B isless critical and can be delayed up to two time unitswithout affecting
thefinal completiontime.



To perform these cal cul ations, we convert the activity-node graph to an event-node graph. Each event correspondsto the completion
of an activity and all its dependent activities. Eventsreachable from anode v in the event-node graph may not commence until after
the event viscompleted. Thisgraph can be constructed automatically or by hand. Dummy edgesand nodes may need to beinsertedin
the case where an activity dependson several others. Thisisnecessary inorder to avoidintroducing fal se dependencies (or falselack

of dependencies). The event node graph corresponding to thegraph in Figure 9.34 isshownin Figure 9.35.

Tofind the earliest completion time of the project, we merely need to find the length of the longest path from thefirst event to the last
event. For general graphs, the longest-path problem generally does not make sense, because of the possibility of positive-cost cycles.
These are the equivalent of negative-cost cyclesin shortest-path problems. If positive-cost cyclesare present, we could ask for the
longest simple path, but no satisfactory solution isknown for this problem. Since the event-node graph is acyclic, we need not worry
about cycles. Inthiscase, it is easy to adapt the shortest-path al gorithm to compute the earliest completion timefor all nodesin the
graph. If E Ci isthe earliest completion time for node i, then the applicable rules are

EC1 =0

ECy = max (EC, + ¢yl

[Nt &)
Figure 9.36 showsthe earliest completion timefor each event in our example event-node graph.

We can also compute the latest time, LCi, that each event can finish without affecting thefinal completiontime. Theformulastodo
thisare

LCn = ECn

LC, = min (LT, — cuw)
[0 )EE

These values can be computed in linear time by maintaining, for each vertex, alist of all adjacent and preceding vertices. Theearliest
completiontimesarecomputed for verticesby their topol ogical order, and thelatest compl etion times are computed by reverse
topological order. Thelatest completiontimesare shownin Figure 9.37.

The slack time for each edge in the event-node graph representsthe amount of time that the compl etion of the corresponding activity
can bedelayed without delaying the overall completion. It is easy to see that

Slack(v,w) = LOw - ECv - cv,w

Figure 9.35 Event-node graph



2 ) R7A 2J

Figure9.36 Earliest completion times

Figure 9.38 showsthe slack (asthethird entry) for each activity in the event-node graph. For each node, thetop number isthe earliest

completion time and the bottom entry isthe latest completion time.

Figure9.38 Earliest completion time, latest completion time, and slack

Some activitieshavezero slack. Thesearecritical activities, which must finish on schedule. Thereisat |east one path consisting
entirely of zero-slack edges; such apathisacritical path.

9.3.5. All-Pairs Shortest Path

Sometimesit isimportant to find the shortest paths between all pairsof verticesin the graph. Although we couldjust runthe
appropriate single-source agorithm [V| times, we might expect asomewhat faster solution, especially on adensegraph, if we compute
all the information at once.
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In Chapter 10, wewill see an O(]V| ) algorithm to solvethis problem for weighted graphs. Although, for densegraphs, thisisthe same
bound as running asimple (non-priority queue) Dijkstra'salgorithm |V| times, theloops are so tight that the specialized all-pairs
agorithmislikely to befaster in practice. On sparse graphs, of course, it isfaster to run |V| Dijkstras algorithms coded with priority
queues.

9.4. Networ k Flow Problems

Suppose we are given adirected graph G = (V, E) with edge capacities cv,w. These capacities could represent the amount of water that
could flow through a pipe or the amount of traffic that could flow on astreet between two intersections. We havetwo vertices: s,
which we call the source, and t, which is the sink. Through any edge, (v, w), at most cv,w units of "flow" may pass. At any vertex, v,
that isnot either s or t, thetotal flow coming in must equal thetotal flow going out. The maximum flow problemisto determine the
maximum amount of flow that can passfrom sto t. Asan example, for the graph in Figure 9.39 on the | eft the maximum flow is 5, as
indicated by the graph on theright.

IO
2 T 2
@ 9
2 -

Figure9.39 A graph (left) and itsmaximum flow

Asrequired by the problem statement, no edge carriesmore flow than its capacity. Vertex a hasthree units of flow coming in, which it
distributesto c and d. Vertex d takes three units of flow from a and b and combinesthis, sending theresult to t. A vertex can combine
and distribute flow inany manner that it likes, aslong as edge capacities are not violated and aslong asflow conservationis

maintained (what goesin must come out).

9.4.1. A Simple Maximum-Flow Algorithm

9.4.1. A Simple Maximum-Flow Algorithm

A first attempt to solve the problem proceedsin stages. We start with our graph, G, and construct aflow graph Gf. Gf tells the flow
that has been attained at any stagein thealgorithm. Initially all edgesin Gf have no flow, and we hope that when the algorithm
terminates, Gf contains amaximum flow. We al so construct agraph, Gr, called the residual graph. Gr tells, for each edge, how much
moreflow can be added. We can cal culate this by subtracting the current flow from the capacity for each edge. Anedgein Gr is

known as aresidual edge.



At each stage, wefind apath in Gr from sto t. This path is known as an augmenting path. The minimum edge on this path isthe
amount of flow that can be added to every edge on the path. We do this by adjusting Gf and recomputing Gr. When we find no path
from stotin Gr, weterminate. Thisalgorithmisnondeterministic, in that we arefreeto choose any path from sto t; obviously some
choices are better than others, and wewill addressthisissuelater. Wewill run thisalgorithm on our example. The graphsbelow are G,
Gf, Gr respectively. Keepin mind that thereisasdlight flaw in thisalgorithm. Theinitial configurationisin Figure 9.40.

There are many pathsfrom sto tin theresidual graph. Supposewe select s, b, d, t. Then we can send two units of flow through every
edge on this path. Wewill adopt the convention that once we havefilled (saturated) an edge, it isremoved from the residual graph.
We then obtain Figure 9.41.

Next, we might select the path s, a, c, t, which also allowstwo unitsof flow. Making therequired adjustmentsgivesthegraphsin
Figure9.42.

Figure 9.41 G, Gf, Gr after two unitsof flow added along's, b, d, t



Figure 9.42 G, Gf, Gr after two unitsof flow added along s, a, ¢, t
Theonly path |eft to select iss, a, d, t, whichalowsoneunit of flow. Theresulting graphsare shownin Figure9.43.

Thealgorithm terminates at thispoint, becauset is unreachable from s. Theresulting flow of 5 happensto be the maximum. To see
what the problemiis, supposethat with our initial graph, we chosethe path s, a, d, t. Thispath allows 3 units of flow and thus seemsto
beagood choice. Theresult of thischoice, however, isthat thereisnow no longer any path from sto t in the residual graph, and thus,
our algorithm hasfailed to find an optimal solution. Thisisan example of agreedy algorithm that does not work. Figure 9.44 shows
why the algorithm fails.

In order to make this algorithm work, we need to allow the algorithm to changeitsmind. To do this, for every edge (v, w) with flow
fv,wintheflow graph, wewill add an edgein theresidual graph (w, v) of capacity fv,w. In effect, we are allowing the algorithm to
undoitsdecisions by sending flow back in the oppositedirection. Thisisbest seen by example. Starting from our original graph and

selecting theaugmenting path s, a, d, t, we obtain the graphsin Figure 9.45.

Noticethat intheresidual graph, thereare edgesin both directionsbetween a and d. Either one more unit of flow can be pushed from
atod, or up to three units can be pushed back -- we can undo flow. Now the al gorithm findsthe augmenting path s, b, d, &, ¢, t, of
flow 2. By pushing two units of flow from d to a, the algorithm takestwo units of flow away from the edge (a, d) and is essentially

changing itsmind. Figure 9.46 showsthe new graphs.
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Figure 9.43 G, Gf, Gr after oneunit of flow added along s, a, d, t -- algorithm terminates
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Figure9.44 G, Gf, Gr if initial action istoadd threeunitsof flow along s, &, d, t -- algorithm terminateswith suboptimal solution
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Figure9.45 Graphsafter threeunitsof flow added along s, a, d, t using correct algorithm

Thereisno augmenting path in thisgraph, so the algorithm terminates. Surprisingly, it can be shown that if the edge capacitiesare
rational numbers, thisalgorithm alwaysterminateswith amaximum flow. Thisproof issomewhat difficult and isbeyond the scope of

thistext. Although the exampl e happened to be acyclic, thisis not arequirement for the algorithm towork. We have used acyclic
graphs merely to keep thingssimple.

If the capacities are dl integers and the maximum flow isf, then, since each augmenting path increasestheflow valueby at least 1,
stages suffice, and the total running timeis O(f #|E]), since an augmenting path can be found in O(|E[) time by an unweighted shortest-

path algorithm. The classic example of why thisisabad running timeis shown by the graphin Figure 9.47.



Figure9.47 Theclassicbad casefor augmenting

Themaximum flow isseen by inspection to be 2,000,000 by sending 1,000,000 down each side. Random augmentations could
continually augment along apath that includesthe edge connected by a and b. If thiswereto occur repeatedly, 2,000,000
augmentationswould be required, when we could get by with only 2.

A simple method to get around this problem isawaysto choose the augmenting path that allowsthelargest increasein flow. Finding
such apathissimilar to solving aweighted shortest-path problem and a single-line modification to Dijkstra'sal gorithmwill dothe
trick. If capmax isthe maximum edge capacity, then one can show that O(|E| log capmax) augmentationswill sufficeto find the
maximum flow. Inthis case, since O(|E| log |V|) timeisused for each calculation of an augmenting path, atotal bound of O(|E| log |V
log capmax) isobtained. If the capacitiesareall small integers, thisreducesto O(|E| log |V]).

Another way to choose augmenting pathsisawaysto take the path with the least number of edges, with the plausible expectation that
by choosing a path in thismanner, it islesslikely that asmall, flow-restricting edgewill turn up on the path. Using thisrule, it can be
shown that O(|E£' |V]) augmenting steps arerequired. Each step takes O(|E|), again using an unweighted shortest-path al gorithm,
yieldingaO(|E| |V|) bound on the running time.



Further datastructureimprovementsare possibleto thisalgorithm, and there are several, more complicated, algorithms. A long history
of improved bounds haslowered the current best-known bound for this problem to O(|E||V| log(]V| / |E])) (seethereferences). There
arealso ahost of very good boundsfor special cases. For instance, O(|E|[V| ) timefindsamaximum flow in agraph, having the
property that all vertices except the source and sink have either asingleincoming edge of capacity 1 or asingle outgoing edge of

capacity 1. Thesegraphsoccur in many applications.

The analysesrequired to produce these bounds arerather intricate, and it isnot clear how theworst-case results rel ate to the running
timesencountered in practice. A related, even more difficult problem isthe min-cost flow problem. Each edge has not only a capacity
but acost per unit of flow. The problemisto find, among all maximum flows, the one flow of minimum cost. Both of these problems
arebeing actively researched.

9.5. Minimum Spanning Tree

The next problem wewill consider isthat of finding a minimum spanning treein an undirected graph. The problem makes sensefor
directed graphs but appearsto be more difficult. Informally, aminimum spanning tree of an undirected graph G isatree formed from
graph edgesthat connectsall theverticesof G at lowest total cost. A minimum spanning tree existsif and only if G is connected.
Although arobust al gorithm should report the casethat G is unconnected, wewill assumethat G is connected, and leave the issue of
robustness asan exercisefor thereader.

In Figure 9.48 the second graph isaminimum spanning tree of thefirst (it happensto be unique, but thisisunusual). Noticethat the
number of edgesin the minimum spanning treeis|V| - 1. The minimum spanning treeisatree becauseit isacyclic, it is spanning
becauseit covers every edge, and it is minimumfor the obviousreason. If we need to wire ahouse with aminimum of cable, thena
minimum spanning tree problem needsto be solved. There aretwo basic algorithmsto solve this problem; both aregreedy. We now

describethem.



Figure9.48 A graph G and itsminimum spanningtree
9.5.1. Prim's Algorithm

9.5.2. Kruskal's Algorithm

9.5.1. Prim's Algorithm

Oneway to compute aminimum spanning treeisto grow thetreein successive stages. In each stage, one nodeis picked astheroot,

and we add an edge, and thus an associ ated vertex, to the tree.

At any point in the algorithm, we can see that we have aset of verticesthat have already been included in thetree; therest of the
vertices have not. The algorithm then finds, at each stage, anew vertex to add to the tree by choosing the edge (u, v) such that the cost
of (u, v) isthesmallest among all edgeswhere u isin the tree and visnot. Figure 9.49 shows how thisalgorithm would build the
minimum spanning tree, starting from v1. Initialy, vl isinthetree asaroot with no edges. Each step adds one edge and one vertex to
thetree.

We can see that Primrsalgorithmisessentially identical to Dijkstra'salgorithm for shortest paths. Asbefore, for each vertex wekeep
valuesdv and pv and an indication of whether it isknown or unknown. dv isthe weight of the shortest arc connecting v to aknown
vertex, and pv, asbefore, isthe last vertex to cause achangein dv. Therest of thealgorithmisexactly the same, with the exception
that since the definition of dvisdifferent, soistheupdaterule. For thisproblem, the update ruleiseven simpler than before: After a

vertex visselected, for each unknown w adjacent to v, dv = min(dw, cw,v).
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Figure9.49 Prim'salgorithm after each stage

Theinitial configuration of thetableisshownin Figure9.50. v1 is selected, and v2, v3, and v4 are updated. The table resulting from
thisisshownin Figure9.51. The next vertex selected is v4. Every vertex is adjacent to v4. v1 isnot examined, becauseit isknown. v2
isunchanged, becauseit has dv = 2 and the edge cost from v4 to v2 is 3; all therest are updated. Figure 9.52 shows the resulting table.
The next vertex chosen is v2 (arbitrarily breaking atie). Thisdoes not affect any distances. Then v3 is chosen, which affectsthe
distance in v6, producing Figure 9.53. Figure 9.54 results from the sel ection of v7, which forces v6 and v5 to be adjusted. v6 and then
V5 are selected, completing thealgorithm.

Thefinal tableis shown in Figure 9.55. The edgesin the spanning tree can beread from thetable: (v2, v1), (v3, v4), (v4, v1), (V5, v7),
(v6, v7), (V7, v4). Thetotal cost is 16.

Theentireimplementation of thisalgorithmisvirtually identical to that of Dijkstra'salgorithm, and everything that was said about the
analysis of Dijkstrasalgorithm applieshere. Be aware that Prim's algorithm runs on undirected graphs, so when coding it, remember

to put every edgeintwo adjacency lists. Therunningtimeis O (|V| ) without heaps, whichisoptimal for densegraphs, and O (|E| log
[V]) using binary heaps, whichisgood for sparse graphs.

9.5.2. Kruskal's Algorithm

A second greedy strategy iscontinually to select the edgesin order of smallest weight and accept an edgeif it does not causeacycle.
The action of the algorithm on the graph in the preceding exampleis shownin Figure 9.56.

o O o o o
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Figure9.50Initial configuration of tableused in Prim'salgorithm

vl 1 0 0

v2 0 2 vl
v3 0 4 vl
v4 0 1 vl
v5 o o
v6 o o
v7 o o

vl 1 0 o0

v2 0 2 vl
v3 0 2 v4
v4 1 1 vl
v5 0 7 v4
v6 0 8 v4
v7 0 4 v4

Figure9.52 Thetableafter v4isdeclared known

Formally, Kruskal'sa gorithm maintainsaforest -- acollection of trees. Initialy, there are |V| single-node trees. Adding an edge
merges two treesinto one. When the algorithm terminates, thereisonly onetree, and thisisthe minimum spanning tree. Figure 9.57
showsthe order in which edges are added to the forest.

The algorithm terminates when enough edges are accepted. It turnsout to be simple to decide whether edge (u,v) should be accepted
or rejected. The appropriate data structure isthe union/find algorithm of the previous chapter.

Theinvariant we will useisthat at any point in the process, two vertices belong to the same set if and only if they are connected in the
current spanning forest. Thus, each vertex isinitialy initsown set. If u and v arein the same set, the edgeisrejected, because since
they areaready connected, adding (u, v) would form acycle. Otherwise, the edge is accepted, and a union is performed on the two
setscontaining u and v. It iseasy to seethat thismaintainsthe set invariant, because oncethe edge (u, V) is added to the spanning
forest, if wwas connected to u and x was connected to v, then x and w must now be connected, and thus belong in the same set.

vl 1 0 0

v2 1 2 vl
v3 1 2 v4
v4 1 1 vl
v5 0 7 v4
v6 0 5 v3
v7 0 4 v4



Figure9.53 Thetableafter v2and then v3aredeclared known

vl 1 0 0

v2 1 2 vl
v3 1 2 v4
v4 1 1 vl
v5 0 6 v7
v6 0 1 v7
v7 1 4 v4

vl 1 0 0

v2 1 2 vl
v3 1 2 v4
v4 1 1 vl
v5 1 6 v7
v6 1 1 v7
v7 1 4 v4

Figure9.55 Thetable after v6and v5areselected (Prim'salgorithm terminates)

The edges could be sorted to facilitate the selection, but building aheap in linear timeisamuch better idea. Then delete_mins give the
edgesto betested in order. Typically, only asmall fraction of the edges needsto betested before the algorithm can terminate,
athoughitisawayspossiblethat all the edges must betried. For instance, if therewasan extravertex v8 and edge (v5, v8) of cost
100, al the edgeswould haveto be examined. Procedure kruskal in Figure 9.58 finds aminimum spanning tree. Because an edge
consistsof three pieces of data, on some machinesit ismore efficient to implement the priority queue asan array of pointersto edges,
rather than asan array of edges. The effect of thisimplementationis that, to rearrange the heap, only pointers, not largerecords, need

to be moved.
Edge Wi ght Action
(vl,v4) 1 Accept ed
(v6,v7) 1 Accept ed
(vi,v2) 2 Accept ed
(v3,v4) 2 Accept ed
(v2,v4) 3 Rej ect ed
(v1,v3) 4 Rej ect ed
(v4,v7) 4 Accept ed
(v3,v6) 5 Rej ect ed
(v5,v7) 6 Accept ed

Figure9.56 Action of Kruskal'salgorithmon G
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Figure9.57 Kruskal'salgorithm after each stage

The worst-case running time of thisalgorithmis O(|E| log |E|), which isdominated by the heap operations. Noticethat since |E| =
O(|V] ), thisrunning timeisactually O(|E| log |V]). In practice, the algorithm ismuch faster than thistime bound would indicate.

voi d

kruskal ( graph G)

{

unsi gned i nt edges_accept ed;
DI SJ_SET S;

PRI ORI TY_QUEUE H;

vertex u, v;

set_type u_set, v_set;

edge e;

[*1%] initialize( S);

[ *2%] read_graph_into_heap_array( G H);

[ *3%] bui | d_heap( H);

| *4*] edges_accepted = 0;

| *5*] whi | e( edges_accepted < NUM VERTEX-1 )
{

/*6%/ e =delete_mn( H); /* e =(u, v) */
1*7*] u_set = find( u, S);

[ *8*/ v_set =find( v, S);

/*9*%/ if( u_set !'=v_set )

{

/*10*/ /* accept the edge */

[*11*/ edges_accept ed++;

[ *12*/ set_union( S, u_set, v_set );
}

}

}

Figure9.58 Pseudocodefor Kruskal'salgorithm



9.6. Applications of Depth-First Search

Depth-first searchisageneralization of preorder traversal. Starting at somevertex, v, we process v and then recursively traverse all
verticesadjacent to v. If thisprocessis performed on atree, then al tree verticesare systematically visited in atotal of O(|E|) time,
since |E| = &} (JV]). If we perform this process on an arbitrary graph, we need to be careful to avoid cycles. Todo this, when wevisita
vertex v, we mark it visited, since now we have been there, and recursively call depth-first search on all adjacent verticesthat are not
already marked. Weimplicitly assumethat for undirected graphsevery edge (v, w) appearstwicein the adjacency lists: onceas (v, w)
and once as (W, V). The procedurein Figure 9.59 performs adepth-first search (and does absol utely nothing el se) and isatemplatefor
the generadl style.

voi d
df s( vertex v )

{

visited[v] = TRUE;

for each w adjacent to v
if( lvisited[w )

dfs( w);

}

Figure9.59 Template for depth-first search

The (global) boolean array visited[ ] isinitialized to FAL SE. By recursively calling the procedures only on nodesthat have not been
visited, we guarantee that we do not loop indefinitely. If the graph isundirected and not connected, or directed and not strongly
connected, thisstrategy might fail to visit some nodes. We then search for an unmarked node, apply adepth-first traversal there, and
continuethisprocessuntil there are no unmarked nodes.* Becausethisstrategy guarantees that each edgeis encountered only once,
thetotal timeto perform thetraversal is O(|E| + |V|), aslong as adjacency listsare used.

* An efficient way of implementing thisisto begin the depth-first search at v1. If we need to restart the depth-first search, we examine
thesequence vk, vk + 1, . . . for an unmarked vertex, where vk - 1 isthe vertex where the last depth-first search was started. This
guaranteesthat throughout the algorithm, only O(]V|) is spent looking for verticeswhere new depth-first search trees can be started.

9.6.1 Undirected Graphs

Anundirected graph isconnected if and only if adepth-first search starting from any node visitsevery node. Becausethistest isso
easy to apply, wewill assumethat the graphswe deal with are connected. If they arenot, then we can find all the connected
componentsand apply our algorithm on each of thesein turn.

Asan example of depth-first search, supposein the graph of Figure 9.60 we start at vertex A. Then we mark A asvisited and call dfs(B)
recursively. dfs(B) marks B as visited and calls dfs(C) recursively. dfs(C) marks C asvisited and calls dfs(D) recursively. dfs(D) sees
both A and B, but both these are marked, so no recursive callsare made. dfs(D) also seesthat C is adjacent but marked, so no recursive
call ismade there, and dfs(D) returns back to dfs(C). dfs(C) sees B adjacent, ignoresit, findsapreviously unseen vertex E adjacent,

and thus calls dfs(E). dfs(E) marks E, ignores A and C, and returnsto dfs(C). dfs(C) returnsto dfs(B). dfs(B) ignores both A and D and
returns. dfs(A) ignores both D and E and returns. (We have actually touched every edgetwice, onceas (v, w) and again as (w, v), but
thisisreally once per adjacency list entry.)
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Figure9.60 An undirected graph

Wegraphically illustrate these steps with a depth-first spanning tree. Theroot of thetreeis A, thefirst vertex visited. Each edge (v, w)
inthegraphispresent inthetree. If, when we process (v, w), we find that w is unmarked, or if, when we process (w, v), we find that v
isunmarked, weindicatethiswith atree edge. If when we process (v, w), we find that w is already marked, and when processing (w,
v), we find that visalready marked, we draw adashed line, which wewill call a back edge, to indicate that this"edge" isnot really
part of the tree. The depth-first search of thegraphin Figure 9.60is shown in Figure 9.61.

Thetreewill simulatethetraversal we performed. A preorder numbering of thetree, using only tree edges, tellsusthe order inwhich
theverticesweremarked. If the graph isnot connected, then processing all nodes (and edges) requires several callsto dfs, and each
generatesatree. Thisentire collection isa depth-first spanning forest, which is so named for obvious reasons.

9.6.2. Biconnectivity

A connected undirected graph is biconnected if there are no verticeswhose removal disconnectstherest of the graph. Thegraphinthe
exampleaboveishiconnected. If the nodes are computers and the edges arelinks, then if any computer goes down, network mail is
unaffected, except, of course, at the down computer. Similarly, if amasstransit systemisbiconnected, usersalwayshavean alternate

route should some terminal be disrupted.



Figure9.61 Depth-fir st search of previousgraph

If agraph isnot biconnected, the verticeswhose removal would disconnect the graph are known as articulation points. These nodes
arecritical inmany applications. Thegraphin Figure 9.62 isnot biconnected: C and D arearticulation points. Theremoval of C would
disconnect G, and the removal of D would disconnect E and F, from the rest of the graph.

Depth-first search providesalinear-timealgorithm to find all articulation pointsin aconnected graph. First, starting at any vertex, we
perform a depth-first search and number the nodes asthey arevisited. For each vertex v, we call this preorder number num(v). Then,
for every vertex v in the depth-first search spanning tree, we compute the lowest-numbered vertex, which we call low(v), that is
reachable from v by taking zero or moretree edges and then possibly one back edge (in that order). The depth-first search treein
Figure 9.63 showsthe preorder number first, and then the lowest-numbered vertex reachable under therule described above.

The lowest-numbered vertex reachable by A, B, and C isvertex 1 (A), because they can all take tree edgesto D and then one back edge
back to A. We can efficiently compute low by performing apostorder traversal of the depth-first spanning tree. By the definition of
low, low(v) is the minimum of

1. num(v)

2. the lowest num(w) among all back edges (v, w)

3. thelowest low(w) among all tree edges (v, w)

Thefirst condition isthe option of taking no edges, the second way isto choose no tree edges and aback edge, and the third way isto
choose sometree edges and possibly aback edge. Thisthird method issuccinctly described with arecursivecall. Since we need to
evaluate low for al the children of v before we can evaluate low(v), thisis a postorder traversal. For any edge (v, w), we can tell
whether it isatree edge or aback edge merely by checking num(v) and num(w). Thus, it is easy to compute low(v): we merely scan
down v'sadjacency list, apply the proper rule, and keep track of the minimum. Doing al the computation takes O(|E| +|V]) time.



All that isleft to doisto usethisinformation to find articul ation points. Theroot isan articulation point if and only if it has more than
onechild, becauseif it hastwo children, removing the root disconnects nodesin different subtrees, and if it hasonly onechild,
removing theroot merely disconnectstheroot. Any other vertex visan articulation point if and only if v has some child w such that
low(w) E‘num(v). Noticethat thisconditionisalways satisfied at the root; hence the need for a special test.

The if part of the proof is clear when we examine the articul ation pointsthat the algorithm determines, namely C and D. D hasa child
E, and low(E) E‘num(D), since both are 4. Thus, thereisonly oneway for E to get to any node above D, and that is by going through
D. Similarly, Cisan articulation point, because low (G) Znum (C). To provethat thisalgorithmis correct, one must show that the
only if part of the assertion istrue (that is, thisfinds all articulation points). Weleavethisasan exercise. Asasecond example, we
show (Fig. 9.64) theresult of applying thisalgorithm on the same graph, starting the depth-first search at C.

Figure9.62 A graph with articulation pointsC and D



Figure9.63 Depth-first treefor previousgraph, with num and low

Wecloseby giving pseudocodeto implement thisal gorithm. Wewill assumethat thearrays visited[] (initialized to FAL SE), num[],

low[], and parent[] areglobal to keep the code simple. Wewill a so keep aglobal variable called counter, which isinitialized to 1 to
assign the preorder traversal numbers, num[]. Thisisnot normally good programming practice, but including all the declarationsand
passing the extraparameterswould cloud thelogic. We also leave out the easily implemented test for the root.

Aswehave already stated, thisalgorithm can beimplemented by performing apreorder traversal to compute num and then a postorder
traversal to compute low. A third traversal can be used to check which vertices satisfy thearticulation point criteria. Performing three
traversals, however, would beawaste. Thefirst passisshownin Figure 9.65.

The second and third passes, which are postorder traversals, can beimplemented by the codein Figure9.66. Line 8 handlesaspecial
case. If wisadjacent to v, then the recursive call to w will find v adjacent to w. Thisisnot aback edge, only an edge that has already
been considered and needsto beignored. Otherwise, the procedure computes the minimum of thevarious low[] and num[] entries, as
specified by the algorithm.

Thereisnorulethat atraversal must be either preorder or postorder. It is possibleto do processing both beforeand after therecursive

calls. Theprocedurein Figure 9.67 combinesthetwo routines assign_numand assign_|low in astraightforward manner to producethe
procedure find_art.

9.6.3. Euler Circuits



Consider the threefiguresin Figure 9.68. A popular puzzleisto reconstruct thesefigures using apen, drawing each line exactly once.
The pen may not belifted from the paper whilethe drawing isbeing performed. Asan extrachallenge, make the pen finish at the same
point at which it started. This puzzle hasasurprisingly simple solution. Stop reading if you would liketo try to solveit.

Figure9.64 Depth-first treethat resultsif depth-first search startsat C

/* assign numand conpute parents */
voi d

assi gn_nun{ vertex v )

{

vertex w,

[*1*] nunfv] = counter++;

[ *2*%] visited[v] = TRUE

[*3*/ for each w adjacent to v
[*4%] if( tvisited[w )

{

[ *5*] parent[wW] = v;
/*6%/ assign_nun{ w);
}

}

Figure9.65 Routineto assign num to vertices (pseudocode)

/* assign | ow. Also check for articulation points */
voi d
assign_low vertex v )

{

vertex w

[*1%/ low vl = nunfv]; /* Rule 1 */

[*2*%] for each w adjacent to v

{

[*3*/ if( nuniw > nunfv] ) /* forward edge */

{

[ *4%] assign_lowm w);

/*5*%] if( lowfw >= nuniv] )

/*6*/ printf( "% is an articulation point\n", v );
1*7*] lowfv] =mn( lowfv], lowfw] ); /* Rule 3 */

}



el se
[ *8*%/ if( parent[v] !'=w) /* back edge */
/*9*/ lowv] =mn( lowv], nunfw] ); /* Rule 2 */

Figure9.66 Pseudocodeto computelow and totest for articulation points(test for theroot isomitted)

voi d

find_art( vertex v )

{

vertex w

[*1%] visited[v] = TRUE

[ *2%] lowv] = nunfv] = counter++; /* Rule 1 */

/*3%/ for each w adjacent to v

{

[ *4x] if( !visited[w ) /* forward edge */

{

/*5%/ parent[w = v;

/*6%/ find_art( w);

1*7* if( loww >= nuniv] )

/*8*/ printf ( "% is an articulation point\n", v );
/*9*/ lowfvl] =mn( lowv], lowfw ); /* Rule 3 */
}

el se

[ *10*/ if( parent[v] !=w) /* back edge */

[*11*/ lowfv] = mn( lowv], nun[w ); /* Rule 2 */
}

}

Figure9.67 Testingfor articulation pointsin onedepth-first search (test for theroot isomitted) (pseudocode)
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Figure9.68 Threedrawings

Thefirst figure can be drawn only if the starting point is the lower |eft- or right-hand corner, and it isnot possibleto finish at the
starting point. The second figureiseasily drawn with thefinishing point the same asthe starting point, but the third figure cannot be
drawn at all within the parameters of the puzzle.

We can convert this problem to agraph theory problem by assigning avertex to each intersection. Then theedges can beassignedin
the natural manner, asin Figure 9.69.

After thisconversionisperformed, we must find apath in the graph that visitsevery edge exactly once. If we areto solvethe"extra
challenge,”" thenwemust find acyclethat visits every edge exactly once. Thisgraph problem was solved in 1736 by Euler and marked



the beginning of graph theory. The problemisthuscommonly referred to as an Euler path (sometimes Euler tour) or Euler circuit
problem, depending on the specific problem statement. The Euler tour and Euler circuit problems, though slightly different, havethe

same basic solution. Thus, wewill consider the Euler circuit problemin this section.

Thefirst observation that can be madeisthat an Euler circuit, which must end onits starting vertex, ispossible only if thegraphis
connected and each vertex has an even degree (number of edges). Thisisbecause, on the Euler circuit, avertex isentered and then | eft.
If any vertex v has odd degree, then eventually wewill reach the point where only one edgeinto visunvisited, and taking it will strand
usat v. If exactly two vertices have odd degree, an Euler tour, which must visit every edge but need not return to itsstarting vertex, is
still possibleif we start at one of the odd-degree verticesand finish at the other. If morethan two verticeshave odd degree, then an

Euler tour isnot possible.

The observations of the preceding paragraph provide uswith anecessary condition for the existence of an Euler circuit. It doesnot,
however, tell usthat all connected graphsthat satisfy this property must have an Euler circuit, nor doesit give usguidance on how to
find one. It turnsout that the necessary conditionisalso sufficient. That is, any connected graph, all of whose verticeshave even
degree, must havean Euler circuit. Furthermore, acircuit can befoundin linear time.

Wecan assumethat we know that an Euler circuit exists, sincewe can test the necessary and sufficient conditionin linear time. Then
the basic algorithm isto perform adepth-first search. Thereisasurprisingly large number of “obvious" solutionsthat do not work.
Some of these are presented in the exercises.

Themain problem isthat we might visit aportion of the graph and return to the starting point prematurely. If al the edges coming out
of the start vertex have been used up, then part of the graph isuntraversed. The easiest way to fix thisisto find thefirst vertex on this

path that hasan untraversed edge, and perform another depth-first search. Thiswill give another circuit, which can be spliced into the
original. Thisiscontinued until al edges have been traversed.

Figure9.69 Conversion of puzzleto graph

Asan example, consider thegraphin Figure9.70. It iseasily seen that thisgraph hasan Euler circuit. Supposewe start at vertex 5,
and traversethecircuit 5, 4, 10, 5. Then we are stuck, and most of the graphis till untraversed. The situationisshownin Figure9.71.

We then continue from vertex 4, which still has unexplored edges. A depth-first search might comeup withthepath4, 1, 3,7, 4, 11,
10, 7,9, 3, 4. If we splice this path into the previous path of 5, 4, 10, 5, then we get anew path of 5,4, 1, 3,7 ,4, 11, 10, 7, 9, 3, 4, 10,
5.

The graph that remains after thisisshown in Figure 9.72. Noticethat in thisgraph al the verticesmust have even degree, soweare
guaranteed to find acycleto add. The remaining graph might not be connected, but thisis not important. The next vertex on the path
that hasuntraversed edgesisvertex 3. A possiblecircuit would thenbe 3, 2, 8, 9, 6, 3. When spliced in, thisgivesthe path 5,4, 1, 3, 2,
8,9,6,37,4,11,10,7,9, 3,4, 10, 5.
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Figure9.70 Graph for Euler circuit problem

Figure9.71 Graph remaining after 5,4, 10,5
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Figure9.72 Graph after thepath 5, 4,1, 3,7, 4, 11,10, 7,9, 3,4, 10,5
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The graphthat remainsisin Figure 9.73. On this path, the next vertex with an untraversed edgeis 9, and the al gorithm finds the circuit
9, 12, 10, 9. When thisis added to the current path, acircuit of 5,4, 1, 3,2, 8,9, 12,10, 9,6, 3, 7, 4, 11, 10, 7, 9, 3, 4, 10, 5 is obtained.
Asall theedgesaretraversed, the algorithm terminateswith an Euler circuit.

Tomakethisalgorithm efficient, we must use appropriate datastructures. Wewill sketch someof theideas, leaving the
implementation as an exercise. To make splicing simple, the path should be maintained asalinked list. To avoid repetitious scanning
of adjacency lists, we must maintain, for each adjacency list, apointer to the last edge scanned. When apath is spliced in, the search
for anew vertex from which to perform the next dfs must begin at the start of the splice point. This guaranteesthat thetotal work
performed on the vertex search phaseis O(|E|) during the entirelife of the algorithm. With the appropriate data structures, the running
time of the algorithmis O(|E| + |V]).



A very similar problemistofind asimplecycle, in an undirected graph, that visits every vertex. Thisisknown asthe Hamiltonian
cycle problem. Although it seems almost identical to the Euler circuit problem, no efficient algorithm for it isknown. We shall seethis

problem again in Section 9.7.

9.6.4. Directed Graphs

Using the same strategy aswith undirected graphs, directed graphs can betraversedin linear time, using depth-first search. If the
graphisnot strongly connected, adepth-first search starting at some node might not visit al nodes. In this case we repeatedly perform
depth-first searches, starting at some unmarked node, until all verticeshave been visited. Asan example, consider the directed graph
inFigure9.74.

Wearbitrarily start the depth-first search at vertex B. Thisvisitsvertices B, C, A, D, E, and F. Wethen restart at some unvisited vertex.

Arbitrarily, westart at H, which visits | and J. Finally, we start at G, which isthelast vertex that needsto bevisited. The
corresponding depth-first search treeis shown in Figure 9.75.

@
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Figure9.73 Graph remaining after thepath 5,4, 1, 3,2,8,9,6,3,7,4,11,10,7,9, 3,4,10,5
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Figure9.74 A directed graph



Figure 9.75 Depth-fir st search of previousgraph

The dashed arrows in the depth-first spanning forest are edges (v, w) for which wwas already marked at thetime of consideration. In
undirected graphs, these are always back edges, but, aswe can see, there are three types of edgesthat do not lead to new vertices. First,
there are back edges, such as (A, B) and (I, H). There are also forward edges, such as (C, D) and (C, E), that lead from atree node to a
descendant. Finally, there are cross edges, such as (F, C) and (G, F), which connect two tree nodesthat are not directly related. Depth-
first search forests are generally drawn with children and new trees added to the forest from left to right. In adepth- first search of a
directed graph drawn in thismanner, cross edges always go from right to left.

Some al gorithmsthat use depth-first search need to di stingui sh between the three types of nontree edges. Thisiseasy to check asthe
depth-first searchisbeing performed, and it isleft asan exercise.

One use of depth-first search isto test whether or not adirected graphisacyclic. Theruleisthat adirected graphisacyclicif and only
if it has no back edges. (The graph above hasback edges, and thusisnot acyclic.) Thea ert reader may remember that atopological
sort can also be used to determinewhether agraphisacyclic. Another way to perform topological sortingisto assignthevertices
topological numbersn, n- 1, .. .,1 by postorder traversal of the depth-first spanning forest. Aslong asthe graphisacyclic, this
ordering will be consistent.

9.6.5. Finding Strong Components

By performing two depth-first searches, we can test whether adirected graph isstrongly connected, and if it isnot, we can actually
produce the subsets of verticesthat are strongly connected to themselves. Thiscan also be donein only onedepth-first search, but the
method used hereismuch simpler to understand.

First, adepth-first searchis performed ontheinput graph G. The vertices of G are numbered by apostorder traversal of the depth-first
spanning forest, and then all edgesin G are reversed, forming Gr. The graph in Figure 9.76 represents Gr for the graph G shownin
Figure9.74; thevertices are shown with their numbers.

Thealgorithmiscompleted by performing adepth-first search on Gr, always starting anew depth-first search at the highest-numbered
vertex. Thus, we begin the depth-first search of Gr at vertex G, whichisnumbered 10. Thisleadsnowhere, sothenext searchis
started at H. Thiscall visits| and J. The next call startsat B and visits A, C, and F. The next calls after this aredfs(D) and finally
dfs(E). The resulting depth-first spanning forest isshown in Figure9.77.



Each of thetrees (thisiseasier to seeif you completely ignore all nontree edges) in thisdepth-first spanning forest formsastrongly
connected component. Thus, for our example, the strongly connected componentsare{ G}, {H, I, J}, {B, A, C, F}, {D}, and { E}.

To seewhy thisalgorithm works, first notethat if two vertices v and w arein the same strongly connected component, then thereare
paths from v to w and from w to vin the original graph G, and hence also in Gr. Now, if two vertices v and w are not in the same
depth-first spanning tree of Gr, clearly they cannot bein the samestrongly connected component.

To provethat thisalgorithm works, we must show that if two vertices v and w are in the same depth-first spanning tree of Gr, there
must be paths from v to w and from w to v. Equivalently, we can show that if x isthe root of the depth-first spanning tree of Gr
containing v, then there is a path from x to v and from v to x. Applying the samelogic to w would then give a path from x to w and

from w to x. These pathswould imply pathsfrom v to w and w to v (going through x).

Since visadescendant of x in Gr's depth-first spanning tree, thereisapath from x to vin Gr and thus apath fromvto xin G.
Furthermore, since x is the root, x hasthe higher postorder number from thefirst depth-first search. Therefore, during thefirst depth-
first search, all thework processing v was completed before the work at x was completed. Sincethereisapath from v to x, it follows
that v must be a descendant of x in the spanning tree for G -- otherwise v would finish after x. Thisimpliesapath from x to vin G and
completesthe proof.

(35}
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Figure9.76 Gr numbered by postorder traversal of G



Figure9.77 Depth-first search of Gr -- strongcomponentsare{G},{H, 1, J},{B, A, C,F},{D},{E}

9.7. Introduction to NP-Completeness

Inthis chapter, we have seen solutionsto awide variety of graph theory problems. All these problemshave polynomial running times,
and with the exception of the network flow problem, therunning timeiseither linear or only slightly morethan linear (O(|E| log | E])).
We have also mentioned, in passing, that for some problems certain variations seem harder than the original .

Recall that the Euler circuit problem, which findsapath that touches every edge exactly once, issolvablein linear time. The
Hamiltonian cycle problem asks for asimplecyclethat containsevery vertex. Nolinear agorithmisknown for thisproblem.

The single-source unweighted shortest-path problem for directed graphsisalso solvableinlinear time. No linear-time algorithm is
known for the corresponding longest-simple-path problem.

Thesituation for these problem variationsisactually much worsethan we have described. Not only areno linear algorithmsknown for
thesevariations, but there are no known algorithmsthat are guaranteed to runin polynomial time. The best known algorithmsfor these

problems could take exponential time on someinputs.

Inthissectionwewill takeabrief ook at this problem. Thistopicisrather complex, sowewill only take aquick and informal look at
it. Because of this, the discussion may be (necessarily) somewhat imprecisein places.

Wewill seethat there areahost of important problemsthat areroughly equiva ent in complexity. These problemsform aclasscalled
the NPP-complete problems. The exact complexity of these NP-compl ete problemshasyet to be determined and remainstheforemost
open problemintheoretical computer science. Either al these problemshave polynomial-time sol utions or none of them do.

9.7.1. Easy vs. Hard

9.7.2. TheClassNP

9.7.3. NP-Complete Problems

9.7.1. Easy vs. Hard

When classifying problems, thefirst step isto examinethe boundaries. We have already seen that many problemscan be solvedin
linear time. We have also seen some O(log n) running times, but these either assume some preprocessing (such asinput already being



read or adatastructure already being built) or occur on arithmetic examples. For instance, the ged a gorithm, when applied on two
numbersm and n, takes O(log n) time. Since the numbers consist of log m and log n bits respectively, the ged algorithmisrealy
taking timethat islinear in the amount or size of input. Thus, when we measure running time, we will be concerned with the running
timeasafunction of the amount of input. Generally, we cannot expect better than linear running time.

At the other end of the spectrum lie sometruly hard problems. These problems are so hard that they are impossible. This does not
mean thetypical exasperated moan2 which meansthat it would take ageniusto solve the problem. Just asreal numbers are not
sufficient to expressasolutionto x <0, one can prove that computers cannot solve every problem that happensto comealong. These
"impossible" problemsare called undecidable problems.

One particular undecidable problemisthe halting problem. Isit possible to have your C compiler have an extrafeature that not only
detectssyntax errorsbut also infiniteloops? This seemslikeahard problem, but one might expect that if somevery clever
programmers spent enough time on it, they could produce this enhancement.

Theintuitivereason that this problem isundecidableisthat such aprogram might have ahard time checking itself. For thisreason,

these problems are sometimes called recursively undecidable.

If an infinite loop-checking program could bewritten, surely it could be used to check itself. We could then produce aprogram called
LOOP. LOOP takes asinput aprogram P and runs P on itself. It prints out the phrase YES if P loopswhen run oniitself. If P
terminates when run onitself, anatural thing to do would be to print out NO. Instead of doing that, we will have LOOP go into an
infinite loop.

What happenswhen LOOP is given itself asinput? Either LOOP halts, or it does not halt. The problem isthat both these possibilities
lead to contradictions, in much the same way as doesthe phrase " Thissentenceisalie.”

By our definition, LOOP(P) goesinto an infinite loop if P(P) terminates. Supposethat when P = LOOP, P(P) terminates. Then,
according to the LOOP program, LOOP(P) isobligated to gointo aninfiniteloop. Thus, we must have LOOP(LOOP) terminating and
entering aninfiniteloop, whichisclearly not possible. On the other hand, supposethat when P = LOOP, P(P) enters an infinite loop.
Then LOOP(P) must terminate, and we arrive at the same set of contradictions. Thus, we seethat the program LOOP cannot possibly
exist.

9.7.2. The Class NP

A few stepsdown from the horrors of undecidable problemsliesthe class NP. NP stands for nondeter ministic polynomial-time. A
deterministic machine, at each point intime, isexecuting aninstruction. Depending on theinstruction, it then goesto some next
instruction, whichisunique. A nondeterministic machine hasachoice of next steps. It isfreeto choose any that it wishes, andif one

of these steps|eadsto asolution, it will always choose the correct one. A nondeterministic machine thus has the power of extremely
good (optimal) guessing. This probably seemslikearidiculousmodel, since nobody could possibly build anondeterministic computer,
and becauseit would seem to beanincredible upgradeto your standard computer (every problem might now seemtrivial). Wewill
seethat nondeterminismisavery useful theoretical construct. Furthermore, nondeterminismisnot aspowerful as one might think. For
instance, undecidable problemsarestill undecidable, evenif nondeterminismisallowed.

A simpleway to check if aproblemisin NP isto phrase the problem asayes/no question. The problemisin NP if, in polynomial time,
we can provethat any "yes" instanceiscorrect. We do not haveto worry about "no" instances, since the program always makesthe
right choice. Thus, for the Hamiltonian cycle problem, a"yes" instance would be any simplecircuit inthe graph that includes all the
vertices. Thisisin NP, since, given the path, it isasimple matter to check that it isreally aHamiltonian cycle. Appropriately phrased



questions, such as"Isthere asimple path of length > K?' can al so easily be checked and arein NP. Any path that satisfiesthis
property can be checked trivialy.

The class NP includesall problemsthat have polynomial-time solutions, since obviously the solution providesacheck. Onewould
expect that sinceit isso much easier to check an answer than to come up with one from scratch, there would be problemsin NP that
do not have polynomial-time solutions. To date no such problem has been found, soitisentirely possible, though not considered
likely by experts, that nondeterminismisnot such animportant improvement. The problem isthat proving exponential lower bounds
isan extremely difficult task. Theinformation theory bound technique, which we used to show that sorting requires £1(n log n)
comparisons, does not seem to be adequate for the task, because the decision treesare not nearly large enough.

Notice also that not all decidable problemsarein NP. Consider the problem of determining whether agraph does not have a
Hamiltonian cycle. To provethat agraph hasaHamiltonian cycleisarelatively simple matter-we just need to exhibit one. Nobody
knows how to show, in polynomial time, that agraph does not haveaHamiltonian cycle. It seemsthat one must enumerate all the
cyclesand check them one by one. Thusthe Non-Hamiltonian cycle problemisnot known to bein NP.

9.7.3. NP-CompleteProblems

Among all the problemsknown to bein NP, there is asubset, known as the NP-compl ete problems, which containsthe hardest. An
NP-compl ete problem hasthe property that any problemin NP can be polynomially reduced to it.

A problem P1 can be reduced to P2 asfollows: Provide amapping so that any instance of P1 can be transformed to an instance of P2.
Solve P2, and then map theanswer back to the original. Asan example, numbersare entered into apocket cal culator indecimal. The
decimal numbersare converted to binary, and all calculationsare performedin binary. Thenthefinal answer isconverted back to
decimal for display. For P1 to be polynomially reducibleto P2, all thework associated with the transformations must be performedin
polynomial time.

Thereason that NP-complete problems are the hardest NP problemsisthat a problem that is NP-complete can essentially be used asa
subroutinefor any problem in NP, with only apolynomial amount of overhead. Thus, if any NP-complete problem hasapolynomial-
time solution, then every problem in NP must have a polynomial-time solution. This makes the NP-compl ete problems the hardest of
al NP problems.

Suppose we have an NP-complete problem P1. Suppose P2 is known to bein NP. Suppose further that P1 polynomially reducesto P2,
so that we can solve P1 by using P2 with only apolynomial time penalty. Since P1 is NP-complete, every problem in NP
polynomially reducesto P1. By applying the closure property of polynomials, we seethat every problemin NP is polynomially
reducibleto P2: We reduce the problem to P1 and then reduce P1 to P2. Thus, P2 is NP-complete.

Asan example, suppose that we already know that the Hamiltonian cycle problemis NP-complete. The traveling salesman problemis
asfollows.

TRAVELING SALESMAN PROBLEM:

Given acompletegraph G = (V, E), with edge costs, and aninteger K, istherea simple cyclethat visitsall verticesand hastotal cost
=K?

The problemisdifferent from the Hamiltonian cycle problem, because all |V|(JV] - 1)/2 edges are present and the graph isweighted.
Thisproblem hasmany important applications. For instance, printed circuit boards need to have holes punched so that chips, resistors,



and other el ectronic components can be placed. Thisisdone mechanically. Punching the holeisaquick operation; thetime-
consuming step is positioning the hole puncher. Thetimerequired for positioning depends on thedistancetravel ed from holeto hole.
Sincewewould liketo punch every hole (and then return to the start for the next board), and minimize the total amount of time spent
traveling, what we haveisatraveling salesman problem.

Thetraveling salesman problemis NP-complete. It iseasy to seethat asolution can be checked in polynomial time, soitiscertainly in
NP. To show that it is NP-compl ete, we polynomially reducethe Hamiltonian cycle problemtoit. To do thiswe construct anew graph
G'. G' hasthe sameverticesas G. For G', each edge (v, w) hasaweight of 1 if (v, w) =G, and 2 otherwise. We choose K = |V|. See
Figure9.78.

Itiseasy to verify that G has aHamiltonian cycle problem if and only if G' hasaTraveling Salesman tour of total weight |V|.

Thereisnow along list of problems known to be NP-complete. To provethat some new problem is NP-complete, it must be shown to
be in NP, and then an appropriate NP-complete problem must betransformedintoit. Although thetransformationto atraveling
salesman problemwasrather straightforward, most transformationsare actually quiteinvol ved and require sometricky constructions.
Generally, severa different NP-complete problems are considered beforethe problem that actually providesthereduction. Asweare
only interested in the general ideas, wewill not show any moretransformations; theinterested reader can consult the references.

The alert reader may be wondering how thefirst NP-complete problem was actually proven to be NP-complete. Since proving that a
problem is NP-completerequirestransforming it from another NP-complete problem, there must be some NP-compl ete problem for
which thisstrategy will not work. Thefirst problem that was proven to be NP-complete was the satisfiability problem. The
satisfiability problem takes asinput abool ean expression and askswhether the expression has an assignment to thevariablesthat gives
avalueof 1.

(V1

Figure9.78 Hamiltonian cycleproblem transfor med totraveling salesman problem

Satisfiability iscertainly in NP, sinceit is easy to evaluate a bool ean expression and check whether theresultis 1. In 1971, Cook
showed that satisfiability was NP-complete by directly proving that all problemsthat arein NP could betransformed to satisfiability.
Todo this, he used the one known fact about every problem in NP: Every problem in NP can be solved in polynomial timeby a
nondeterministic computer. Theformal model for acomputer isknown asa Turing machine. Cook showed how the actions of this
machine could be simulated by an extremely complicated and long, but till polynomial, boolean formula. Thisbooleanformula
would betrueif and only if the program which was being run by the Turing machine produced a"yes" answer for itsinput.



Once satisfiability was shown to be NP-complete, a host of new NP-compl ete problems, including some of themost classic problems,
were also shown to be NP-complete.

In addition to the satisfiability, Hamiltonian circuit, traveling salesman, and longest-path problems, which we have already examined,
some of the more well-known NP-complete problemswhich we have not discussed are bin packing, knapsack, graph coloring, and

clique. Thelistisquiteextensiveandincludes problemsfrom operating systems (scheduling and security), database systems,
operationsresearch, logic, and especially graph theory.

Summary

In this chapter we have seen how graphs can be used to model many real-life problems. Many of thegraphsthat occur aretypically

very sparse, so it isimportant to pay attention to the data structuresthat are used to implement them.

We have also seen aclass of problemsthat do not seem to have efficient solutions. In Chapter 10, some techniques for dealing with
these problemswill be discussed.

Exercises

9.1 Find atopological ordering for the graph in Figure 9.79.

9.2 If astack isused instead of aqueuefor thetopological sort algorithmin Section 9.1, doesadifferent ordering result? Why might
onedatastructure give a"better" answer?

9.3 Write aprogram to perform atopological sort on agraph.

2
9.4 An adjacency matrix requires O( I \ I ) merely toinitialize using a standard double loop. Propose amethod that storesagraphin
an adjacency matrix (so that testing for the existence of an edgeis O(1)) but avoidsthe quadratic running time.

9.5 a. Find the shortest path from Ato al other verticesfor the graph in Figure 9.80.

b. Find the shortest unweighed path from B to all other verticesfor the graph in Figure 9.80.

(a) (B )

2

Figure9.79



9.6 What is the worst-caserunning time of Dijkstra'salgorithm whenimplemented with d-heaps (Section 6.5)?

9.7 a. Givean examplewhere Dijkstra'salgorithm givesthewrong answer in the presence of anegative edge but no negative-cost
cycle.

**. Show that the weighted shortest-path al gorithm suggested in Section 9.3.3worksif thereare negative-weight edges, but no
negative-cost cycles, and that the running time of thisalgorithmis O(|E®*|V]).

*9.8 Suppose all theedge weightsin agraph areintegers between 1 and I E I . How fast can Dijkstra'salgorithm be implemented?
9.9 Write a program to solve the single-source shortest-path problem.
9.10 a. Explain how to modify Dijkstra's algorithm to produce acount of the number of different minimum pathsfrom v to w.

b. Explain how to modify Dijkstra'salgorithm so that if thereis more than one minimum path from v to w, a path with the fewest
number of edgesis chosen.

Figure 9.80

9.11 Find the maximum flow in the network of Figure 9.79.

9.12 Supposethat G = (V, E) isatree, sistheroot, and we add avertex t and edges of infinite capacity fromall leavesin G tot. Give
alinear-time agorithm to find amaximum flow from sto t.

9.13 A bipartite graph, G = (V, E), isagraph such that V can be partitioned into two subsets V1 and V2 and no edge has both its
verticesin the same subset.

a Givealinear algorithm to determine whether agraphisbipartite.

b. The bipartite matching problemisto find the largest subset E' of E such that no vertex isincluded in more than one edge. A
matching of four edges (indicated by dashed edges) isshownin Figure 9.81. Thereisamatching of five edges, which ismaximum.



Show how the bipartite matching problem can be used to solve the following problem: We have aset of instructors, aset of courses,
and alist of coursesthat each instructor is qualified to teach. If noinstructor isrequired to teach more than one course, and only one
instructor may teach agiven course, what isthe maximum number of coursesthat can be offered?

¢. Show that the network flow problem can be used to solve the bipartite matching problem.

d. What isthetime complexity of your solutionto part (b)?

9.14 Givean agorithm to find an augmenting path that permitsthe maximum flow.

9.15a Find aminimum spanning treefor thegraphin Figure 9.82 using both Prim'sand Kruskal's algorithms.

b. Isthis minimum spanning tree unique? Why?

9.16 Does either Prim'sor Kruskal'salgorithm work if there are negative edge weights?

V_2
9.17 Show that agraph of V verticescanhaveV = minimum spanning trees.

9.18 Writeaprogram to implement Kruskal'salgorithm.

9.19 If dl of the edgesin agraph have weights between 1 and I E I , how fast can the minimum spanning tree be computed?

Figure9.81 A bipartitegraph




Figure9.82

9.20 Give an agorithm to find a maximum spanning tree. | sthis harder than finding aminimum spanning tree?

9.21 Find al thearticulation pointsin the graph in Figure 9.83. Show the depth-first spanning tree and the values of num and low for
each vertex.

9.22 Provethat the a gorithm to find articul ation pointsworks.

9.23 a. Givean agorithm to find the minimum number of edgesthat need to be removed from an undirected graph so that theresulting
graphisacyclic.

*b. Show that this problem is NP-complete for directed graphs.

9.24 Prove that in adepth-first spanning forest of adirected graph, all crossedgesgo fromright to | eft.

9.25 Give an algorithm to decide whether an edge (v, w) in adepth-first spanning forest of adirected graphisatree, back, cross, or
forward edge.

9.26 Find the strongly connected componentsin the graph of Figure9.84.

9.27 Writeaprogramto find the strongly connected componentsin adigraph.

(=)
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Figure9.83



Figure9.84

*9.28 Givean agorithmthat findsthe strongly connected componentsin only one depth-first search. Use an algorithm similar to the
biconnectivity algorithm.

9.29 The biconnected components of a graph G isapartition of the edgesinto sets such that the graph formed by each set of edgesis
biconnected. Modify the algorithmin Figure 9.67 to find the biconnected componentsinstead of thearticulation points.

9.30 Suppose we perform abreadth-first search of an undirected graph and build abreadth-first spanning tree. Show that all edgesin
thetree are either tree edges or cross edges.

9.31 Givean algorithmto find in an undirected (connected) graph apath that goes through every edge exactly oncein each direction.

9.32a. Writeaprogramto find an Euler circuitinagraphif oneexists.

b. Write aprogram to find an Euler tour in agraph if one exists.

9.33 An Euler circuitin adirected graph isacycleinwhich every edgeisvisited exactly once.

*a. Provethat adirected graph hasan Euler circuit if and only if it isstrongly connected and every vertex has equal indegree and
outdegree.

*b. Give alinear-timealgorithmto find an Euler circuit in adirected graph where one exists.

9.34 a. Consider thefollowing sol ution to the Euler circuit problem: Assumethat the graphis biconnected. Perform adepth-first
search, taking back edgesonly asalast resort. If the graph isnot biconnected, apply the algorithm recursively on the biconnected
components. Doesthisalgorithm work?

b. Suppose that when taking back edges, wetake the back edge to the nearest ancestor. Doesthe algorithm work?

9.35 A planar graph isagraph that can be drawn in aplane without any two edgesintersecting.

*a. Show that neither of the graphsin Figure 9.85 isplanar.

b. Show that in aplanar graph, there must exist some vertex which is connected to no more than five nodes.



**¢. Show that in aplanar graph, IEI 53|VI - 6.

Figure9.85

9.36 A multigraphisagraphinwhich multiple edges are allowed between pairs of vertices. Which of the algorithmsin thischapter
work without modification for multigraphs? What modificationsneed to be done for the others?

*0.37 Let G = (V, E) bean undirected graph. Use depth-first search to design alinear algorithm to convert each edgein G to adirected
edge such that theresulting graph is strongly connected, or determinethat thisisnot possible.

9.38 You are given a set of n sticks, which arelaying ontop of each other in some configuration. Each stick is specified by itstwo
endpoints; each endpoint isan ordered triplegiving its x, y, and z coordinates; no stick isvertical. A stick may be picked up only if

thereisno stick on top of it.

a. Explain how to write aroutinethat takestwo sticks a and b and reports whether a is above, below, or unrelated to b. (This has
nothing to do with graph theory.)

b. Give an algorithm that determineswhether it ispossibleto pick up al the sticks, and if so, provides aseguence of stick pickupsthat

accomplishesthis.

9.39 The clique problem can be stated asfollows: Given an undirected graph G = (V, E) and an integer K, does G contain acomplete
subgraph of at least K vertices?

The vertex cover problem can be stated asfollows: Given an undirected graph G = (V, E) and an integer K, does G contain a subset V'
=V such that I \ I =K and every edge in G has a vertex in V'? Show that the clique problemispolynomially reducibleto vertex

cover.
9.40 Assumethat the Hamiltonian cycle problem is NP-completefor undirected graphs.

a. Prove that the Hamiltonian cycle problem is NP-complete for directed graphs.

b. Provethat the unwei ghted simplelongest-path problem is NP-complete for directed graphs.

9.41 The baseball card collector problemisasfollows: Given packets P1, P2, . . ., Pm, each of which contains a subset of the year's

baseball cards, and aninteger K, isit possibleto collect all the baseball cards by choosing =K packets? Show that the baseball card
collector problem is NP-complete.
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excellent survey of complexity theory is[44]. Anapproximation agorithm for thetraveling salesman problem, which generally gives
nearly optimal results, canbefoundin[35].

A solution to Exercise 9.8 can be found in [2]. Solutionsto the bipartite matching problemin Exercise 9.13 can befound in [22] and
[33]. The problem can be generalized by adding weightsto the edges and removing therestriction that the graph isbipartite. Efficient
solutionsfor the unweighted matching problem for general graphsare quite complex. Detailscan befoundin[10],[15], and [17].

Exercise 9.35 dealswith planar graphs, which commonly arisein practice. Planar graphsarevery sparse, and many difficult problems
are easier on planar graphs. An exampleisthe graph isomorphism problem, whichissolvableinlinear timefor planar graphs[26]. No

polynomial timealgorithmisknown for general graphs.
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CHAPTER 10: ALGORITHM DESIGN
TECHNIQUES

So far, we have been concerned with the efficient implementation of algorithms. We have
seen that when an algorithm is given, the actual data structures need not be specified. It is
up to the programmer to choose the approriate data structure in order to make the running
time as small aspossible.

In this chapter, we switch our attention from the implementation of algorithmsto the
design of algorithms. Most of the algorithms that we have seen so far are straightforward
and simple. Chapter 9 contains some agorithms that are much more subtle, and some
require an argument (in some cases lengthy) to show that they are indeed correct. In this
chapter, we will focus on five of the common types of algorithms used to solve problems.
For many problems, it is quite likely that at least one of these methods will work.
Specifically, for each type of algorithm we will

*See the general approach.

*L ook at several examples (the exercises at the end of the chapter provide many more
examples).

*Discuss, in general terms, the time and space complexity, where appropriate.

10.1. Greedy Algorithms

Thefirst type of algorithm we will examine is the greedy algorithm. We have aready
seen three greedy algorithmsin Chapter 9: Dijkstra’s, Prim's, and Kruskal's algorithms.
Greedy algorithms work in phases. In each phase, a decision is made that appears to be
good, without regard for future consequences. Generally, this means that some local
optimum s chosen. This "take what you can get now" strategy is the source of the name
for this class of algorithms. When the algorithm terminates, we hope that the local
optimum is equal to the global optimum. If thisis the case, then the algorithm is correct;
otherwise, the algorithm has produced a suboptimal solution. If the absolute best answer
is not required, then simple greedy algorithms are sometimes used to generate
approximate answers, rather than using the more complicated algorithms generally
required to generate an exact answer.

There are several real-life examples of greedy algorithms. The most obviousis the coin-
changing problem. To make changein U.S. currency, we repeatedly dispense the largest
denomination. Thus, to give out seventeen dollars and sixty-one centsin change, we give
out aten-dollar bill, afive-dollar bill, two one-dollar bills, two quarters, one dime, and



one penny. By doing this, we are guaranteed to minimize the number of bills and coins.
This algorithm does not work in all monetary systems, but fortunately, we can prove that
it does work in the American monetary system. Indeed, it works even if two-dollar bills
and fifty-cent pieces are allowed.

Traffic problems provide an example where making locally optimal choices does not
always work. For example, during certain rush hour timesin Miami, it is best to stay off
the prime streets even if they look empty, because traffic will come to a standstill a mile
down the road, and you will be stuck. Even more shocking, it is better in some casesto
make a temporary detour in the direction opposite your destination in order to avoid all
traffic bottlenecks.

In the remainder of this section, we will ook at several applications that use greedy
algorithms. The first application is a simple scheduling problem. Virtually all scheduling
problems are either NP-complete (or of similar difficult complexity) or are solvable by a
greedy agorithm. The second application deals with file compression and is one of the
earliest results in computer science. Finally, we will look at an example of a greedy
approximation algorithm.

10.1.1. A Simple Scheduling Problem

Wearegivenjobsji, j2, . . ., jn, al with known running timest, to, . . ., tn, respectively.
We have asingle processor. What is the best way to schedule these jobs in order to
minimize the average completion time? In this entire section, we will assume
nonpreemptive scheduling: Once ajob is started, it must run to completion.

As an example, suppose we have the four jobs and associated running times shown in
Figure 10.1. One possible schedule is shown in Figure 10.2. Because j; finishesin 15
(timeunits), j2 in 23, j3in 26, and j4 in 36, the average completion timeis 25. A better
schedule, which yields a mean completion time of 17.75, is shown in Figure 10.3.

The schedule given in Figure 10.3 is arranged by shortest job first. We can show that this
will awaysyield an optimal schedule. Let the jobs in the schedule bejia, ji2, . . . , jin. The
first job finishesin timeti;. The second job finishes after tj; + ti2, and the third job
finishes after ti; + tiz + tiz. From this, we see that the total cost, C, of the scheduleis

M
C=>(n=k+1l,
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Figure 10.1 Jobs and times
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Figure 10.2 Schedule #1

Ia iz Ja i

o 3 11 21 36

Figure 10.3 Schedule #2 (optimal)

Notice that in Equation (10.2), the first sum is independent of the job ordering, so only
the second sum affects the total cost. Suppose that in an ordering there exists some x >y
such that tix < tjy. Then a calculation shows that by swapping jix and jiy, the second sum
increases, decreasing the total cost. Thus, any schedule of jobs in which the times are not
monotonically nonincreasing must be suboptimal. The only schedules left are those in
which the jobs are arranged by smallest running time first, breaking ties arbitrarily.

This result indicates the reason the operating system scheduler generally gives
precedence to shorter jobs.

The Multiprocessor Case

We can extend this problem to the case of several processors. Again we have jobsj,

J2, ..., ]n, With associated running timesty, t, . . . , tn, and anumber P of processors. We
will assume without loss of generality that the jobs are ordered, shortest running time first.
As an example, suppose P = 3, and the jobs are as shown in Figure 10.4.

Figure 10.5 shows an optimal arrangement to minimize mean completion time. Jobs |1, j4,
and j7 are run on Processor 1. Processor 2 handlesj ,. j s, and jg, and Processor 3 runsthe

185 _
remaining jobs. The total time to completion is 165, for an averageof & 18.33



The algorithm to solve the multiprocessor case is to start jobs in order, cycling through
processors. It is not hard to show that no other ordering can do better, athough if the
number of processors P evenly divides the number of jobs n, there are many optimal
orderings. Thisis obtained by, for each 0 si <n/P, placing each of the jobs jip+1 through
Ja+1p on adifferent processor. In our case, Figure 10.6 shows a second optimal solution.

Job Tine
J1 3
j2 s
iz 6
ja 10
is 11
je 14
7 15
je 18
jo 20

Figure 10.4 Jobs and times
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Figure 10.5 An optimal solution for the multiprocessor case

Even if P does not divide n exactly, there can still be many optimal solutions, even if al
the job times are distinct. We leave further investigation of this as an exercise.

Minimizing the Final Completion Time

We close this section by considering avery similar problem. Suppose we are only

concerned with when the last job finishes. In our two examples above, these completion
times are 40 and 38, respectively. Figure 10.7 shows that the minimum final completion
timeis 34, and this clearly cannot be improved, because every processor is aways busy.

Although this schedule does not have minimum mean completion time, it has merit in

that the completion time of the entire sequenceis earlier. If the same user owns all these
jobs, then this is the preferable method of scheduling. Although these problems are very
similar, this new problem turns out to be NP-complete; it is just another way of phrasing



the knapsack or bin-packing problems, which we will encounter later in this section. Thus,
minimizing the final completion time is apparently much harder than minimizing the
mean completion time.

Ja Ja g1

Ja Js Ju

{ 3 56 14 15 20 30 34 38

Figure 10.6 A second optimal solution for the multiprocessor case
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Figure 10.7 Minimizing the final completion time

10.1.2. Huffman Codes

In this section, we consider a second application of greedy algorithms, known asfile
compression.

Thenormal Asci | character set consists of roughly 100 "printabl€" characters. In order to
distinguish these characters, [log 1001= 7 bits are required. Seven bits allow the
representation of 128 characters, so the Asci | character set adds some other
"nonprintable” characters. An eighth bit is added as a parity check. The important point,
however, isthat if the size of the character set is C, then[log Cl bits are needed in a
standard encoding.

Suppose we have afile that contains only the characters a, €, i, s, t, plus blank spaces and
newlines. Suppose further, that the file has ten a's, fifteen €'s, twelvei's, three s's, four t's,



thirteen blanks, and one newline. As the table in Figure 10.8 shows, thisfile requires 174
bits to represent, since there are 58 characters and each character requires three bits.

Character Code Frequency Total Bits

a 000 10 30
e 001 15 45
i 010 12 36
S 011 3 9
t 100 4 12
space 101 3 39
new i ne 110 1 3
Tot al 174

Figure 10.8 Using a standard coding scheme

In red life, files can be quite large. Many of the very large files are output of some
program and thereis usually a big disparity between the most frequent and least frequent
characters. For instance, many large data files have an inordinately large amount of digits,
blanks, and newlines, but few g's and x's. We might be interested in reducing the file size
in the case where we are transmitting it over aslow phoneline. Also, since on virtually
every machine disk space is precious, one might wonder if it would be possible to

provide a better code and reduce the total number of bits required.

The answer isthat thisis possible, and a simple strategy achieves 25 percent savings on
typical large files and as much as 50 to 60 percent savings on many large data files. The
genera strategy isto allow the code length to vary from character to character and to
ensure that the frequently occurring characters have short codes. Notice that if all the
characters occur with the same frequency, then there are not likely to be any savings.

The binary code that represents the alphabet can be represented by the binary tree shown
in Figure 10.9.

Thetreein Figure 10.9 has data only at the leaves. The representation of each character
can be found by starting at the root and recording the path, using a 0 to indicate the left
branch and a 1 to indicate the right branch. For instance, s is reached by going left, then
right, and finally right. Thisis encoded as 011. This data structure is sometimes referred
toasatrie. If character ¢ isat depth d; and occurs f; times, then the cost of the codeis
equal to Zd; f;.

T



Figure 10.9 Representation of the original codein atree

Figure 10.10 A dlightly better tree

A better code than the one given in Figure 10.9 can be obtained by noticing that the
newlineisan only child. By placing the newline symbol one level higher at its parent, we
obtain the new tree in Figure 10.9. This new tree has cost of 173, but is still far from
optimal.

Notice that thetree in Figure 10.10 isafull tree: All nodes either are leaves or have two
children. An optimal code will always have this property, since otherwise, as we have
aready seen, nodes with only one child could move up alevel.

If the characters are placed only at the leaves, any sequence of bits can aways be
decoded unambiguously. For instance, suppose the encoded string is
0100111100010110001000111. O is not a character code, 01 is not a character code, but
010 represents i, so the first character isi. Then 011 follows, giving at. Then 11 follows,
which isanewline. The remainder of the codeisa, space, t, i, e, and newline. Thus, it
does not matter if the character codes are different lengths, aslong as no character codeis
aprefix of another character code. Such an encoding is known as a prefix code.
Conversdly, if acharacter is contained in anonleaf node, it is no longer possible to
guarantee that the decoding will be unambiguous.

Putting these facts together, we see that our basic problem isto find the full binary tree of
minimum total cost (as defined above), where all characters are contained in the leaves.
Thetreein Figure 10.11 shows the optimal tree for our sample alphabet. As can be seen
in Figure 10.12, this code uses only 146 bits.
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Figure 10.11 Optimal prefix code

Char acter Code Frequency Total Bits

a 001 10 30
e 01 15 30
i 10 12 24
S 00000 3 15
t 0001 4 16
space 11 13 26
new i ne 00001 1 5
Tot al 146

Figure 10.12 Optimal prefix code

Notice that there are many optimal codes. These can be obtained by swapping children in
the encoding tree. The main unresolved question, then, is how the coding treeis
constructed. The algorithm to do this was given by Huffman in 1952. Thus, this coding
system is commonly referred to as a Huffman code.

Huffman's Algorithm

Huffman's Algorithm

Throughout this section we will assume that the number of charactersis C. Huffman's
algorithm can be described as follows. We maintain aforest of trees. The weight of atree
isequal to the sum of the frequencies of itsleaves. C - 1 times, select the two trees, T;
and T, of smallest weight, breaking ties arbitrarily, and form a new tree with subtrees T,
and T,. At the beginning of the algorithm, there are C single-node trees-one for each
character. At the end of the algorithm thereis one tree, and this is the optimal Huffman
coding tree.

A worked example will make the operation of the algorithm clear. Figure 10.13 shows
theinitial forest; the weight of each tree is shown in small type at the root. The two trees



of lowest weight are merged together, creating the forest shown in Figure 10.14. We will
name the new root T1, so that future merges can be stated unambiguously. We have made
stheleft child arbitrarily; any tiebreaking procedure can be used. The total weight of the
new treeisjust the sum of the weights of the old trees, and can thus be easily computed.
It is also a sSimple matter to create the new tree, since we merely need to get a new node,
set the left and right pointers, and record the weight.

ONNCENONNOMNCENCING)

Figure 10.13 Initial stage of Huffman'salgorithm
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Figure 10.14 Huffman's algorithm after thefirst merge
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Figure 10.15 Huffman's algorithm after the second merge
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Figure 10.16 Huffman'salgorithm after thethird merge

Now there are six trees, and we again select the two trees of smallest weight. These
happen to be T1 and t, which are then merged into a new tree with root T2 and weight 8.
Thisisshown in Figure 10.15. The third step merges T2 and a, creating T3, with weight
10 + 8 = 18. Figure 10.16 shows the result of this operation.



After the third merge is completed, the two trees of lowest weight are the single-node
trees representing i and the blank space. Figure 10.17 shows how these trees are merged
into the new tree with root T4. The fifth step isto merge the trees with roots e and T3,

since these trees have the two smallest weights. The result of this step is shown in Figure
10.18.

Finally, the optimal tree, which was shown in Figure 10.11, is obtained by merging the
two remaining trees. Figure 10.19 shows this optimal tree, with root T6.

T3} TI -
O) om0

Figure 10.17 Huffman's algorithm after the fourth merge

Figure 10.18 Huffman's algorithm after thefifth merge

i
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Figure 10.19 Huffman's algorithm after the final merge



We will sketch the ideas involved in proving that Huffman's algorithm yields an optimal
code; we will leave the details as an exercise. Firgt, it is not hard to show by contradiction
that the tree must be full, since we have already seen how atree that is not full is
improved.

Next, we must show that the two least frequent characters =and Pmust be the two deepest
nodes (although other nodes may be as deep). Again, thisis easy to show by
contradiction, since if either wor Fis not a deepest node, then there must be some Tthat is
(recall that the treeisfull). If zisless frequent than T, then we can improve the cost by
swapping them in the tree.

We can then argue that the charactersin any two nodes at the same depth can be swapped
without affecting optimality. This shows that an optimal tree can always be found that
contains the two least frequent symbols as siblings; thus the first step is not a mistake.

The proof can be completed by using an induction argument. As trees are merged, we
consider the new character set to be the charactersin the roots. Thus, in our example,
after four merges, we can view the character set as consisting of e and the metacharacters
T3 and T4. Thisis probably the trickiest part of the proof; you are urged to fill in all of
the details.

The reason that thisis a greedy algorithm is that at each stage we perform a merge
without regard to global considerations. We merely select the two smallest trees.

If we maintain the treesin a priority queue, ordered by weight, then the running timeis
O(C log C), since there will be one build_heap, 2C - 2 delete_mins, and C - 2 inserts, on
apriority queue that never has more than C elements. A simple implementation of the
priority queue, using alinked list, would give an O (C?) algorithm. The choice of priority
gueue implementation depends on how large C is. In the typical case of an AsCl |
character set, C is small enough that the quadratic running time is acceptable. In such an
application, virtualy al the running time will be spent on the disk /O required to read
the input file and write out the compressed version.

There are two details that must be considered. First, the encoding information must be
transmitted at the start of the compressed file, since otherwise it will be impossible to
decode. There are several ways of doing this; see Exercise 10.4. For small files, the cost

of transmitting this table will override any possible savings in compression, and the result
will probably be file expansion. Of course, this can be detected and the original left intact.
For largefiles, the size of the table is not significant.

The second problem is that as described, thisis a two-pass algorithm. The first pass
collects the frequency data and the second pass does the encoding. Thisis obviously not a
desirable property for a program dealing with large files. Some alternatives are described
in the references.

10.1.3. Approximate Bin Packing



In this section, we will consider some algorithms to solve the bin packing problem. These
algorithms will run quickly but will not necessarily produce optimal solutions. We will
prove, however, that the solutions that are produced are not too far from optimal.

Wearegivennitemsof sizess;, S, . . ., Sh. All sizessatisfy 0 < 5 s1. The problem isto
pack these items in the fewest number of bins, given that each bin has unit capacity. As
an example, Figure 10.20 shows an optimal packing for an item list with sizes 0.2, 0.5,
0.4,0.7,0.1,0.3,0.8.

| 03
(1.5
0.8
- 0.1
| 07
i 0.4
0.2

Figure 10.20 Optimal packing for 0.2, 0.5, 0.4, 0.7, 0.1, 0.3, 0.8

There are two versions of the bin packing problem. Thefirst version is on-line bin
packing. In this version, each item must be placed in a bin before the next item can be
processed. The second version is the off-line bin packing problem. In an off-line
algorithm, we do not need to do anything until all the input has been read. The distinction
between on-line and off-line algorithms was discussed in Section 8.2.

On-line Algorithms

Thefirst issue to consider is whether or not an on-line algorithm can actually always give
an optimal answer, even if it is allowed unlimited computation. Remember that even
though unlimited computation is allowed, an on-line algorithm must place an item before
processing the next item and cannot change its decision.

To show that an on-line algorithm cannot always give an optimal solution, we will give it
particularly difficult datato work on. Consider an input sequence |1 of m small items of

weight 3 ~ €followed by m large items of weight 3t € 0<e<0.01. Itisclear that these
items can be packed in m bins if we place one small item and one large item in each bin.
Suppose there were an optimal on-line algorithm A that could perform this packing.
Consider the operation of algorithm A on the sequence I, consisting of only m small

items of weight P I> can be packed in [m/2] bins. However, A will place each itemin
aseparate bin, since A must yield the same resultson |, as it does for the first half of I,
since thefirst half of I; isexactly the same input as |,. Thismeansthat A will use twice as
many binsasisoptimal for I,. What we have proven is that there is no optimal algorithm
for on-line bin packing.



What the argument above shows is that an on-line algorithm never knows when the input
might end, so any performance guarantees it provides must hold at every instant
throughout the algorithm. If we follow the foregoing strategy, we can prove the following.

THEOREM 10.1.

4
There are inputs that force any on-line bin-packing algorithmto use at least * the
optimal number of bins.

PROOF:

Suppose otherwise, and suppose for simplicity that mis even. Consider any on-line
algorithm A running on the input sequence |1, above. Recall that this sequence consists of
m small items followed by m large items. Let us consider what the algorithm A has done
after processing the mth item. Suppose A has already used b bins. At this point in the
algorithm, the optimal number of binsis m/2, because we can place two elementsin each

2b/m < 3 berter-than-3

bin. Thus we know that 3, by our assumption of a 3 performance

guarantee.

Now consider the performance of algorithm A after all items have been packed. All bins
created after the bth bin must contain exactly one item, since all small items are placed in
thefirst b bins, and two large items will not fit in abin. Since the first b bins can have at
most two items each, and the remaining bins have one item each, we see that packing 2m
itemswill require at least 2m - b bins. Since the 2m items can be optimally packed using

} _ ."l - a
m bins, our performance guarantee assures us that biim <3
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Figure 10.21 Next fit for 0.2, 0.5, 0.4, 0.7, 0.1, 0.3, 0.8

bim =

2
Thefirst inequality implies that #, and the second inequality implies that

bim >3 Wwhichisacontradiction. Thus, no on-line algorithm can guarantee that it will

4
produce a packing with lessthan * the optimal number of bins.



There are three simple algorithms that guarantee that the number of bins used is no more
than twice optimal. There are also quite a few more complicated algorithms with better
guarantees.

Next Fit

Probably the ssmplest algorithm is next fit. When processing any item, we check to see
whether it fitsin the same bin asthe last item. If it does, it is placed there; otherwise, a
new bin is created. This algorithm isincredibly simple to implement and runsin linear
time. Figure 10.21 shows the packing produced for the same input as Figure 10.20.

Not only is next fit smple to program, its worst-case behavior is also easy to anayze.
THEOREM 10.2.

Let m be the optimal number of bins required to pack a list | of items. Then next fit never
uses more than 2m bins. There exist sequences such that next fit uses 2m- 2 bins.

PROOF:

Consider any adjacent bins B; and B; + 1. The sum of the sizes of all itemsin B; and B; + 1
must be larger than 1, since otherwise all of these items would have been placed in B;. If
we apply thisresult to al pairs of adjacent bins, we see that at most half of the spaceis

wasted. Thus next fit uses at most twice the number of bins.

To see that this bound is tight, suppose that the n items have sizes = 0.5if i isodd and s
=2/nifiiseven. Assumenisdivisible by 4. The optimal packing, shown in Figure 10.22,
consists of n/4 bins, each containing 2 elements of size 0.5, and one bin containing the

n/2 elements of size 2/n, for atotal of (n/4) + 1. Figure 10.23 shows that next fit uses n/2
bins. Thus, next fit can be forced to use almost twice as many bins as optimal.
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Figure 10.22 Optimal packing for 0.5, 2/n, 0.5, 2/n, 0.5, 2/n, . ..
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First Fit

Although next fit has a reasonabl e performance guarantee, it performs poorly in practice,
because it creates new bins when it does not need to. In the sample run, it could have
placed the item of size 0.3 in either B; or B,, rather than create a new bin.

Thefirst fit strategy is to scan the binsin order and place the new item in the first bin that
islarge enough to hold it. Thus, anew binis created only when the results of previous
placements have left no other alternative. Figure 10.24 shows the packing that results
from first fit on our standard input.

A simple method of implementing first fit would process each item by scanning down the
list of bins sequentially. This would take O(n?). It is possible to implement first fit to run
in O(n log n); we leave this as an exercise.

A moment's thought will convince you that at any point, at most one bin can be more
than half empty, since if a second bin were also half empty, its contents would fit into the
first bin. Thus, we can immediately conclude that first fit guarantees a solution with at
most twice the optimal number of bins.
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Figure 10.24 First fit for 0.2, 0.5, 0.4,0.7,0.1, 0.3,0.8



On the other hand, the bad case that we used in the proof of next fit's performance bound
does not apply for first fit. Thus, one might wonder if a better bound can be proven. The
answer isyes, but the proof is complicated.

THEOREM 10.3.

Let m be the optimal number of bins required to pack a list | of items. Then first fit never

Ly i =10 .
bins.

17
uses more than [0 ]bi ns. There exist sequences such that first fit uses '
PROOF:

See the references at the end of the chapter.

An example wherefirst fit does almost as poorly as the previous theorem would indicate
1
isshown in Figure 10.25. The input consists of 6mitems of size * Te , followed by 6m

1 L
items of size >~ ©, followed by 6m items of size ¢ e One simple packing places one
item of each sizein abin and requires 6m bins. First fit requires 10m bins.

When first fit isrun on alarge number of items with sizes uniformly distributed between
0 and 1, empirical results show that first fit uses roughly 2 percent more bins than optimal.
In many cases, thisis quite acceptable.
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Figure 10.25 A case wherefirst fit uses 10m binsinstead of 6m
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Figure 10.26 Best fit for 0.2, 0.5,0.4,0.7,0.1,0.3, 0.8
First Fit

Although next fit has a reasonabl e performance guarantee, it performs poorly in practice,
because it creates new bins when it does not need to. In the sample run, it could have
placed the item of size 0.3 in either B1 or B, rather than create a new bin.

Thefirst fit strategy is to scan the binsin order and place the new item in the first bin that
islarge enough to hold it. Thus, anew bin is created only when the results of previous
placements have | eft no other alternative. Figure 10.24 shows the packing that results
from first fit on our standard input.

A simple method of implementing first fit would process each item by scanning down the
list of bins sequentialy. Thiswould take O(n?). It is possible to implement first fit to run
in O(n log n); we leave this as an exercise.

A moment's thought will convince you that at any point, at most one bin can be more
than half empty, sinceif a second bin were also half empty, its contents would fit into the
first bin. Thus, we can immediately conclude that first fit guarantees a solution with at
most twice the optimal number of bins.
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Figure 10.24 First fit for 0.2, 0.5, 0.4,0.7,0.1,0.3,0.8



On the other hand, the bad case that we used in the proof of next fit's performance bound
does not apply for first fit. Thus, one might wonder if a better bound can be proven. The
answer isyes, but the proof is complicated.

THEOREM 10.3.

Let m be the optimal number of bins required to pack a list | of items. Then first fit never
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uses more than [0 ]bi ns. There exist sequences such that first fit uses '
PROOF:

See the references at the end of the chapter.

An example wherefirst fit does almost as poorly as the previous theorem would indicate
1
isshown in Figure 10.25. The input consists of 6mitems of size * Te , followed by 6m

1 L
items of size >~ ©, followed by 6m items of size ¢ e One simple packing places one
item of each sizein abin and requires 6m bins. First fit requires 10m bins.

When first fit isrun on alarge number of items with sizes uniformly distributed between
0 and 1, empirical results show that first fit uses roughly 2 percent more bins than optimal.
In many cases, thisis quite acceptable.
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10.2. Divide and Conquer

Another common technique used to design algorithmsis divide and conguer. Divide and
conquer algorithms consist of two parts:

Divide: Smaller problems are solved recursively (except, of course, base cases).

Conquer: The solution to the original problem is then formed from the solutions to the
subproblems.

Traditionally, routines in which the text contains at least two recursive calls are called
divide and conqguer a gorithms, while routines whose text contains only one recursive call
are not. We generally insist that the subproblems be digoint (that is, essentially
nonoverlapping). Let us review some of the recursive algorithms that have been covered
in thistext.

We have aready seen several divide and conquer algorithms. In Section 2.4.3, we saw an
O (nlog n) solution to the maximum subsequence sum problem. In Chapter 4, we saw
linear-time tree traversal strategies. In Chapter 7, we saw the classic examples of divide
and conquer, namely mergesort and quicksort, which have O (nlog n) worst-case and
average-case bounds, respectively.

We have aso seen several examples of recursive algorithms that probably do not classify
as divide and conquer, but merely reduce to asingle smpler case. In Section 1.3, we saw
asimple routine to print a number. In Chapter 2, we used recursion to perform efficient
exponentiation. In Chapter 4, we examined simple search routines for binary search trees.
In Section 6.6, we saw simple recursion used to merge leftist heaps. In Section 7.7, an
algorithm was given for selection that takes linear average time. The digoint set find
operation was written recursively in Chapter 8. Chapter 9 showed routines to recover the
shortest path in Dijkstra's algorithm and other procedures to perform depth-first search in
graphs. None of these algorithms are really divide and conquer algorithms, because only
onerecursive call is performed.



We have also seen, in Section 2.4, avery bad recursive routine to compute the Fibonacci
numbers. This could be called a divide and conquer algorithm, but it is terribly inefficient,
because the problem really is not divided at all.

In this section, we will see more examples of the divide and conquer paradigm. Our first
application is a problem in computational geometry. Given n points in a plane, we will
show that the closest pair of points can be found in O(n log n) time. The exercises
describe some other problems in computational geometry which can be solved by divide
and conquer. The remainder of the section shows some extremely interesting, but mostly
theoretical, results. We provide an agorithm which solves the selection problem in O(n)
worst-case time. We also show that 2 n-bit numbers can be multiplied in o(n?) operations
and that two n x n matrices can be multiplied in o(n®) operations. Unfortunately, even
though these algorithms have better worst-case bounds than the conventional algorithms,
none are practical except for very large inputs.

10.2.1. Running Time of Divide and Conquer Algorithms

10.2.1. Running Time of Divide and Conquer
Algorithms

All the efficient divide and conquer algorithms we will see divide the problemsinto
subproblems, each of which is some fraction of the original problem, and then perform
some additional work to compute the final answer. As an example, we have seen that
mergesort operates on two problems, each of which is half the size of the original, and
then uses O(n) additional work. This yields the running time equation (with appropriate
initial conditions)

T(n) = 2T(n/2) + Q(n)

We saw in Chapter 7 that the solution to this equation is O(n log n). The following
theorem can be used to determine the running time of most divide and conquer
algorithms.

THEOREM 10.6.

The solution to the equation T(n) = aT(n/b) + ©(n"), wherea =1l and b > 1, is

Oin*logn) ifa = E:alJir
Ofn*) if a < b*

O(n8s)  ifa > b
Tin) =

PROOF:



Following the analysis of mergesort in Chapter 7, we will assumethat n is a power of b;
thus, let n = b™. Then n/b = b™" and n* = (b™) = b™ = b = (K™ Let usassume T(1) = 1,
and ignore the constant factor in © (n*). Then we have

T(b™) = aT(b™)+(b)™

If we divide through by am, we obtain the equation

TI:'br.l-.':l 3 T[bm 'I] . ﬂ ]
am - CI"J 1 a

(10.3)

We can apply thiseguation for other values of m, obtaining

a

gmL g

¢ bm—1 #H—2 k m=1
T ") _ Tib j+{b ]

(10.4)
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(10.5)

Tibhy T [ 4]
= ———
al a

(10.6)

Weuse our standard trick of adding up the tel escoping equations (10.3) through (10.6). Virtually all thetermson the left cancel the
leading terms on theright, yielding

T(p") Hi{ﬁ]*
a

i=1

(10.7)



(10.8)

Thus

Mo pEY
= TR = o L
Tin)y=TiE") =a 2[::]

(10.9)

If a > bk, then the sum isageometric serieswith ratio smaller than 1. Since the sum of infinite serieswould convergeto aconstant,
thisfinite sumisalso bounded by aconstant, and thus Equation (10.10) applies:

T(n) = O(am) = O(alogb n) O = O(nlogb a)

(10.10)

If a = bk, then eachterminthe sumis 1. Sincethe sum contains1 + Iogb ntermsand a = bk impliesthat Iogb a=k,
T(n) = O(am Iogb n) = O(nlogba Iogb n) = O(nk Iogb n)

= 0O (nk logn)

(10.12)

Finally, if a < bk, then thetermsin the geometric seriesarelarger than 1, and the second formulain Section 1.2.3 applies. Weobtain

{ R aymtl ,
Tin} = a’"ﬁ—'b,f; a*'l_-a- — L= Okt ay) = OB} = Olnt)

(10.12)

proving the last case of the theorem.

Asan example, mergesort hasa = b = 2 and k= 1. The second case applies, giving the answer O(n log n). If we solve three problems,
each of whichishalf theoriginal size, and combinethe solutionswith O(n) additional work, thena=3,b =2 and k= 1. Case 1 applies
here, giving abound of O(nlog23) =0(n1.59). An agorithm that solved three half-sized problems, but required O(n2) work to merge

the solution, would have an O(n2) running time, sincethethird case would apply.

There aretwo important casesthat are not covered by Theorem 10.6. We state two moretheorems, leaving the proofsas exercises.
Theorem 10.7 generalizesthe previoustheorem.

THEOREM 10.7.

The solution to the equation T(n) = aT(n/b) + &} (nk logp 1), wherea="1, b > 1, and p=0 is



O{HEUE*'::I if g = bt
Tin) =5 Oinlogf' 'n) ifa =58
Oinlog’n)  ifa = b*

THEOREM 10.8.

k Tigl = ‘;'g."’2 T 1+ (3w
; ;o f Sai=y 4]+ LR
2@l , then the solution to the equation R =1 is T(n) = O(n).

10.2.2. Closest-Points Problem

Theinput to our first problemisalist P of pointsin aplane. If p| = (xl, yl) and p2 = (x2, y2), then the Euclidean distance between p,
andp,is [(x1 - x2)2 + (yI - y2)2]I/2. Wearerequiredto find the closest pair of points. It is possible that two points have the same
position; inthat casethat pair isthe closest, with distance zero.

If there are n points, then there are n (n - 1)/2 pairs of distances. We can check al of these, obtaining avery short program, but at the
expense of an O(n2) algorithm. Since this approach isjust an exhaustive search, we should expect to do better.

L et usassumethat the points have been sorted by x coordinate. At worst, thisadds O(n log n) to thefinal time bound. Sincewewill
show an O(n log n) bound for the entire algorithm, this sort isessentially free, from acomplexity standpoint.

Figure 10.29 shows asmall sample point set P. Since the points are sorted by x coordinate, we can draw animaginary vertical linethat
partitionsthe points set into two halves, PI and Pr. Thisiscertainly simpleto do. Now we have amost exactly the same situation as
we saw in the maximum subsequence sum problem in Section 2.4.3. Either the closest pointsarebothin P , or they are bothin P, or
oneisin PI and the other isin Pr. Let uscall these distances dl, dr, and dc. Figure 10.30 showsthe partition of the point set and tfrmﬁe
threedistances.

We can compute d| and 4 recursively. The problem, then, isto compute d . Since we would like an O(n log n) solution, we must be
r c
ableto computed with only O(n) additional work. We have already seenthat if aprocedure consists of two half-sized recursive calls
c

and O(n) additional work, then the total timewill be O(n log n).

Letfi= min(d, d). Thefirst observationisthat weonly need to computed if d improvesonb. If d issuch adistance, then the two
r cC. C c
pointsthat defined must be within Bof the dividing line; wewill refer to thisareaasa strip. Asshown in Figure 10.31, this

c
observation limitsthe number of pointsthat need to be considered (in our case, fi= d ).
r

There aretwo strategiesthat can betried to compute d . For large point setsthat are uniformly distributed, the number of pointsthat
c

—
are expected to beinthe strip isvery small. Indeed, it is easy to argue that only Of N ) pointsarein the strip on average. Thus, we

could perform abrute force cal culation on these pointsin O(n) time. The pseudocodein Figure 10.32 implementsthisstrategy,
assuming the C convention that the points areindexed starting at 0.
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Figure 10.31 Two-lanestrip, containing all pointsconsidered for d srip
c

/* Points are all in the strip */

for( i=0; i <NUM PO NTS_IN STRIP; i++)
for( j=i+1; j<NUM PO NTS IN STRIP; j++)
if( dist( p.,p. ) <

E:dist( p:,p} );

Figure10.32 Bruteforcecalculation of min(@, d )
c

/* Points are all in the strip and sorted by y coordinate */
for( i=0; i<NUM_PONTS_IN STRIP; i++)

for( j=i+1, j<NUM PO NTS_IN STRIP;, j++)

if ( pi and pj 's coordinates differ by nore than E)

br eak; /* goto next pi */

el se

if( dist(p,p) <
E:dist( p:, p;);

Figure10.33 Refined calculation of min(@, d )
c

Intheworst case, all the points could bein the strip, so thisstrategy does not alwayswork inlinear time. We can improvethis
algorithm with the following observation: The y coordinates of thetwo pointsthat defined can differ by at most B. Otherwise, d > .
Supposethat the pointsin the strip are sorted by their y coordinates. Therefore, if p_ and p, (s: y coordinates differ by more than , tchen
we can proceed to pi o Thissimplemodificationisimplementedin Figure 10.33.I

Thisextratest hasasignificant effect on the running time, becausefor each p_ only afew points p, are examined beforep 'sand p.'sy
coordinates differ by more than fiand force an exit from the inner for loop. Figure 10.34 shows, for instance, that for point p3, only the
two points p4 and p5 liein the strip within Bvertical distance.
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Figure 10.35 At most eight pointsfit in the rectangle; therear etwo coor dinatesshar ed by two pointseach

Intheworst case, for any point p_, at most 7 points p_are considered. Thisisbecausethese points must lie either in the Biby fisquare in
the left half of the strip or in the éby Bsquareinthe riJght half of the strip. On the other hand, all the pointsin each fiby fisquare are
separated by at least . In theworst case, each square containsfour points, oneat each corner. One of these pointsis p_, leaving at
most seven pointsto be considered. Thisworst-case situation isshownin Figure 10.35. Noticethat even though p arlld p havethe
same coordinates, they could bedifferent points. For the actual analysis, itisonly important that the number of pointsinthe £4 by
24\ rectangle be O(1), and thismuch is certainly clear.

Because at most seven pointsare considered for each p , thetimeto computead that is better than Bis O(n). Thus, we appear to have
i [

an O(n log n) solution to the closest-points problem, based on the two half-sized recursive callsplusthelinear extrawork to combine

thetwo results. However, we do not quite havean O (n log n) solution yet.



The problem isthat we have assumed that alist of pointssorted by y coordinateisavailable. If we perform thissort for each recursive
call, then we have O(n log n) extrawork: this gives an O(n log2 n) algorithm. Thisisnot all that bad, especially when compared to the

brute force O(n2). However, it is not hard to reduce thework for each recursive call to O(n), thus ensuring an O(n log n) algorithm.

Wewill maintain two lists. Oneisthe point list sorted by x coordinate, and the other isthe point list sorted by y coordinate. We will
call theselists P and Q, respectively. These can be obtained by apreprocessing sorting step at cost O(n log n) and thus does not affect
the time bound. PI and QI arethe lists passed to the left-half recursive cal, and Pr and Qr arethelists passed to the right-half
recursivecall. We have aready seenthat Piseasily splitinthemiddlie. Oncethedividing lineisknown, we step through Q
sequentially, placing each elementin QI or Qr' asappropriate. It iseasy to seethat QI and Qr will be automatically sorted by y
coordinate. When therecursive callsreturn, we scan through the Q list and discard al the points whose x coordinates are not within
the strip. Then Q containsonly pointsin the strip, and these points are guaranteed to be sorted by their y coordinates.

This strategy ensuresthat the entire algorithmis O (n log n), because only O (n) extrawork is performed.

10.2.3. The Selection Problem

The selection problemrequires us to find the kth smallest element in alist S of n elements. Of particular interest isthe special case of
finding the median. This occurswhen k = |-n/2-|.

In Chapters 1, 6, 7 we have seen severa solutionsto the selection problem. The solution in Chapter 7 usesavariation of quicksort and

runs in O(n) averagetime. Indeed, itisdescribed in Hoare'soriginal paper on quicksort.

Although thisalgorithm runsin linear averagetime, it hasaworst case of O (n2). Selection can easily be solved in O(n log n) worst-
case time by sorting the elements, but for along time it was unknown whether or not selection could be accomplished in O(n) worst-
case time. The quickselect algorithm outlined in Section 7.7.6 isquite efficient in practice, so thiswasmostly aquestion of theoretical
interest.

Recall that thebasic algorithm isasimplerecursive strategy. Assuming that n islarger than the cutoff point where elementsare simply
sorted, an element v, known asthe pivot, ischosen. Theremaining elementsare placed into two sets, Sl and 82. Sl contains elements
that are guaranteed to be no larger than v, and S_ contains elementsthat are no smaller than v. Finally, if k=[S |, then the kth smallest
element in Scan befound by recursively computing the kth smallest elementin S . If k= |Sl| + 1, then the pivot is the kth smallest
element. Otherwise, the kth smallest element in Sisthe (k - |Sl| -1)st smallest element in 52. The main difference between this
agorithm and quicksort isthat thereisonly one subproblem to solveinstead of two.

In order to obtain alinear algorithm, we must ensure that the subproblem isonly afraction of the original and not merely only afew
elementssmaller than the original . Of course, we can alwaysfind such an element if we are willing to spend sometimeto do so. The

difficult problem isthat we cannot spend too much timefinding the pivot.

For quicksort, we saw that agood choicefor pivot wasto pick three elements and use their median. This gives some expectation that
the pivot isnot too bad, but does not provide aguarantee. We could choose 21 elements at random, sort them in constant time, usethe
11thlargest aspivot, and get apivot that iseven morelikely to be good. However, if these 21 elementswerethe 21 largest, then the
pivot would still be poor. Extending this, we could useup to O (n / log n) elements, sort them using heapsort in O(n) total time, and be
amost certain, from astatistical point of view, of obtaining agood pivot. Intheworst case, however, thisdoes not work because we
might select the O (n/ log n) largest elements, and then the pivot would bethe[n - O(n / log n)]th largest element, whichisnot a
constant fraction of n.



Thebasicideaisstill useful. Indeed, wewill seethat we can useit to improve the expected number of comparisonsthat quicksel ect
makes. To get agood worst case, however, thekey ideaisto use onemorelevel of indirection. Instead of finding themedian froma

sample of random elements, wewill find the median from a sample of medians.

Thebasic pivot selection algorithmisasfollows:

1. Arrangethe n elementsinto |_n/5] groups of 5 elements, ignoring the (at most four) extraelements.
2. Find the median of each group. Thisgivesalist M of |_n/5] medians.

3. Find the median of M. Return thisasthe pivot, v.

We will use the term median-of-median-of-five partitioning to describe the quicksel ect algorithm that usesthepivot selectionrule
given above. Wewill now show that median-of-median-of-five partitioning guaranteesthat each recursive subproblemisat most
roughly 70 percent as largeastheoriginal. Wewill a so show that the pivot can be computed quickly enough to guaranteean O (n)

running timefor the entire selection algorithm.

L et us assume for the moment that nisdivisible by 5, so there are no extraelements. Suppose also that n/5 is odd, so that the set M
containsan odd number of elements. This provides some symmetry, aswe shall see. We arethusassuming, for convenience, that nis
of theform 10k + 5. Wewill also assumethat all the elementsaredistinct. The actual algorithm must make sureto handlethe case

wherethisisnot true. Figure 10.36 shows how the pivot might be chosen when n = 45.

In Figure 10.36, v represents the element which is selected by the algorithm as pivot. Since visthe median of nine elements, and we
areassuming that all elementsaredistinct, there must be four mediansthat arelarger than v and four that are smaller. We denote these
by L and S, respectively. Consider agroup of five elementswith alarge median (type L). The median of the group issmaller than two
elementsin the group and larger than two elementsin the group. Wewill let H represent the huge elements. These are elements that
areknown to be larger than alarge median. Similarly, T represents the tiny elements, which are smaller than asmall median. Thereare
10 elements of type H: Two arein each of the groupswith an L type median, and two elementsareinthesamegroup as v. Similarly,
there are 10 elements of type T.
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Figure 10.36 How the pivot ischosen

Elements of type L or H are guaranteed to be larger than v, and elements of type S or T are guaranteed to be smaller than v. There are
thus guaranteed to be 14 large and 14 small elementsin our problem. Therefore, arecursivecall could beonat most 45 - 14 - 1 =30

elements.

Let usextend thisanalysisto genera n of the form 10k + 5. In this case, there are k elements of type L and k elements of type S. There
are 2k + 2 elements of type H, and aso 2k + 2 elements of type T. Thus, there are 3k + 2 elements that are guaranteed to be larger than
v and 3k + 2 elementsthat are guaranteed to be smaller. Thus, in thiscase, therecursive call can containat most 7k + 2 < 0.7n

elements. If nisnot of theform 10k + 5, similar arguments can be made without affecting the basic result.

It remains to bound the running timeto obtain the pivot element. There aretwo basic steps. We can find the median of five elements
in constant time. For instance, it isnot hard to sort five elementsin eight comparisons. Wemust do this |_n/5] times, so this step takes
O(n) time. We must then compute the median of agroup of |_n/5] elements. The obviousway to do thisisto sort the group and return
the element in the middle. But thistakes O(Ln/ 5J |og|_n/ 5J) =0(n log n) time, so thisdoes not work. The solutionisto call the
selection agorithm recursively onthe |_n/5]el ements.

Thiscompletesthe description of the basic algorithm. There are still some detailsthat need to befilled inif an actual implementation
isdesired. For instance, duplicatesmust be handled correctly, and the al gorithm needs a cutoff large enough to ensure that the
recursive callsmake progress. Thereisquitealargeamount of overhead involved, and thisalgorithmisnot practical at all, sowewill
not describe any more of the detailsthat need to be considered. Even so, from atheoretical standpoint, the algorithm isamajor
breakthrough, because, asthefollowing theorem shows, the running timeislinear in theworst case.

THEOREM 10.9.

The running time of quicksel ect using median-of-median-of-five partitioning is O(n).

PROOF:



The algorithm consists of two recursive calls of size 0.7n and 0.2n, pluslinear extrawork. By Theorem 10.8, therunning timeislinear.
Reducing the Average Number of Comparisons
Reducing the Average Number of Comparisons

Divideand conquer can also be used to reduce the expected number of comparisonsrequired by the selection algorithm. Let uslook at
aconcrete example. Suppose we have agroup Sof 1,000 numbersand arelooking for the 100th smallest number, whichwewill call x.
We choose asubset S of S consisting of 100 numbers. We would expect that the value of x issimilar in size to the 10th smallest
number in S. More specifically, thefifth smallest number in S'isalmost certainly less than x, and the 15th smallest number in S is
amost certainly greater than x.

Moregenerally, asample S of selementsischosen from the n elements. L et Bbe some number, which we will choose later so asto
minimizethe average number of comparisons used by the procedure. Wefind the (v1 = ks/n - B)th and (v2 = ks/n + B)th smallest
elementsin S. Almost certainly, the kth smallest element in Swill fall betweenv and v _, so we areleft with aselection problem on
25 elements. With low probability, the kth smallest element doesnot fall in thisrange, and we have considerablework to do. However,

with agood choice of sand i, we can ensure, by thelaws of probability, that the second case does not adversely affect the total work.

If an analysisisperformed, wefind that if s= n2/31og1/3 nand fi= n1/3 10g2/3 n, then the expected number of comparisonsisn + k +
O(n2/310gl/3 n), which isoptimal except for the low-order term. (If k > n/2, we can consider the symmetric problem of finding the (n
- K)th largest element.)

Most of theanalysisiseasy to do. Thelast term representsthe cost of performing thetwo selectionstodeterminev_andv . The
average cost of the partitioning, assuming areasonably clever strategy, is equal to n plusthe expected rank of v_in S whichisn+ k+
O(rfi/s). If the kth element winds up in S, the cost of finishing the algorithmisequal to the cost of selectionon S, namely O(s). If the
kth smallest element doesn't wind upin S, the cost is O(n). However, s and Bhave been chosen to guarantee that thishappenswith
very low probability o(1/n), so the expected cost of this possibility iso(1), whichisaterm that goesto zero as n getslarge. An exact
calculationisleft asExercise 10.21.

Thisanalysisshowsthat finding the median requires about 1.5n comparisonson average. Of course, thisa gorithm requiressome

floating-point arithmetic to compute s, which can slow down the algorithm on some machines. Even so, experiments have shown that
if correctly implemented, thisalgorithm comparesfavorably with the quicksel ect implementationin Chapter 7.

10.2.4. Theoretical Improvements for Arithmetic Problems

In this section we describe adivide and conquer al gorithm that multipliestwo n-digit numbers. Our previousmodel of computation
assumed that multiplication wasdonein constant time, because the numberswere small. For large numbers, thisassumptionisno
longer valid. If we measure multiplication in termsof the size of numbersbeing multiplied, then the natural multiplication algorithm
takesquadratic time. Thedivideand conquer algorithm runsin subquadratic time. Weal so present the classic divide and conquer
agorithm that multipliestwo n by n matricesin subcubic time.

Multiplying Integers
Matrix Multiplication

Multiplying Integers



Suppose we want to multiply two n-digit numbers x and y. If exactly one of x and y isnegative, then the answer isnegative; otherwise
itispositive. Thus, we can perform this check and then assume that x, yE’O. Thealgorithm that almost everyone useswhen
multiplying by hand requires & (n2) operations, because each digit in x ismultiplied by each digitiny.

If x=61,438,521 and y = 94,736,407, xy = 5,820,464,730,934,047. Let usbreak x and y into two halves, consisting of the most
significant and least significant digits, respectively. Then x| =6,143,x =8,521, yI =9,473,andy =6,407. Weaso havex = xI 104 +
r r
X andy= yIlO4 +y . It followsthat
r r

Xy =x y 108 + (x y + xy )104 + x y
171 I 7r rl rer
Noticethat thiseguation consistsof four multiplications, x y, xy xy andxy which are each half the size of the original problem
r r
(n/2digits). Themultiplicationsby 108 and 104 amount totheplam ng of Zeros. Thlsand the subsequent additionsadd only O(n)

additional work. If we perform thesefour multiplicationsrecursively using thisal gorithm, stopping at an appropriate base case, then
we obtain the recurrence

T(n) = 4T(n/2) + Q(n)

From Theorem 10.6, we see that T(n) = O(n2), so, unfortunately, we have not improved the algorithm. To achieveasubquadratic
agorithm, wemust uselessthan four recursive calls. The key observationisthat

le Xy o= (x - x )y -y)+xy +xy
r rl | r r | 171 rer

Thus, instead of using two multiplicationsto compute the coefficient of 104, we can use one multiplication, plustheresult of two
multiplicationsthat have already been performed. Figure 10.37 showshow only three recursive subproblems need to be solved.

Itiseasy to seethat now the recurrence equation satisfies
T(n) =3T(n/2) + Qn),

and so we obtain T(n) = O(nlog23) = O(n1.59). To compl ete the algorithm, we must have abase case, which can be solved without
recursion.
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Figure10.37 Thedivideand conquer algorithmin action

When both numbers are one-digit, we can do the multiplication by tablelookup. If one number haszero digits, then wereturn zero. In
practice, if wewereto use thisalgorithm, wewould choose the base case to be that which is most convenient for the machine.

Although thisalgorithm hasbetter asymptotic performance than the standard quadratic algorithm, itisrarely used, becausefor small n
the overhead issignificant, and for larger nthere are even better algorithms. These algorithms al so make extensive use of divide and

conquer.
Matrix Multiplication

A fundamental numerical problemisthemultiplication of two matrices. Figure 10.38 givesasimple O(n3) agorithm to compute C =
AB, where A, B, and C aren * nmatrices. Thealgorithmfollowsdirectly from the definition of matrix multiplication. To compute
C.,., wecompute the dot product of theith row in A with thejth columnin B. Asusual, arrays begin at index O.

I

For along timeit was assumed that £1(n3) wasrequired for matrix multiplication. However, in thelate sixties Strassen showed how to
break the £1(n3) barrier. Thebasicideaof Strassen'salgorithmisto divide each matrix into four quadrants, asshownin Figure 10.39.
Thenit is easy to show that

C =A B +A B

1,1 1,1 1,1 1,2 2,1

C =A B +A B

1,2 1,1 1,2 1,2 2,2

C =A B +A_ B

2,1 2,1 1,1 2,221

C =A B +A _B

2,2 2,1 1,2 2,222

/* Standard matrix nmultiplication. Arrays start at 0 */

voi d



matrix_nultiply( matrix A matrix B, matrix C, unsigned int n)

{

int i, j, k

for( i=0; i<n; i++) /* Initialization */
for( j=0 j<n; j++)

qilljl = 0.0;

for( i=0; i<n; i++)

for( j=0; j<n; j++)

for( k=0; k<n; k++ )

Qil[j] += Ali][k] * BIKI[j];

}

Figure 10.38 Simple O(n3) matrix multiplication
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Figure10.39 Decomposing AB = C intofour quadrants

Asan example, to perform themultiplication AB
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We could then perform eight n/2 by n/2 matrix multiplications and four n/2 by n/2 matrix additions. The matrix additionstake O(n2)

time. If thematrix multiplicationsaredonerecursively, then therunning time satisfies

T(n) = 8T(n/2) + Q(n2).

From Theorem 10.6, we see that T(n) = O(n3), so wedo not have animprovement. Aswe saw with integer multiplication, we must

reduce the number of subproblemsbelow 8. Strassen used astrategy similar to theinteger multiplication divideand conquer algorithm

and showed how to use only seven recursivecallsby carefully arranging the computations. The seven multiplicationsare

- A )(B +B_ )
1,2 2,22 2,1 2,2
+



M
6
M

Oncethe multiplicationsare performed, thefinal answer can be obtained with eight more additions.

C =M +M - M +M
1,1 1 2 4 6
C =M + M
1,2 4 5
C =M + M
1,3 6 7
C =M - M+M-M
1,4 2 3 5 7

Itisstraightforward to verify that thistricky ordering producesthe desired values. Therunning time now satisfiestherecurrence
T(n) = 7T(n/2) + Q(n2).

The solution of thisrecurrenceis T(n) = O(nlog27) = O(n2.81).

Asusua, there are detail sto consider, such asthe case when n isnot apower of two, but these are basically minor nuisances.
Strassen'salgorithmisworsethan thestraightforward algorithmuntil nisfairly large. It doesnot generalizefor the case wherethe
matricesare sparse (contain many zero entries), and it doesnot easily parallelize. When run with floating-point entries, it isless stable
numerically than theclassic algorithm. Thus, itishasonly limited applicability. Nevertheless, it representsan important theoretical
milestone and certainly showsthat in computer science, asin many other fields, even though aproblem seemsto haveanintrinsic
complexity, nothingiscertain until proven.

10.3. Dynamic Programming

Inthe previous section, we have seen that aproblem that can be mathematically expressed recursively can also be expressed asa

recursivea gorithm, in many casesyielding asignificant performanceimprovement over amore naive exhaustive search.

Any recursivemathematical formulacould bedirectly translated to arecursivea gorithm, but the underlying reality isthat often the
compiler will not do justiceto the recursive algorithm, and an inefficient program results. When we suspect that thisislikely to bethe
case, wemust providealittle more help to the compiler, by rewriting the recursive a gorithm as anonrecursive a gorithm that
systematically recordsthe answersto the subproblemsin atable. Onetechnique that makes use of thisapproach isknown as dynamic

programming.
10.3.1. Using a Table Instead of Recursion

In Chapter 2, we saw that the natural recursive program to compute the Fibonacci numbersisvery inefficient. Recall that the program
shown in Figure 10.40 has arunning time T(n) that satisfies T(n) E‘T(n -1) + T(n - 2). Since T(n) satisfiesthe samerecurrencerelation
asthe Fibonacci numbersand hasthe sameinitial conditions, T(n) in fact grows at the samerate as the Fibonacci numbers, and isthus
exponential.

On the other hand, sinceto compute F , al that isneeded is F 1 and F > we only need to record the two most recently computed
n n- n-
Fibonacci numbers. Thisyieldsthe O(n) algorithm in Figure 10.41

Thereason that therecursive a gorithmis so slow isbecause of thealgorithm used to simulaterecursion. To compute F , thereisone
caltoF
n

n
1 and F > However, since F 1 recursively makesacall to F ) and F 3 there are actually two separate calls to compute
n- n- n- n



Fn- . If onetracesout the entire algorithm, then we can seethat Fn— iscomputed threetimes, Fn- is computed five times, Fn—5 is
computed el ght times, and so on. AsFigure 10.42 shows, the growth of redundant cal cul ationsisexplosive. If the compiler'srecursion
simulation algorithm were ableto keep alist of all precomputed valuesand not make arecursive call for an already solved subproblem,
then thisexponential explosionwould be avoided. Thisiswhy the programin Figure 10.41 is so much more efficient. calculationsis
explosive. If thecompiler'srecursion simulation algorithm were ableto keep alist of all precomputed values and not makearecursive
call for an already solved subproblem, then thisexponential explosionwould be avoided. Thisiswhy the programin Figure 10.41is
so much more efficient.

/* Conput e Fi bonacci nunbers as described in Chapter 1 */
unsi gned int

fib( unsigned int n)

{

if(n<=1)

return 1;

el se

return( fib( n-1) + fib( n-2) );

}

Figure 10.40 I nefficient algorithm to computeFibonacci number s

unsi gned int
fibonacci ( unsigned int n)

{

unsigned int i, last, next_to_|ast, answer;
if(n<=1)

return 1;

last = next_to_last = 1;

for( i =2; i <=n; i++)

{

answer = last + next_to_|ast;
next_to_last = |ast;

| ast = answer;

}

return answer;

}

Figure10.41Linear algorithmtocomputeFibonacci numbers
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Figure10.42 Traceof therecursivecalculation of Fibonacci numbers

doubl e
eval ( unsigned int n)

{



inti;
doubl e sum

if(n==0)
return 1.0;
el se

{

sum = 0.0;

for( i=0; i<n; i++)

sum += eval (i);

return( 2.0 * sum/ n + n);
}

}

o = ] =1 .
Figure10.43 Recur siveprogram to evaluate Cinl = 2/n 2/ Cliy +n

Cin) = 2/n 2012 Cli +

7 with C(0) = 1.
Supposethat wewant to check, numerically, whether the sol ution we obtained is correct. We could then write the simple program in

Asasecond example, we saw in Chapter 7 how to solvetherecurrence
Figure 10.43 to evaluate the recursion.

Tin) = 312, Tii) + n

Onceagain, therecursive callsduplicate work. In thiscase, the running time T(n) satisfies because,
asshownin Figure 10.44, thereisone (direct) recursivecall of each sizefrom0to n -1, plus O(n) additional work (where else have
we seen the tree shown in Figure 10.447?). Solving for T(n), wefind that it grows exponentially. By using atable, we obtain the
programin Figure 10.45. This program avoidsthe redundant recursive callsand runsin O(n2). It is not a perfect program; asan

exercise, you should make the simple changethat reducesits running time to O(n).
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Figure10.44 Traceof therecursivecalculation in eval

doubl e

eval ( unsigned int n)

{

int i,j;

doubl e sum answer;

doubl e *c;

¢ = (doubl e*) malloc( sizeof (double)*(n+l) );
if( ¢ == NULL )

fatal _error("Qut of space!l!!l");

c[0] = 1.0;



for( i=1; i<=n; i++) /* EvaIuateCi, 1%i &n~*/
{
sum = 0.0;
/* i-1 */
for( j=0; j<i; j++) /* Evaluate &= C */
/* j=0 : */
sum+= c[j];
c[i] =2.0* sumi +1i;
}
answer = c[n];
free( ¢ );
return answer;

}

Clnl = 2/n > " s Cli) + n
Figure10.45 Evaluating ’ with atable

10.3.2. Ordering Matrix Multiplications

Suppose we are given four matrices, A, B, C, and D, of dimensionsA =50X 10, B =10X 40,C =40X 30,and D =30 X 5.
Although matrix multiplication isnot commutative, it is associative, which meansthat the matrix product ABCD can be parenthesized,
andthusevaluated, in any order. The obviousway to multiply two matricesof dimensionsp X q and g X r, respectively, uses pgr
scalar multiplications. (Using atheoretically superior algorithm such as Strassen”sal gorithm doesnot significantly alter the problem
wewill consider, so wewill assumethisperformance bound.) What isthe best way to perform the three matrix multiplications
required to compute ABCD?

Inthe case of four matrices, it issimpleto solvethe problem by exhaustive search, sincethere are only five waysto order the

multiplications. Weeval uate each case bel ow:

*(A((BC)D)): Evaluating BC requires 10 X 40 X 30 = 12,000 multiplications. Evaluating (BC)D requiresthe 12,000 multiplications
to compute BC, plus an additional 10 X 30 X 5= 1,500 multiplications, for atotal of 13,500. Evaluating (A((BC)D) requires 13,500
multiplicationsfor (BC)D, plusan additional 50 X 10 X 5= 2,500 multiplications, for agrand total of 16,000 multiplications.

*(A(B(CD))): Evaluating CD requires40 X 30 X 5= 6,000 multiplications. Evaluating B(CD) requires 6,000 multiplicationsto
compute CD, plus an additional 10 X 40 X 5= 2,000 multiplications, for atotal of 8,000. Evaluating (A(B(CD)) requires 8,000
multiplicationsfor B(CD), plusan additional 50 X 10 X 5= 2,500 multiplications, for agrand total of 10,500 multiplications.

*((AB)(CD)): Evaluating CD requires40 X 30 X 5= 6,000 multiplications. Evaluating AB requires 50 X 10 X 40 = 20,000
multiplications. Evaluating ((AB)(CD)) requires 6,000 multiplicationsfor CD, 20,000 multiplicationsfor AB, plusan additional 50 X
40 X 5=10,000 multiplicationsfor agrand total of 36,000 multiplications.

*(((AB)C)D): Evaluating AB requires50 X 10 X 40 = 20,000 multiplications. Evaluating (AB)C requiresthe 20,000 multiplications
to compute AB, plusan additional 50 X 40 X 30 = 60,000 multiplications, for atotal of 80,000. Evaluating (((AB)C)D) requires
80,000 multiplicationsfor (AB)C, plusan additional 50 X 30 X 5=7,500 multiplications, for agrand total of 87,500 multiplications.

*((A(BC))D): Evaluating BC requires 10 X 40 X 30= 12,000 multiplications. Evaluating A(BC) requiresthe 12,000 multiplications
to compute BC, plusan additional 50 X 10 X 30 = 15,000 multiplications, for atotal of 27,000. Evaluating ((A(BC))D) requires
27,000 multiplicationsfor A(BC), plusan additional 50 X 30 X 5= 7,500 multiplications, for agrand total of 34,500 multiplications.



The cal culations show that the best ordering uses roughly one-ninth the number of multiplicationsastheworst ordering. Thus, it might
beworthwhileto perform afew cal cul ationsto determine the optimal ordering. Unfortunately, none of the obvious greedy strategies
seemstowork. Moreover, the number of possible orderingsgrowsquickly. Supposewedefine T(n) to be this number. Then T(1) =
T(2) =1, T(3) = 2, and T(4) = 5, aswe have seen. In general,

-1
Tin) = > T(HTin — i),

=1

To seethis, supposethat the matricesare A |, A A and thelast multiplication performedis(A A ... A )(AI o A )
Then there are T(i) ways to compute (A A2 Lot} ) and T(n i) ways to compute (A A 2"""A ). Thus, there are T(|)T(n iy Ways
to compute (A A weep ) (A, A #=sA ) for each possiblei.

2 i+l i+2
The solution of thisrecurrence isthe well-known Catalan numbers, which grow exponentialy. Thus, for large n, an exhaustive search
through all possibleorderingsisuseless. Neverthel ess, thiscounting argument providesabasisfor asolution that issubstantially

better than exponential. Let ¢ be the number of columnsin matrix A_for 15i =n. Then A hasc.  rows, since otherwise the

i i i i-1

multiplicationsare not valid. Wewill define c0 to be the number of rowsin thefirst matrix, A1
Supposem isthe number of multiplicationsrequired to multiply A """A A For consistency,

PP Left,Right P eq py eft Left+1 1_Right. <
m =0. Supposethe last multlpllcanon is(A LA )( ) where Left Si 5 ght Then the number of

Left,Left ] Left |+l ng
multiplicationsusedism ~ +m cc Thesethreetermsrepresent themultiplicationsrequired to compute

Left,i i+1 nght Leftl i Right.

(A #=*A ) (A #=A ) and theft product, respectively.

Left i i+1 R|
If we define MLeft Riht to bethe number of multiplicationsrequired in an optimal ordering, then, if Left < Right,

,RIg
Misagine =  min | Mregi + Mooy gighe + Crei—1CiCRighe |
! Lefr=i=Right

Thisequationimpliesthat if we have an optimal multiplication arrangement of AL """ARi ,thesubproblems A **+A and
i
A 1" ""ARi e cannot be performed suboptimally. Thisshould beclear, since otherwise wecould improvethe entireresult by
i+ g
replacing the suboptimal computation by an optimal computation.

Theformulatransatesdirectly to arecursive program, but, aswe have seen in thelast section, such aprogram would be blatantly
inefficient. However, sincethereareonly approximately n2/2 values of MLeft ~ that ever need to be computed, itisclear that a
table can be used to store these values. Further examination showsthat if nght ?_eft k, then the only valuesM  that are needed in
the computation of MLeft,Right satisfy y - x < k. Thistellsusthe order in which we need to computethetable.

If wewant to print out the actual ordering of the multiplicationsin addition to thefinal answer M, then we can use the ideas from
the shortest-path algorithmsin Chapter 9. Whenever we makeachangeto M , werecord 't?1e vaueof i that isresponsible.

- . - Left,Right
Thisgivesthe simple program shown in Figure 10.46.

Although the emphasis of this chapter isnot coding, it isworth noting that many programmerstend to shorten variablenamestoa
singleletter. c, i, and k are used as single-|etter variables because this agrees with the nameswe have used in the description of the
algorithm, whichisvery mathematical. However, itisgenerally best to avoid | asavariable name, because"1" lookstoo much like 1
and can makefor very difficult debugging if you make atranscription error.



Returning to the algorithmicissues, thisprogram containsatriply nested loop and iseasily seentorunin O(n3) time. The references
describeafaster algorithm, but sincethetimeto perform the actual matrix multiplicationisstill likely to bemuch larger than thetime
to computethe optimal ordering, thisalgorithmisstill quitepractical.

/* Conpute optimal ordering of matrix multiplication*/

/* ¢ contains nunber of colums for each of the n matrices */
/* ¢[0] is the nunber of rows in matrix 1 */

/* M ni mum nunber of multiplications is left in M1][n] */
/* Actual ordering can be conputed via */

/* anot her procedure using | ast_change */

/* Mand | ast _change are indexed starting at 1, instead of zero */
voi d

opt_matrix( int c[], unsigned int n, two_d_array M
two_d_array | ast _change)

{

int i, k, Left, Right, this_M

for( Left = 1; Left <= n; Left++)

MLeft][Left] = 0;

for( k =1; k <n; k++) /* k is Right-Left */

for( Left = 1; Left <= n-k; Left++)

{ I* for each position */

Right = Left + k;

M Left][Right] = I NT_MAX;
for( i = Left; i < Right; i++)
{

this_M= MLeft][i] + Mi+1][Ri ght]

+ c[Left-1] * c[i] * c[Right];

if( this_M< MLeft][Right] ) /* Update mn */
{

MLeft][Ri ght] = this_M

| ast _change[ Left][Right] =i;

}

— e

Figure10.46 Program tofind optimal orderingof Matrix Multiplications
10.3.3. Optimal Binary Search Tree

Our second dynamic programming example considersthefollowing input: Wearegivenalist of words, wl, w2,..., w , and fixed
n
probabil itiespl, p2, ..., p of their occurrence. The problemisto arrangethesewordsin abinary search treein away that minimizes
n
the expected total accesstime. In abinary search tree, the number of comparisonsneeded to accessan element at depth d isd + 1, so if
som , ]
w._ is placed at depth d_, then we want to minimize “— =1 pitl + a) .
i i
Asan example, Figure 10.47 shows seven words a ong with their probability of occurrencein some context. Figure 10.48 showsthree

possiblebinary search trees. Their searching costsare shownin Figure 10.49.

Thefirst treewasformed using agreedy strategy. Theword with the highest probability of being accessed was placed at the root. The
left and right subtreeswere then formed recursively. The second treeisthe perfectly balanced search tree. Neither of thesetreesis

optimal, asdemonstrated by the existence of thethird tree. From thiswe can seethat neither of the obvious solutionsworks.



Thisisinitialy surprising, sincethe problem appearsto bevery similar to the construction of aHuffman encoding tree, which, aswe
have already seen, can be solved by agreedy al gorithm. Construction of an optimal binary search treeisharder, because the dataisnot
constrained to appear only at theleaves, and al so because the tree must satisfy the binary search tree property.

A dynamic programming sol ution followsfrom two observations. Once again, supposeweare trying to placethe (sorted) wordsw

WLeft o ,WRi hed WR, " into abinary search tree. Suppose the optimal binary searchtreehasw. asthe root, where Left Zi =

T gnt- 19 |

Right. Then theleft subtreemust containw ... w v and theright subtreemust containw.  ...,w_ (by thebinary search
+

i- i Right
treeproperty). Further, both of these subtrees must al so be optimal, since otherwise they could bereplaced gy optimal subtrees, which
would giveabetter solutionforw ..., w__ . Thus, wecanwriteaformulafor thecost C ~of anoptimal binary search
Left Right Left,Right
tree. Figure 10.50 may be helpful.

If Left > Right, then the cost of thetreeis0; thisisthe NULL case, which we always have for binary search trees. Otherwise, the root
costsp.. Theleft subtreehasacostof C | relativetoitsroot, and theright subtree hasacost of C. ioht relativetoitsroot. As

i AE
Figure 10.50 shows, each nodein these subtreesis onelevel deeper from w_than from their respective roots, so we must add
i

i—1 Right
V—Lef P and E,-ffﬂpr

. Thisgivesthe formula

i—1 Rl'gkr
C Lot Right = .rf.ni_ﬂ P Crefrt=1 + Civtpighe + Z s Z Pi
Left =iz Right j=Left P=il )
Kight ¥
] min [Cf_efr.f—] + CivrRight + B -t'"r*
Left=c= Baiphr l : | = Left . |

From thisequation, it isstraightforward to write aprogram to compute the cost of the optimal binary search tree. Asusual, the actual
search tree can be maintained by saving the value of i that minimizes C The standard recursive routine can be used to print

Left,Right
the actual tree.

Word Probability

a 0.22
am 0.18
and 0.20
egg 0.05
if 0.25
the 0.02
two 0.08
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KF_E?EEgijijh =
[ a angd if 19
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Figure10.48 Threepossiblebinary search treesfor datain previoustable

I nput Tree #1 Tree #2 Tree #3
Word Probability Access Cost Access Cost Access Cost
w, p. Once Sequence Once Sequence Once Sequence

i i

a 0.22 2 0. 44 3 0.66 2 0. 44

am 0.18 4 0.72 2 0.36 3 0.54

and 0.20 3 0. 60 3 0. 60 1 0.20

egg 0.05 4 0.20 1 0. 05 3 0.15

if 0.25 1 0.25 3 0.75 2 0.50

the 0.02 3 0.06 2 0.04 4 0.08

two 0.08 2 0.16 3 0.24 3 0.24

Totals 1.00 2.43 2.70 2.15

Figure10.49 Comparison of thethreebinary search trees

(o)

Wi e Wi Wiy Wi

Figure10.50 Structureof an optimal binary search tree

Figure 10.51 showsthe table that will be produced by the algorithm. For each subrange of words, the cost and root of the optimal
binary search tree are maintained. The bottommost entry, of course, computesthe optimal binary search treefor the entire set of words
intheinput. The optimal treeisthethird tree shown in Fig. 10.48.

The precise computation for the optimal binary searchtreefor aparticular subrange, namely am..if, isshown in Figure 10.52. Itis
obtained by computing the minimum-cost tree obtained by placing am, and, egg, and if at theroot. For instance, when and is placed at

theroot, the left subtree contains am..am (of cost 0.18, viapreviouscal cul ation), theright subtree contains egg..if (of cost 0.35), and

+ frand T + pif = 0.68
Pam Pand + Pege F Fif , for atotal cost of 1.21.



Lefi=1 Lefi=2  Left=3 Lefti=4  Left=%  Lefi=6  Left=7
a.i | am.am | and.and | egg.egg if.af the..the twn._twu|
22] a | .18 [am | 20 [and | 05 [egg | 25| if | .02 the [ .08 [two]
a.am | am.and | and.egg | egg.al if..the | the.two
58| a [.56]and| 30[and | 35] if [ 29] if 12 [ two|
a.and | am.egp | and.if | egg.the | if.twe
102] am | 66 [and| 80| if | 39] if [47] if
A.CEE am..if | and.the | egg.awo
117]am [1.21]and| 84 | if | .57 [ if
a..if am..the | and..two
1.83]and [1.27] and 1.02] if |
a..the am..twa
1.8%] and | 1.53] and
a..lwo

2.15| and

[teration=1

lteration=2

leration=3

lteration=4

Iteration=5

[teration=6

lteration=7

Figure 10.51 Computation of theoptimal binary search treefor sampleinput

o i S

0+ B0+ 68 =148 8+ .35+ 68=1.21

fiaf

SO +.25 + .68 =1.49 HbH+{0+ 68=134

Figure10.52 Computation of tableentry (1.21, and) for am..if

Therunning time of thisalgorithmis O(n3), because when it isimplemented, we obtain atriple loop. An O(n2) algorithm for the
problem is sketched in the exercises.



10.3.4. All-Pairs Shortest Path

Our third and final dynamic programming application isan algorithm to compute shortest weighted paths between every pair of points
inadirected graph G = (V, E). In Chapter 9, we saw an algorithm for the single-source shortest-path problem, which finds the shortest
path from some arbitrary vertex stoall others. That algorithm (Dijkstra's) runsin O( I \ I 2) time on dense graphs, but substantially
faster on sparse graphs. Wewill give ashort algorithm to solve the all-pairs problem for dense graphs. Therunning time of the

algorithmis O( I \Y I 3), whichisnot an asymptotic improvement over I \Y, I iterations of Dijkstra'salgorithm but could befaster ona
very densegraph, becauseitsloopsaretighter. Thea gorithm al so performs correctly if there are negative edge costs, but no negative-

cost cycles; Dijkstrasagorithm failsin this case.

Let usrecall theimportant detailsof Dijkstra'salgorithm (the reader may wish toreview Section 9.3). Dijkstra'salgorithm startsat a
vertex sand worksin stages. Each vertex inthe graph iseventually selected asanintermediatevertex. |f the current selected vertexis
v, thenfor eachw=V, wesetd =min(d ,d + ¢ ). Thisformulasaysthat the best distanceto w (from s) iseither the previously
known distanceto w from s, or \t,\{]e result (\% g(\)/i ng f\%vm sto v (optimally) and then directly from v to w.

Dijkstrasagorithm providestheideafor the dynamic programming al gorithm: we select the verticesin sequential order. Wewill
defineD | to betheweight of the shortest pathfrom v tov, that usesonly v , v , ... v asintermediates. By thisdefinition,D

i
__ isthe shortest pathfromv tov inthe grapH.
i j

)

|, [
=c _,wherojac, . is *if (v,v) isnotanedgeinthegraph.Afso, by definition, D
I Ll (|

/* Conpute All-Shortest Paths */

/* Al] contains the adjacency matrix */

/* with A[i][i] presurmed to be zero */

/* O] contains the val ues of shortest path */

/* |V | is the nunber of vertices */

/* A negative cycle exists iff */

/* d[i][j] is set to a negative value at line 9 */

/* Actual Path can be conputed via another procedure using path */
/* Al arrays are indexed starting at 0 */

voi d

all _pairs( two_d_array A two_d_array D, two_d_array path)

{

int i, j, k;

[*1%] for( i =0; i <|V|; i++) /* Initialize Dand path */
[*2*%] for( j =0; j < |V]; j++)

{

/%3] oilfil = Aillil:

[ *4%] path[i][j] = NOT_A_VERTEX;

}

| *5*] for( k =0; k <|v |; k++)

/* Consi der each vertex as an internediate */

/*6*/ for( i =0; i <|V|[; i++)

171 for(j =0; j <[V ]; j++)

1+8*/ ifC dli][k] +d[KkI[j] <d[i][j] )

/*update mn */

{

1*9%/ diillj] =dlil[k] + d[KI[j];
/*10*/ path[i][j] = k;

}

}

Figure 10.53 All-pairsshortest path



AsFigure 10.53 shows, when k> 0 we can writeasimple formulafor D. . The shortest path from v to v that usesonly v ,
19 [
v2, C ,vk asintermediatesisthe shortest path that either does not use Vk asJ anintermediateat all, or consi éts of themerging of the
two pathsv. —}vk and vk—:-v_, each of which usesonly thefirst k - 1 verticesasintermediates. Thisleadsto theformula
I J

D . . =nin{D .., D ., *+D -}
k,i,j k- 1,i,]j k - 1,i,k k - 1,k,j

Thetimereguirement is once again O(|V|3). Unlikethetwo previousdynamic programming examples, thistime bound hasnot been

substantially lowered by another approach. Becausethe kth stage depends only on the (k - 1)st stage, it appearsthat only two [V| X V|

matrices need to be maintained.

However, using k as an intermediate vertex on a path that starts or finisheswith k does not improve the result unlessthereisanegative

cycle. Thus, only one matrix is necessary, because D L = Dk' I(and D 1Ki =D ,whichimpliesthat none of thetermsonthe
-1, 1 -1,K, K,

right change values and need to be saved. Thisobservation leadsto thesimple p#ogram i rJ1 Figure 10.53, which numbersvertices

starting at zero to conform with C's conventions.

On acompletegraph, whereevery pair of verticesisconnected (in both directions), thisalgorithm isalmost certain to be faster than
|V|iterations of Dijkstra'salgorithm, becausetheloopsare so tight. Lines 1 through 4 can be executed in parallel, as can lines 6
through 10. Thus, thisalgorithm seemsto bewell-suited for parallel computation.

Dynamic programmingisapowerful algorithm design technique, which providesastarting point for asolution. Itisessentially the
divide and conquer paradigm of solving simpler problemsfirst, with theimportant difference being that the simpler problemsarenot a
clear division of theoriginal. Because subproblemsarerepeatedly solved, it isimportant to record their solutionsin atablerather than
recompute them. | n some cases, the solution can beimproved (althoughiit iscertainly not always obviousand frequently difficult), and
in other cases, the dynamic programming techniqueisthe best approach known.

In some sensg, if you have seen one dynamic programming problem, you have seenthem all. More examples of dynamic

programming can befound in the exercisesand references.

10.4. Randomized Algorithms

Supposeyou are aprofessor who isgiving weekly programming assignments. Y ou want to make sure that the students are doing their
own programsaor, at thevery least, understand the code they are submitting. One solution isto give aquiz on theday that each
program isdue. On the other hand, these quizzestaketime out of class, so it might only be practical to do thisfor roughly half of the
programs. Y our problemisto decide when to give the quizzes.

Of course, if the quizzes are announced in advance, that could beinterpreted asan implicit licenseto cheat for the 50 percent of the
programs that will not get aquiz. One could adopt the unannounced strategy of giving quizzes on alternate programs, but students
would figure out the strategy beforetoo long. Another possibility isto give quizzes on what seemsliketheimportant programs, but
thiswouldlikely lead to similar quiz patternsfrom semester to semester. Student grapevinesbeing what they are, thisstrategy would
probably beworthless after asemester.

One method that seemsto eliminate these problemsisto useacoin. A quizismade for every program (making quizzesisnot nearly as
time-consuming as grading them), and at the start of class, the professor will flip acointo decide whether thequizisto begiven. This
way, itisimpossibleto know before class whether or not the quiz will occur, and these patterns do not repeat from semester to
semester. Thus, the studentswill haveto expect that aquiz will occur with 50 percent probability, regardless of previousquiz patterns.



The disadvantageisthat it is possible that thereisno quiz for an entire semester. Thisisnot alikely occurrence, unlessthecoinis
suspect. Each semester, the expected number of quizzesishalf the number of programs, and with high probability, the number of
quizzeswill not deviate much from this.

Thisexampleillustrates what we call randomized algorithms. At least once during the algorithm, arandom number is used to makea
decision. Therunning time of thealgorithm depends not only on the particular input, but al so on therandom numbersthat occur.

The worst-case running time of arandomized algorithmisamost alwaysthe same asthe worst-case running time of the
nonrandomized algorithm. Theimportant differenceisthat agood randomized algorithm has no bad inputs, but only bad random
numbers (relativeto the particular input). Thismay seem like only aphilosophical difference, but actually itisquiteimportant, asthe
following example shows.

Consider two variants of quicksort. Variant A usesthefirst element as pivot, whilevariant B usesarandomly chosen element as pivot.
In both cases, the worst-case running timeis £ (n2), becauseit is possible at each step that the largest element is chosen as pivot. The
difference between theseworst casesisthat thereisaparticular input that can always be presented to variant A to cause the bad
running time. Variant A will runin € (n2) timeevery singletimeit isgiven an already sorted list. If variant B is presented with the
sameinput twice, it will have two different running times, depending on what random numbersoccur.

Throughout thetext, in our cal culations of running times, we have assumed that all inputsareequally likely. Thisisnot true, because
nearly sorted input, for instance, occurs much more often than is statisti cally expected, and this causes problems, particularly for
quicksort and binary search trees. By using arandomized algorithm, the particul ar input isno longer important. Therandom numbers
areimportant, and we can get an expected running time, wherewenow averageover all possible random numbersinstead of over all
possibleinputs. Using quicksort with arandom pivot givesan O(n log n)-expected-time algorithm. Thismeansthat for any input,
including already-sorted input, the running timeis expected to be O(n log n), based on the statisti cs of random numbers. An expected
running time bound is somewhat stronger than an average-case bound but, of course, isweaker than the corresponding worst-case
bound. Onthe other hand, aswe saw in the selection problem, solutions that obtain the worst-case bound are frequently not as
practical astheir average-case counterparts. Randomized algorithmsusually are.

In this section wewill examinetwo uses of randomization. First, wewill seeanovel schemefor supporting the binary search tree
operationsin O(log n) expected time. Once again, thismeansthat there are no bad inputs, just bad random numbers. From a
theoretical point of view, thisisnot terribly exciting, since balanced search trees achieve thisbound in the worst case. Neverthel ess,

the use of randomization leadstorelatively simplealgorithmsfor searching, inserting, and especially deleting.

Our second application isarandomized algorithm to test the primality of large numbers. No efficient polynomial-time nonrandomized
agorithmsareknown for thisproblem. The algorithm we present runs quickly but occasionally makesan error. The probability of
error can, however, be made negligibly small.

10.4.1. Random Number Generators

Since our algorithmsrequire random numbers, we must have amethod to generate them. Actually, truerandomnessisvirtually
impossibleto do onacomputer, since these numberswill depend on the algorithm, and thus cannot possibly berandom. Generally, it
suffices to produce pseudorandom numbers, which are numbersthat appear to be random. Random numbershave many known
statistical properties; pseudorandom numbers satisfy most of these properties. Surprisingly, thistooismuch easier said than done.

Supposewe only need to flip acoin; thus, we must generatea 0 or 1 randomly. Oneway to do thisisto examinethe system clock. The
clock might record time asan integer that countsthe number of seconds since January 1, 1970.* We could then use thelowest bit. The



problem isthat this does not work well if asequence of random numbersisneeded. One second isalong time, and the clock might not
changeat all whilethe programisrunning. Evenif thetimewererecorded in units of microseconds, if the program were running by
itself the sequence of numbersthat would be generated would befar from random, since thetime between call sto the generator would
be essentially identical on every program invocation. We see, then, that what isreally needed isa sequence of random numbers.¢
These numbers shoul d appear independent. If acoinisflipped and heads appears, the next coin flip should still beequally likely to
come up heads or tails.

*UNIX doesthis.

¢Wewill userandomin place of pseudorandomintherest of this section.

The standard method to generate random numbersisthelinear congruential generator, which wasfirst described by Lehmerin 1951.
Numbers xl, x2, ... aregenerated satisfying

X, = ax. nod m
i+ 1 i
To start the sequence, somevalue of x must be given. Thisvalueisknown asthe seed. If x =0, then the sequenceisfar from
random, but if a and mare correctly chosen, then any other 1 Exo <misequaly valid. If misprime, then x_isnever 0. Asan example,
i
ifm=11,a=7,and x0 =1, then the numbers generated are

7, 5 2,3, 10, 4, 6, 9, 8 1, 7, 5 2, . ..

Noticethat after m - 1 = 10 numbers, the sequence repeats. Thus, this sequence has aperiod of m -1, which isaslarge as possible (by
the pigeonhole principle). If m is prime, there are always choices of a that give afull period of m - 1. Some choices of a do not; if a =
5and xO =1, the sequence has a short period of 5.

5 3, 4,9, 1,5, 3, 4 . ..

Obviously, if mis chosen to be alarge, 31-bit prime, the period should be significantly largefor most applications. Lehmer suggested
the use of the 31-bit prime m =231 - 1 =2,147,483,647. For thisprime, a = 75 = 16,807 is one of the many valuesthat givesafull-
period generator. Itsuse has been well studied and isrecommended by expertsin thefield. Wewill seelater that with random number

generators, tinkering usually meansbreaking, so oneiswell advised to stick with thisformulauntil told otherwise.

Thisseemslikeasimpleroutinetoimplement. Generally, aglobal variableisused to hold the current valuein the sequence of X's.
Thisistherare casewhereaglobal variableisuseful. Thisglobal variableisinitialized by someroutine. When debugging aprogram
that usesrandom numbers, it isprobably bestto set x =1, so that the same random sequence occursall thetime. When the program
seemstowork, either the system clock can be used or the user can be asked to input avalue for the seed.

It isalso common to return arandom real number inthe openinterval (0, 1) (0 and 1 are not possible values); this can be done by
dividing by m. From this, arandom number in any closed interval [a, b] can be computed by normalizing. Thisyieldsthe"obvious"

routinein Figure 10.54 which, unfortunately, works on few machines.

The problem with thisroutineisthat the multiplication could overflow; although thisisnot an error, it affectsthe result and thusthe
pseudo-randomness. Schrage gave aprocedurein which all of the cal culations can be done on a 32-bit machine without overflow. We
compute the quotient and remainder of m/a and definethese as g and r, respectively. Inour case, q = 127,773, r = 2,836, and r < q. We
have
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unsi gned int seed; /* gl obal variable */
#define a 16807 [* 775 *]
#define m 2147483647 /* 2731 - 1 */
doubl e
randon( void )
{

seed = (a * seed ) %m
return( ( (double) seed ) / m);

}

Figure10.54 Random number gener ator that doesnot work
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Since L g , we can replace the leading ax_and obtain
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g o,
Sincem =aq +r, it followsthat aq - m = -r. Thus, we obtain
| &, x| ax: |}
xie = alx; mod q}—ri—'j +mﬂ~—-: | - = )
L g q ] mo
X ax
Bix:) = | = |- {—'
[ P S
Theterm d “ iseither 0 or 1, because both terms areintegers and their difference lies between 0 and 1.
Thus, we have

\ X
Xis1 = alx, mod g) — r[?i + m8(x;)



A quick check showsthat becauser < g, all the remaining terms can be cal culated without overflow (thisisoneof thereasonsfor

chosinga = 75). Furthermore, Bi(x ) = 1 only if the remaining terms eval uate to |essthan zero. Thusfi(x ) does not need to be explicitly
i i

computed but can be determined by asimpletest. Thisleadsto the programin Figure 10.55.

This program works aslong as INT_MAX 2231-1.0ne might be tempted to assumethat all machines have arandom number
generator at least asgood astheonein Figure 10.55 in their standard library. Sadly, thisisnot true. Many libraries have generators
based on the function

X, = (ax, + c) nod 2b
i+1 i

whereb ischosen to match the number of bitsinthe machine'sinteger, and cisodd. Theselibrariesaso return x, instead of avalue
between 0 and 1. Unfortunately, these generatorsalwaysproducevaluesof x_that alternate between even and odij--hardly adesirable
property. Indeed, thelower k bits cycle with period 2k (at best). Many other rlandom number generatorshave much smaller cyclesthan
theoneprovidedin Figure 10.55. These are not suitable for the case wherelong sequences of random numbersare needed. Finally, it
may seem that we can get abetter random number generator by adding aconstant to the equation. For instance, it seemsthat

x. = (16807x. + 1) mod (231 - 1)

i+l i

would somehow beeven morerandom. Thisillustrateshow fragilethesegenerators are.
[16807(1319592028) + 1] nod (231-1) = 1319592028,

s0if the seed is 1,319,592,028, the generator gets stuck in acycle of period 1.

unsi gned int seed; /* gl obal variable */
#define a 16807 [* 775 */
#define m 2147483647 /* 2731 - 1%/
#define q 127773 /* ma*/
#define r 2836 /* nva */
doubl e

randonm( void )

{

int tnp_seed;

tnp_seed = a * ( seed %q ) - r * (seed/ q);
if( tnp_seed >= 0)

seed = tnp_seed;

el se

seed = tnp_seed + m

return( ( (double) seed ) / m);

}

Figure10.55 Random number generator that workson 32 bit machines
10.4.2. Skip Lists

Ouir first use of randomization isadatastructure that supports both searching and insertionin O(log n) expected time. Asmentioned in
the introduction to this section, thismeansthat the running time for each operation on any input sequence has expected value O(log n),
wherethe expectation is based on the random number generator. It ispossibleto add deletion and all the operationsthat involve
ordering and obtai n expected time bounds that match the average time bounds of binary search trees.



The simplest possible datastructure to support searching isthelinked list. Figure 10.56 showsasimplelinked list. Thetimeto
perform asearch is proportional to the number of nodesthat have to be examined, whichisat most n.

Figure 10.57 showsalinked list in which every other node has an additional pointer to the node two ahead of it inthelist. Because of

this, at most |-n/2] + 1 nodes are examined in the worst case.

Wecan extend thisideaand obtain Figure 10.58. Here, every fourth node has a pointer to the node four ahead. Only |-n/4-| + 2 nodes

are examined.

Thelimiting case of this argument is shown in Figure 10.59. Every 2ith node has a pointer to the node 2i ahead of it. Thetotal number
of pointers has only doubled, but now at most |-Iog n] nodes are examined during asearch. Itisnot hard to seethat thetotal time spent
for asearch is O(log n), because the search consists of either advancing to anew node or dropping to alower pointer in the same node.
Each of these steps consumes at most O(log n) total time during asearch. Noticethat the search in thisdatastructureisessentialy a

binary search.

CHZ HE O H T B H P [HE HZ HE HB [

Figure10.56 Simplelinked list

imﬂimﬂﬁn‘-qm lgli 2034 [$423 3:

Figure10.57 Linked list with pointer stotwo cellsahead
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Figure10.58 Linked list with pointerstofour cellsahead

o

| I
]

i 1] —

19

HEH " HOH B HH [HEH -

Figure10.59 Linked list with pointersto 2i cdisahead
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Figure 10.60 A skip list

Theproblem with thisdatastructureisthat itismuch toorigid to alow efficient insertion. Thekey to making thisdatastructure
usableisto relax the structure conditions slightly. We definea level k node to be anode that has k pointers. As Figure 10.59 shows,
the ith pointer in any level k node (kE‘i) points to the next node with at least i levels. Thisisan easy property to maintain; however,
Figure 10.59 showsamorerestrictive property than this. Wethusdrop the restriction that the ith pointer points to the node 2i ahead,
and wereplaceit with thelessrestrictive condition above.

When it comestimetoinsert anew element, we allocate anew nodefor it. We must at this point decide what level the node should be.
Examining Figure 10.59, we find that roughly half the nodes arelevel 1 nodes, roughly aquarter arelevel 2, and, in general,
approximately 1/2i nodes are level i. We choosethelevel of the noderandomly, in accordancewith this probability distribution. The
easiest way to do thisisto flip acoin until ahead occurs and use the total number of flips as the nodelevel. Figure 10.60 showsa
typical skip list.

Giventhis, theskip list algorithmsare simpleto describe. To perform a find, we start at the highest pointer at the header. Wetraverse
aong thislevel until we find that the next nodeislarger than the onewe arelooking for (or ). When this occurs, we go to the next
lower level and continue the strategy. When progressis stopped at level 1, either wearein front of the nodewearelooking for, oritis
not inthelist. To perform an insert, we proceed asin afind, and keep track of each point wherewe switch to alower level. The new
node, whoselevel isdetermined randomly, isthen spliced into thelist. Thisoperationisshownin Figure 10.61.

A cursory analysis showsthat since the expected number of nodesat each level isunchanged fromtheoriginal (nonrandomized)
agorithm, the total amount of work that isexpected to be performed traversing to nodes on the samelevel isunchanged. Thistellsus

that these operations have O(log n) expected costs. Of course, amoreformal proof isrequired, but it isnot much different fromthis.

Skip listsaresimilar to hash tables, in that they require an estimate of the number of elementsthat will beinthelist (so that the
number of levels can be determined). If an estimateisnot avail able, we can assume alarge number or use atechniquesimilar to
rehashing. Experiments have shown that skip listsare as efficient asmany balanced search treeimplementationsand arecertainly

much simpler to implement in many languages.
10.4.3. Primality Testing

In this section we examine the problem of determining whether or not alarge number is prime. Aswas mentioned at the end of
Chapter 2, some cryptography schemesdepend on thedifficulty of factoring alarge, 200-digit number into two 100-digit primes. In
order to implement this scheme, we need amethod of generating thesetwo primes. The problemisof major theoretical interest,
because nobody now knows how to test whether a d-digit number n is prime in time polynomial in d. For instance, the obvious method

— 1

‘n T 1
of testing for the divisibility by odd numbersfrom3to ™~ requires roughly 2 divisions, which is about 2d/2. On the other
hand, this problem is not thought to be NP-complete; thus, it is one of the few problems on the fringe--its complexity isunknown at

thetime of thiswriting.
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Figure10.61 Beforeand after an insertion

In this chapter, wewill give a polynomial-timealgorithm that can test for primality. If the algorithm declaresthat the number isnot
prime, we can be certain that the number isnot prime. If the algorithm declaresthat the number is prime, then, with high probability
but not 100 percent certainty, the number isprime. Theerror probability does not depend on the particular number that isbeing tested
but instead depends on random choices made by the algorithm. Thus, thisal gorithm occasionally makesamistake, but wewill seethat
theerror ratio can be made arbitrarily negligible.

Thekey to the algorithm is awell-known theorem due to Fermat.

THEOREM 10.10.

Fermat's Lesser Theorem: If pisprime, and 0 < a< p, then ap-1=m1(mod p).

PROOF:

A proof of thistheorem can be found in any textbook on number theory.

For instance, since 67 is prime, 266 m1(mod 67). This suggests an a gorithm to test whether anumber nis prime. Merely check

a—1
whether 2n-1m1(mod n). If 2 #1 (mod n), then we can be certain that nisnot prime. On the other hand, if the equality holds,
then n isprobably prime. For instance, the smallest n that satisfies 2n-1 m1(mod n) but isnot primeisn = 341.

Thisalgorithmwill occasionally make errors, but the problemisthat it will aways makethe sameerrors. Put another way, thereisa
fixed set of n for which it doesnot work. We can attempt to randomizethe algorithm asfollows: Pick 1< a <n - 1 at random. If an-1
m1(mod n), declare that nisprobably prime, otherwise declarethat nis definitely not prime. If n = 341, and a = 3, we find that 3340 =
56(mod 341). Thus, if the algorithm happensto choose a = 3, it will get the correct answer for n = 341.

Although this seemsto work, there are numbersthat fool even thisagorithm for most choices of a. One such set of numbersisknown
as the Carmichael numbers. These are not prime but satisfy an-1m1(mod n) for all 0 <a< nthat arerelatively primeto n. The
smallest such number is561. Thus, we need an additional test toimprovethe chances of not making an error.

In Chapter 7, we proved atheorem related to quadratic probing. A special case of thistheoremisthefollowing:

THEOREM 10.11.



If pisprimeand 0 < x< p, theonly solutionsto x2= 1(mod p) arex= 1, p- 1.
PROOF:

x2 m1(mod p) impliesthat x2 -1m0(mod p). Thisimplies (x - 1)(x + 1) m0(mod p). Since p is prime, 0=x < p, and p must divide either

(x- 1) or (x+ 1), thetheorem follows.

Therefore, if at any point in the computation of an-1mod n we discover aviolation of thistheorem, we can conclude that n is definitely
not prime. If we use power, from Section 2.4.4, we seethat there will be several opportunitiesto apply thistest. Wemodify this
routineto perform operations mod n, and apply the test of Theorem 10.11. This strategy isimplementedin Figure 10.62. Because
power needsto return two pieces of information, we passthe address of theseitems ( result and what_n_is) by pointers.

Recall that if test_prime returns DEFINITELY_COMPOSITE, it has proven that n cannot be prime. The proof isnonconstructive,
becauseit gives no method of actually finding thefactors. It has been shown that for any (sufficiently large) n, at most (n - 9)/4 values
of a fool thisagorithm. Thus, if aischosen at random, and the algorithm answers PROBABLY_PRIME, then the algorithmis correct
at least 75 percent of the time. Suppose test_prime isrun 50 times. The probability that the algorithmisfooled onceisat most 1/4.
Thus, the probability that 50 independent random trialsfool the algorithm isnever morethan 1/450 = 2-100. Thisis actually avery
conservative estimate, which holdsfor only afew choices of n. Even so, oneismorelikely to seeahardware error than anincorrect
claim of primality.

10.5. Backtracking Algorithms

Thelast algorithm design techniquewewill examineis backtracking. In many cases, abacktracking algorithm amountsto a clever
implementation of exhaustive search, with generally unfavorable performance. Thisisnot awaysthe case, however, andevenso, in
some cases, the savings over abruteforce exhaustive search can be significant. Performanceis, of course, relative: An O(n2)
agorithm for sorting is pretty bad, but an O(n5) algorithm for the traveling salesman (or any NP-complete) problem would bea
landmark result.

A practical example of abacktracking algorithm isthe problem of arranging furniturein anew house. There are many possibilitiesto
try, but typically only afew areactually considered. Starting with no arrangement, each piece of furnitureis placed in some part of the
room. If al thefurnitureis placed and the owner ishappy, then the algorithm terminates. If wereach apoint whereal | subsequent
placement of furnitureisundesirable, we haveto undo thelast step and try an alternative. Of course, thismight force another undo,
and so forth. If wefind that we undo all possiblefirst steps, then thereisno placement of furniturethat issatisfactory. Otherwise, we
eventually terminatewith asatisfactory arrangement. Noticethat although thisalgorithmisessentially bruteforce, it doesnot try all
possibilitiesdirectly. For instance, arrangementsthat consider placing the sofain thekitchen are never tried. Many other bad
arrangementsare discarded early, because an undesirabl e subset of the arrangement isdetected. The elimination of alarge group of

possibilitiesin one step isknown aspruning.

Wewill seetwo examples of backtracking algorithms. Thefirstisaproblemin computational geometry. Our second example shows
how computers select movesin games, such as chessand checkers.

10.5.1. The Turnpike Reconstruction Problem

Suppose we are given n points, pl, p2, ..., p ,located on the x-axis. x_isthe x coordinate of p_. Let us further assume that xl =0and
n

i
the points are given from I eft to right. These n points determine n(n - 1)/2 (not necessarily unique) distances dl, d2, ...,d between
n



every pair of pointsof theform|x - x | (i 5"—'] ). Itisclear that if we are given the set of points, it is easy to construct the set of
distancesin O(n2) time. Thisset will not be sorted, but if wearewilling to settle for an O(n2 log n) time bound, the distances can be
sorted, too. The turnpike reconstruction problemisto reconstruct a point set from thedistances. Thisfindsapplicationsin physicsand
molecular biology (seethereferencesfor pointersto more specificinformation). The namederivesfrom the anal ogy of pointsto
turnpike exitson East Coast highways. Just asfactoring seems harder than multiplication, the reconstruction problem seemsharder
than the construction problem. Nobody has been ableto give an algorithm that is guaranteed towork in polynomial time. The
agorithm that wewill present seemsto runin O(n2log n); no counterexampleto this conjectureisknown, but it isstill just that - a
conjecture.

enumtest _result { PROBABLY_PRI ME, DEFI NI TELY_COWPCSI TE };

typedef enumtest_result test_result;

/* Compute result = ap nmod n. */

/* 1f at any point x2 m 1(nmod n) is detected with x ?"- 1, x ?"- n-1, */
/* then set what_n_is to DEFI NI TELY_COWCSI TE */

/* W are assuming very large integers, so this is pseudocode. */

voi d

power ( unsigned int a, unsigned int p, unsigned int n,

unsigned int *result, test_result *what_n_is )

{

unsigned int x;

[*1*] if(p=0) /* Base case */

[*2*%] *result = 1,

el se

{

/*3%/ power( a, p/2, n, &, what_n_is );

[ *4%] *result = (x * x) %n;

/* Check whether x2 m 1(nod n), x 5"'- 1, x 5& n- 1%/
/*5%/ if( (*result = 1) & (x !'=1) & (x !'=n-1) )
/*6%/ *what _n_i s = DEFI NI TELY_COWPCSI TE;
/* 1f pis odd, we need one nore a */

1*7* if( (p%2 =1)

/*8*/ *result = (*result * a) %n;

}

}

-2

/* test_prime: Test whether n = 3 is prine using one value of a */
/* repeat this procedure as many tines as needed */

/* for desired error rate */

test_result

test_prime( unsigned int n)

{

unsigned int a, result;

test_result what_n_is;

[ *9*/ a=rand_int( 2, n-2); /* choose a randonly from2..n-2 */
/*10*/ what _n_i s = PROBABLY_PRI ME;

/* Compute an-1 nmod n */

/*11*/ power( a, n-1, n, &esult, &hat_n_is );

[*12*/ if( (result '=1) | | (what_n_is = DEFI NI TELY_COWPGCSI TE) )
[*13*/ return DEFI NI TELY_COWPCSI TE;

el se

[ *14*] return PROBABLY_PRI ME;

}

Figure10.62 A probabilistic primality testingalgorithm



Of course, given one solution to the problem, aninfinite number of others can be constructed by adding an offset to al the points. This
iswhy weinsist that thefirst point isanchored at 0 and that the point set that constitutes asolution isoutput in nondecreasing order.

Let D bethe set of distances, and assumethat | D | = m=n(n - 1)/2. Asan example, suppose that
D={1, 2, 2, 2, 3, 3, 3, 4, 5 5, 5 6, 7, 8 10}

Since| D | = 15, we know that n = 6. We start the algorithm by setting x1 =0. Clearly,x =10, since 10isthelargest elementin D.
We remove 10 from D. The pointsthat we have placed and the remaining distances are as shown in thefollowing figure.

] ]

I 1

.'1:']=U' .1'.5=1{}
D=11,2,2,2,3,3,3,4,55,56,7,8}

Thelargest remaining distanceis8, which meansthat either x2 =2or x5 =8. By symmetry, we can concludethat the choiceis

unimportant, since either both choiceslead to asolution (which aremirror images of each other), or neither do, sowecansetx =8
without affecting the solution. Wethen removethedistances x6 - x5 =2and x5 - x1 =8 from D, obtaining

| | ]
! |
:']_I::I

x!=l|] .1:5=8 oy
D={1,22373,34,35,525,67}

Thenext stepisnot obvious. Since 7 isthelargest valuein D, either x =7orx_ =3.If x =7, thenthedistancesx -7=3andx_-7
=1 must also be present in D. A quick check showsthat indeed they are. On theother hand, if weset x =3, then 3- x =3andx5-3
=5must bepresentin D. These distancesare aso in D, so we have no guidance on which choice to make. Thus, wetry one and seeif

itleadsto asolution. If it turnsout that it does not, we can come back and try the other. Trying thefirst choice, weset x =7, which
leaves

| | L |
| | | |
.'X']=D x4=?x5=3xﬁ=lﬂ

D=1{2,23,3,4,523556+86

At this point, we have x =O,x4=7,x5=8,andx =10. Nowthelargestdistanceise,soeitherx3=60rx =4.Butif x_=6,then
x4-x3:1,Whichisimpoﬁble,sincelisnoIongerinD.Ontheotherhand,ifx2:4thenx -X =4,andx_-x_ =4.Thisisaso
impossible, since4 only appearsoncein D. Thus, thisline of reasoning leaves no solution, so we backtrack.

Since x4 =7 failed to produce a solution, wetry x2 =3. If thisalsofails, we give up and report no solution. We now have

| | | ]
I I I 1

I-|=|:| x1=3 ISZS xazlﬂ'

D=1{1,12,2,33435,35,6}




Once again, we haveto choose between x =6 and x3 =4 x3 =4isimpossible, because D only has one occurrence of 4, and two
would beimplied by this choice. x4 =6 ispossible, so we obtaining

1 | =
i I I I |
x, =1 x3 = 3 xy=6 x5=8 x¢=10

D={12355%

The only remaining choiceisto assign x3 =5; thisworks because it leaves D empty, and so we have a solution.

Figure 10.63 showsadecision treerepresenting the actionstaken to arrive at the solution. I nstead of |abeling the branches, wehave
placed the labelsin the branches' destination nodes. A nodewith an asteri sk indicatesthat the points chosen areinconsistent with the

given distances; nodeswith two asterisks have only impossible nodes as children, and thusrepresent an incorrect path.

|(:Cl re=1l
"

Figure10.63 Decision treefor theworked tur npikereconstruction example

int

turnpike(int x [], dist_set D, unsigned int n)

{

[*1*/ x[1] = 0O;

[ *2%] x[n] = delete_max(D);

[*3%] x[n - 1] = delete_max(D);

| *4%] if(x[n]-x[n- 1] ED)

{

/*5%] delete( x[n ]-x[n - 1],D);

/*6%/ return place( x, D, n, 2,n - 2); }

el se



[1*7%] return FALSE;

Figure10.64 Tur npikereconstruction algorithm: driver routine (pseudocode)

The pseudocodeto implement thisalgorithm ismostly straightforward. Thedriving routine, turnpike, is shown in Figure 10.64. It
receivesthe point array x (which need not beinitialized), thedistancearray D, and n.* If asolution isdiscovered, then TRUE will be
returned, the answer will be placed in x, and D will be empty. Otherwise, FAL SE will bereturned, x will be undefined, and the
distancearray D will be untouched. Theroutine sets xl, Xn-l’ and Xn' as described above, aters D, and calls the backtracking
agorithm placeto place the other points. We presume that acheck has already been madeto ensurethat | D | = n(n -1)/2.

+We have used one-l etter variablenames, whichisgenerally poor style, for consistency with theworked example. Weal so, for simplicity, do not give the type of
variables.

Themoredifficult part isthe backtracking a gorithm, which isshownin Figure 10.65. Like most backtracking a gorithms, the most
convenient implementationisrecursive. We passthe same arguments plusthe boundaries Left and Right; XLeft' R xRi oht arethex
coordinates of pointsthat wearetrying to place. If D isempty (or Left > Right ), then a solution has been found, and we can return.
Otherwise, wefirst try to place XRi " = Dmax' If al the appropriate distancesare present (inthecorrect quantity), then wetentatively
placethispoint, removethese distances, and try tofill from Left to Right- 1. If the distances are not present, or the attempt to fill Left
toRight- 1fails, thenwetry settingx ~ =x -d , using asimilar strategy. If thisdoes not work, then thereisno solution;

n max
otherwise asolution has been found, and thisinformation iseventually passed back to turnpike by the return statement and x array.

Theanalysisof thealgorithm involvestwo factors. Supposelines9 through 11 and 18 through 20 are never executed. Wecan
maintain D asabalanced binary search (or splay) tree (thiswould require acode modification, of course). If we never backtrack, there
are at most O(n2) operationsinvolving D, such asdeletion and thefindsimplied at lines4 and 12to 13. Thisclaimisobviousfor
deletions, since D has O(n2) elementsand no element isever reinserted. Each call to place uses at most 2n finds, and since place never
backtracksin thisanalysis, there can be at most 2n2 finds. Thus, if thereisno backtracking, therunningtimeis O(n2 log n).

Of course, backtracking happens, andif it happensrepeatedly, then the performance of the algorithmisaffected. No polynomial
bound on theamount of backtrackingisknown, but on the other hand, there are no pathol ogical examplesthat show that backtracking
must occur more than O(1) times. Thus, itisentirely possiblethat thisalgorithmis O(n2 log n). Experiments have shown that if the
pointshaveinteger coordinatesdistributed uniformly and randomly from [0, Dmax] , Where Dmax = B (n2), then, almost certainly, at

most one backtrack isperformed during the entire algorithm.
10.5.2. Games

Asour last application, wewill consider the strategy that acomputer might useto play astrategic game, such ascheckersor chess. We
will use, asan example, the much simpler game of tic-tac-toe, becauseit makesthe pointseasier toillustrate.

Tic-tac-toeis, of course, adraw if both sidesplay optimally. By performing acareful case-by-caseanalysis, itisnot adifficult matter
to construct an algorithm that never loses and alwayswinswhen presented the opportunity. Thiscan bedone, because certain
positions are known traps and can be handled by alookup table. Other strategies, such astaking the center squarewhenitisavailable,
maketheanalysissimpler. If thisisdone, then by using atable we can aways choose amove based only on the current position. Of
course, thisstrategy requiresthe programmer, and not the computer, to do most of thethinking.

/', Backtracking algorithmto place the points /
I, x(teft]...x[right]. _/



I, x[1]...[left-1] and x[right+1]...x[n]
I, are already tentatively placed /
/* If place returns true,

/* then x[left]...x[right] will have value. */

int

place( int x[ ], dist_set D, unsigned int n, int Left, int Right )
{

int d_max, found = FALSE;

11,1 if Dis enpty then

12,1 return TRUE;

/,3,1 d_max = find_max( D);

/* Check if setting x[ Right] = d_nax is feasible. */

1,41 if( Ix[ j ]-d_max| EDfor all 1 5j < Left and Right <j Zn)
{

1,51 x[Right] =d_max; / Try x[Right] = d_max /

/1,61 for( 1 Zj < Left, Right <j &n)

1,71 delete( |x[j ]-d_max|, D);

/*8*/ found = place( x, D, n, Left, Right-1);

1,9,/ if( tfound ) / Backtrack /

/1,101 for( 1 5 < Left, Right <j & n)/ Undo the deletion /
/*11*/ insert( |x[j ]-d_max:| D);

}

I, If first attenpt failed, try to seeif setting  /
I, x[Left]=x[n]-d_max is feasible /

1,121 if( 'found & (| x[n]-d_max-x[j ]| =D

1,131 for all 1 ) < Left and Right <j = r.n))
{

[ *14%] x[Left] = x [n] -d_max; / * Sane |ogic as before */
/*15%/ for( 1 & < Left, Right <j &Zn)

/*16*/ delete( |x[n]-d_max -x [j 1 |, D);
1*17%]/ found = place( x, D, n, Left + 1, Right );
1,181 if( !found ) /', Backtrack; undo the deletion /
1,191 for( 1 & < Left, Right <j &Zn)

/*20*/ insert( |x[n]-d_max-x[j 1|, D);

}

1,211 return found;

}

Figure10.65 Turnpike reconstruction algorithm: backtracking steps(pseudocode)
Minimax Strategy

The general strategy isto use an evaluation function to quantify the"goodness" of aposition. A position that isawin for acomputer
might get the value of +1; adraw could get O; and a position that the computer haslost would get a- 1. A position for which this

assignment can be determined by examining the board isknown asaterminal position.

If apositionisnot terminal, the value of the position isdetermined by recursively assuming optimal play by both sides. Thisisknown
as aminimax strategy, because one player (the human) istrying to minimize the value of the position, whilethe other player (the

computer) istrying to maximizeit.

A successor position of P isany position P that is reachable from P by playing one move. If the computer isto move when in some
S
position P, it recursively evaluatesthevalue of all the successor positions. The computer choosesthe movewith thelargest value; this



isthe value of P. To evaluate any successor position P , al of P 'ssuccessorsarerecursively evaluated, and thesmallest valueis
S s
chosen. Thissmallest valuerepresentsthe most favorablereply for the human player.

The codein Figure 10.66 makesthe computer's strategy moreclear. Lines 1 through 4 evaluateimmediatewinsor draws. If neither of
these cases apply, then the positionisnonterminal . Recalling that val ue should contain the maximum of all possible successor
positions, line5initializesit to the smallest possiblevalue, and theloop in lines 6 through 13 searchesfor improvements. Each
successor position isrecursively evaluated in turn by lines 8 through 10. Thisisrecursive, because, aswewill see, the procedure
find_human_move calls find_comp_move. If the human'sresponseto amoveleavesthe computer with amorefavorable positionthan
that obtained with the previously best computer move, then the value and best_move are updated. Figure 10.67 shows the procedure
for the human'smove selection. Thelogicis virtually identical, except that the human player choosesthemovethat leadstothe
lowest-valued position. Indeed, it isnot difficult to combine these two proceduresinto one by passing an extravariable, which

indicateswhoseturnit isto move. This does make the code somewhat lessreadable, so we have stayed with separateroutines.

Sincethese routines must pass back both the value of the position and the best move, we passthe address of two variablesthat will get
thisinformation, by using pointers. Thelast two parameters now answer the question "WHERE?" instead of "WHAT?"

!, Recursive procedure to find best nove for conputer /

/* best _nove points to a nunber from1-9 indicating square. */

/* Possi bl e eval uations satisfy COWP_LOSS < DRAW < COMP_W N */

/', Conpl enentary procedure find_human_nove i s bel ow /

/, board_type is an array; thus board can be changed by place ()  /
voi d

find_conp_rove( board_type board, int best_nove, int  value)

{

int dc, i, response; / dc neans don't care  /

11,1 if( full_board( board ) )

/*2*/ ,value = DRAW

el se

1,31 if( i mediate_conp_w n( board, best_nove ) )

/*4*/ *val ue = COWP_W N;

el se

{

/*5*/ *val ue = COWP_LGCSS;

1,6,/ for( i=1; i<=9; i++) I, try each square /

{

1,71 if( is_enmpty( board, i ) )

{

1,81 pl ace( board, i, COW );

1,9,/ find_hunman_nove( board, &dc, & esponse );
1,10,/ unpl ace( board, i ); / Restore board /
1,11 if( response > value ) /  Update best nove  /
{

1121 ,value = response;

/*13*/ *best_rmve =i;

}

}

}

}

}

Figure 10.66 Minimax tic-tac-toealgorithm: computer selection



voi d
find_human_nove( board_type board, int best_nove, int *value)

{

int dc, i, response; /* dc neans don't care */
1,11 if( full_board( board ) )
/*2*/ *val ue = DRAW
el se
1,3,1 i f( i mediate_human_wi n( board, best_nove ) )
I 4/ val ue = COWP_LGCSS;
* ok * -
el se
{
/*5*/ *val ue = COWP_WN;
/*6*/ for( i=1;, i<=9; i++) /* try each square */
{
1,71 if( is_enpty( board, i ) )
{
/*8*/ pl ace( board, i, HUMAN );
1,9,/ find_conmp_nove( board, &dc, &response );
1,10/ unpl ace( board, i ); / Restore board  /
/ 11/ if( response < value ) / Update best nove
* * * * */
{
/* * *
12/ val ue = response;
18,1 best_nove = i;

Figure 10.67 Min-max tic-tac-toealgorithm: human selection

Asan example, in Figure 10.66, best_move containsthe address where the best move can be placed. find_comp_move can examine or
ater the data at that address by accessing *best_move. Line 9 shows how the calling routine should behave. Sincethe caller hastwo
integers prepared to storethe data, and find_human_move only wants the addresses of these two integers, the address operator (&) is
used.

If the & operator isnot used at line 9, and both dc and response are zero (which would betypical of uninitialized data), the
find_human_movewill try to placeitsbest move and position valuein memory location zero. Of course, thisis not what was intended,
and will almost certainly resultin aprogram crash (try it!). Thisisthe most common error when using the scanf family of library
routines.

Weleave supporting routines asan exercise. The most costly computation isthe case where the computer isasked to pick the opening
move. Sinceat this stagethegameisaforced draw, the computer selectssquare 1.* A total of 97,162 positionswere examined, and
thecalculation took 2.5 secondson aVAX 8800. No attempt was made to optimize the code. When the computer moves second, the
number of positionsexamined is5,185if the human sel ectsthe center square, 9,761 when acorner squareis selected, and 13,233
when anoncorner edge squareis sel ected.

*We numbered the squares starting from thetop left and moving right. However, thisisonly important for the supporting routines.

For more complex games, such as checkersand chess, it isobviously infeasibleto search all theway to theterminal nodes.¢ Inthis
case, we have to stop the search after acertain depth of recursionisreached. The nodeswheretherecursionisstopped become

terminal nodes. Theseterminal nodesare eval uated with afunction that estimatesthe value of the position. For instance, inachess



program, the eval uati on function measures such variablesasthe rel ative amount and strength of piecesand positional factors. The
evaluationfunctioniscrucial for success, becausethe computer'smove sel ection isbased on maximizing thisfunction. The best

computer chessprograms have surprisingly sophisticated eval uation functions.

tisestimated that if this search were conducted for chess, at least 10100 positionswould be examined for thefirst move. Evenif theimprovementsdescribed later in
thissection wereincorporated, thisnumber could not bereduced to apractical level.

Nevertheless, for computer chess, the single most important factor seemsto be number of moves of 10ok-ahead the programis capable
of. Thisis sometimes known as ply; itisequal to thedepth of therecursion. To implement this, an extraparameter isgiventothe
search routines.

The basic method to increase the look-ahead factor in game programsisto come up with methodsthat eval uate fewer nodeswithout
losing any information. One method which we have already seenisto use atableto keep track of all positionsthat have been
evaluated. For instance, inthe course of searching for thefirst move, the program will examinethe positionsin Figure 10.68. If the
values of the positionsare saved, the second occurrence of aposition need not be recomputed; it essentially becomesaterminal
position. The data structure that recordsthis is known as a transpositiontable; it isalmost awaysimplemented by hashing. In many
cases, this can save considerable computation. For instance, in achessendgame, wherethere arerelatively few pieces, thetime
savings can allow asearch to go several levels deeper.

=P Pruni ng
Probably the most significant improvement one can obtainin general isknown as |:|:.-|El pruning. Figure 10.69 showsthe trace of the
recursive calls used to eval uate some hypothetical positioninahypothetical game. Thisiscommonly referred to asa gametree. (We

have avoided the use of thisterm until now, becauseit issomewhat misleading: no treeisactually constructed by theagorithm. The
gametreeisjust an abstract concept.) Thevalue of the gametreeis44.

X O X X|o|X

Figure10.68 Two sear chesthat arriveat identical position

Figure 10.70 showsthe evaluation of the same gametree, with several uneval uated nodes. Almost half of theterminal nodes have not
been checked. We show that eval uating them would not change the value at the root.

First, consider node D. Figure 10.71 shows theinformation that has been gathered when itistimeto evaluate D. At this point, we are
till in find_human_move and are contemplating acall to find_comp_move on D. However, we already know that find_human_move
will return at most 40, sinceit isamin node. On the other hand, its max node parent has already found asequencethat guarantees44.



Nothing that D does can possibly increasethisvalue. Therefore, D does not need to be evaluated. Thispruning of thetreeisknown as
mepruning. Anidentical situation occursat node B. To implement rzpruning, get_comp_move passesits tentative maximum () to

get_human_move. If the tentative minimum of get_human_move falls below this value, then get_human_movereturnsimmediately.

A similar thing happens at nodes A and C. Thistime, we arein the middle of afind_comp_move and are about to make a call to
find_human_moveto evaluate C. Figure 10.72 showsthe situation that isencountered at node C. However, the sfind_human_move, a
themin level, which has called find_comp_move, has aready determined that it can force avalue of at most 44 (recall that low values
aregood for the human side). Since find_comp_move has atentative maximum of 68, nothing that C doeswill affect theresult at the
min level. Therefore, C should not be evaluated. Thistypeof pruning isknown as |3pruni ng; it isthe symmetric version of eepruning.
When both techniques are combined, we have xB pruning.
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Figure 10.70 A pruned gametree
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Figure10.71 Thenodemarked ? isunimportant

Figure10.72 Thenodemarked ? isunimportant
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Implementing |:|:.—|EI pruning requiressurprisingly little code. Itisnot asdifficult asone might think, although many programmershave

avery hard timedoing it without looking at areference book. Figure 10.73 shows half of the uB pruning scheme (minustype

declarations); you should have no troubl e coding the other half.

/* Same as before, but perform % ﬂ pruning. */

/* The main routine should make the call with & = COW_LGCSS,
B COWP_WN. */

voi d

find_conp_nove( board_type board, int *best_nove, int *val ue,

int 0 int ﬂ)

{

int dc, i, response; /* dc neans don't care */

[ *1*/ if( full_board( board ) )

1 *2%] *val ue = DRAW

el se

[*3*%] if( imrediate-comp_w n( board, best_nove ) )
| *4%] *val ue = COWP_WN;

el se

{

/*5%] *value = & ;

/*6*/ for( i=1; (i<=9) && (*val ue<B); i++) /* try each square */
{

1*7*%] if( is_enmpty( board, i ) )



{
[ *8%/ pl ace( board, i, COW );

/*9*%/ find_human_nove( board, &dc, & esponse, *val ue, ﬂ);
/*10%/ unpl ace( board, i ); /* Restore board */

/*11*/ if( response >* value ) /* Update best nove */

{

[*12*%] *val ue = response;

/*13*%/ *best _nmove = i;

}

— e e

}

Figure 10.73 Min-max tic-tac-toealgorithm with |:|:.-|El pruning: Computer selection.

Totake full advantage of B pruning, game programsusually try to apply the eval uation function to nonterminal nodesin an attempt
to place the best moves early in the search. Theresult iseven more pruning than one would expect from arandom ordering of the

nodes. Other techniques, such as searching deeper in more activelines of play, are a so employed.

O

means that searchesusing r.'n:.-|EI pruning can go twice as deep as compared to an unpruned tree. Our tic-tac-toe exampleisnot ideal,

In practice, uB pruning limitsthe searching to only Vi nodes, where n isthe size of the full gametree. Thisahuge saving and

because there are so many identical values, but even so, theinitial search of 97,162 nodesisreduced to 4,493 nodes. (These counts
include nonterminal nodes).

In many games, computersare among the best playersin theworld. Thetechniquesused are very interesting, and can be applied to
more serious problems. More details can befound in the references.

Summary

Thischapter illustratesfive of themost common techniquesfound in algorithm design. When confronted with aproblem, itis
worthwhileto seeif any of these methods apply. A proper choice of algorithm, combined with judicious use of datastructures, can
often lead quickly to efficient solutions.

Exercises

10.1 Show that the greedy al gorithm to minimize the mean completion timefor multi processor job scheduling works.

10.2 Theinput is a set of jobsjl, j2, ...,] ,eachof which takes onetime unit to complete. Eachjobj eransd_dollarsif itis
n i i
completed by the timelimit t, but no money if completed after thetime limit.
i

(a) Give an O(n2) greedy algorithm to solvethe problem.

**(b) Modify your algorithm to obtain an O(n log n) time bound. Hint: Thetime bound isdueentirely to sorting thejobs by money.
Therest of the algorithm can beimplemented, using the digjoint set data structure, ino(n log n).



10.3 A filecontainsonly colons, spaces, newline, commas, and digitsin thefollowing frequency: colon (100), space (605), newline
(100), commas (705), 0 (431), 1 (242), 2 (176), 3(59), 4 (185), 5 (250), 6 (174), 7 (199), 8 (205), 9 (217). Construct the Huffman code.

10.4 Part of the encoded filemust be aheader indi cating the Huffman code. Give amethod for constructing the header of sizeat most
O(n) (in addition to the symbols), where n is the number of symbols.

10.5 Completethe proof that Huffman's algorithm generates an optimal prefix code.
10.6 Show that if the symbolsare sorted by frequency, Huffman'sa gorithm can beimplementedinlinear time.

10.7 Writeaprogram toimplement file compression (and uncompression) using Huffman'salgorithm.

3
2
*10.8 Show that any on-line bin-packing algorithm can be forced to use at least the optimal number of bins, by considering the
1 —2e 1+e 1+e
following sequence of items: n items of size , nitemsof size ,nitemsof size

10.9 Explain how toimplement first fit and best fitin O(n log n) time.

10.10 Show the operation of all of the bin-packing strategiesdiscussed in Section 10.1.3 ontheinput 0.42, 0.25, 0.27, 0.07,0.72, 0.86,
0.09, 0.44, 0.50, 0.68, 0.73, 0.31, 0.78, 0.17, 0.79, 0.37, 0.73, 0.23, 0.30.

10.11 Writeaprogram that compares the performance (both in time and number of binsused) of the various bin packing heuristics.
10.12 Prove Theorem 10.7.
10.13 Prove Theorem 10.8.

*10.14 n points are placed in aunit square. Show that the di stance between the closest pair is O(n-1/2).

VI Hint: Usetheresult of the

*10.15 Arguethat for the closest-points al gorithm, the average number of pointsinthestripis (D ':

previousexercise.
10.16 Write aprogram to implement the closest-pair algorithm.
10.17 What isthe asymptotic running time of quicksel ect, using amedian-of-median-of-three partitioning strategy?

10.18 Show that quickselect with median-of-median-of-seven partitioning islinear. Why is median-of-median-of -seven partitioning
not used in the proof?

10.19 Implement the qui cksel ect algorithm in Chapter 7, quicksel ect using median-of-median-of - five patitioning, and the sampling
agorithm at the end of Section 10.2.3. Compare the running times.

10.20 Much of theinformation used to compute the median-of -median-of -fiveisthrown away. Show how the number of comparisons
can bereduced by more careful use of theinformation.



*10.21 Completethe analysisof the sampling algorithm described at the end of Section 10.2.3, and explain how thevaluesof fiand s
are chosen.

10.22 Show how therecursive multiplication algorithm computes xy, where x = 1234 and y = 4321. Includeall recursive computations.
10.23 Show how to multiply two complex numbersx = a + bi andy = ¢ + di using only threemultiplications.

10.24 (a) Show that

= (x

X + X
yr ry

| +xr)(y|+y)-xy

| | r (| rer

(b) This gives an O(n1.59) algorithm to multiply n-bit numbers. Compare this method to the solution in the text.
10.25* (&) Show how to multiply two numbers by solving five problemsthat are roughly one-third of the original size.
**(b) Generalize thisproblemto obtain an O(n1+=) algorithm for any constant => 0.

(c) Istheagorithmin part (b) better than O(n log n)?

10.26 Why isitimportant that Strassen's al gorithm does not use commutativity in the multiplication of 2 X 2 matrices?

10.27 Two 70 X 70 matrices can be multiplied using 143,640 multiplications. Show how thiscan be used toimprovethe bound given
by Strassen'sagorithm.

10.28 What isthe optimal way to compmeA1A2A3A4A5A6, where the dimensions of the matrices are: AI 110X 20, A2: 20X 1, A3:
1 X 40, A4: 40 X 5,A5: 5X 30, AG: 30 X 15?

10.29 Show that none of thefollowing greedy algorithmsfor chained matrix multiplication work. At each step
(a) Computethe cheapest multiplication.
(b) Compute the most expensive multiplication.

(c) Compute the multiplication between thetwo matricesM_and M. ! such that the number of columnsin M_isminimized (bresking
i i+ i
ties by one of the rules above).

10.30 Write aprogram to compute the best ordering of matrix multiplication. Include theroutineto print out the actual ordering.

10.31 Show theoptimal binary search treefor thefollowing words, where thefrequency of occurrenceisin parentheses: a (0.18), and
(0.19), 1 (0.23), it (0.21) , or (0.19).

*10.32 Extend the optimal binary search treea gorithmto allow for unsuccessful searches. Inthiscase, q , for 1 5j < n, isthe
probability that asearchisperformed for any word Wsatisfyingwj <w<w. . q_istheprobability of pjerformi ng asearchfor W<

J 2} . n
Y Lt iondi = 1.
wl,andq isthe probability of performing asearchfor W > w . Notice that 2P i Z 04 )
n n

*10.33 Suppose C. . = 0 and that otherwise
i



|:_,-r = W.”- + min{CJ.Q_J + Ck.,r']

= o

Suppose that W satisfies the quadrangleinequality, namely, for all i 5i' 5j &',

Supposefurther, that W is monotone: If i =i* and j' 5", then W, j =W
1]

(a) Provethat C satisfiesthe quadrangleinequality.
(b) Let R bethelargest kthat achievesthe minimum C. Kl + Ck . (Thatis, in case of ties, choosethelargest k). Prove that
1) 1K )

R %R =R
I, ] 1, j+1 1+1,] +1
(c) Show that R isnondecreasing along each row and column.
(d) Usethisto show that all entriesin C can be computed in O(n2) time.
(e) Which of the dynamic programming a gorithms can be solved in O(n2) using these techniques?
10.34 Write aroutineto reconstruct the shortest pathsfrom the algorithmin Section 10.3.4.
10.35 Examine therandom number generator on your system. How randomisit?
10.36 Writetheroutinesto performinsertion, deletion, and searching in skip lists.
10.37 Giveaformal proof that the expected timefor the skip list operationsis O(log n).
10.38 Figure 10.74 showsaroutine to flip acoin, assuming that randomreturnsaninteger (whichisprevalentin many systems). What
isthe expected performance of the skip list algorithmsif the random number generator usesamodulusof theform m = 2b (whichis
unfortunately prevalent on many systems)?
10.39 (a) Use the exponentiation a gorithm to provethat 2340 m1(mod 341).
(b) Show how therandomized primality test worksfor n = 561 with several choices of a.

10.40 Implement theturnpike reconstruction al gorithm.

10.41 Two point sets are homometric if they yield the same distance set and are not rotations of each other. Thefollowing distance set
givestwo distinct point sets: 1, 2, 3,4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 16, 17 . Find the two point sets.

enum coi n_side { heads, tails };
t ypedef enum coi n_si de coi n_si de;
coi n_si de

flip( void)

{

if( (rand() %2 ) ==0)



return heads;
el se
return tails;

}

Figure10.74 Questionablecoin flipper
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Figure 10.75 Gametree, which can bepruned

10.42 Extend thereconstruction algorithm to find all homometric point sets given a distance set.

10.43 Show the result of w-B pruning thetreein Figure 10.75.

10.44 (a) Doesthe codein Figure 10.73 implement cepruning or |3pruni ng?

(b) Implement the complementary routine.

10.45 Writethe remaining procedures for tic-tac-toe.

10.46 The one-dimensional circlepacking problemisasfollows: You have n circles of radii rl, r,...,r Thesecirclesare packed

n.
inabox such that each circleistangent to the bottom of the box, and are arranged inthe original order. The problemisto find the
width of the minimum-sized box.

Figure 10.76 shows an examplewith circlesof radii 2, 1, 2 respectively. The minimum-sized box haswidth 4+4 ?"' 2.

*10.47 Supposethat the edgesin an undirected graph G satisfy thetriangleinequality: ¢ + ¢ 2c . Showhowto compute a
uv VW uw
traveling salesman tour of cost at most twice optimal. Hint: Construct aminimum spanning tree.

*10.48Y ou are atournament director and need to arrange around robin tournament among n = 2k players. In thistournament,
everyone plays exactly one game each day; after n - 1 days, amatch has occurred between every pair of players. Give an agorithm to
do this.
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Figure10.76 Samplefor circlepacking problem

10.49 (a) Provethat in around robin tournament itisalwayspossibleto arrangetheplayersinanorder p.  p_ p. suchthat for all 1
i1, 2, in

5j < n, p, haswon the match against pi; , ;.
J
(b) Gve an O(n log n) algorithm to find one such arrangement. Y our a gorithm may serve asaproof for part (a).

*10.50 Wearegivenaset P = pl, p2, ...,p of npointsinaplane. A Voronoi diagramisa partition of the planeinto n regions Ri
n

such that all pointsin Ri are closer to i than any other point in P. Figure 10.77 showsasampleV oronoi diagram for seven (nicely

arranged) points. Givean O(n logn) aIp gorithm to construct the VVoronoi diagram.

*10.51 A convex polygonisapolygon with the property that any line segment whose endpoints are on the polygon liesentirely within
the polygon. The convex hull problem consists of finding the smallest (area) convex polygon which enclosesaset of pointsinthe
plane. Figure 10.78 showsthe convex hull for aset of 40 points. Give an O(n log n) algorithm to find the convex hull.

Figure10.77 Voronoi diagram



Figure10.78 Example of a convex hull

*10.52 Consider the problem of right-justifying aparagraph. The paragraph containsasequenceof wordsw _,w , . .. ,wn of length al,
a,...,a ,whichwewishto break into lines of length L. Words are separated by blankswhoseideal lengthis b (millimeters), but
blanks car?stretch or shrink as necessary (but must be >0), sothat alinew, w. ... w_ haslength exactly L. However, for each blank
b' we charge |b' - b ugliness points. The exception tothisisthelast line, folr erﬁch we éharge only if b' <b (in other words, we charge
only for shrinking), sincethe last line does not need to bejustified. Thus, if b, isthelength of the blank between a and a _, thenthe

[ Db — Bl = (j = i)lb" - ]
ugliness of setting any line (but thelast) w w. .w_forj>iis - , whereb' isthe
i

i
average size of ablank on thisline. Th|S|strueoftheI|astIlneonlylfb' < b, otherwisethelast lineisnot ugly at all.

(a) Giveadynamic programming algorithm to find the least ugly setting of wl, W2, .., w intolinesof length L. Hint: Fori=n,n-
n

1,...,1, computethebestwaytosetw,w. ..., w
i+l n

(b) Givethetime and space complexitiesfor your algorithm (asafunction of the number of words, n).

(c) Consider the special casewhereweareusing aline printer instead of alaser printer, and assume the optimal value of bis 1 (space).
Inthiscase, no shrinking of blanksisallowed, sincethe next smallest blank space would be 0. Givealinear-time algorithm to
generatetheleast ugly setting onalineprinter.

*10.53 Thelongest increasing subsequence problemisasfollows: Given numbersal, a2, . . ., an, find the maximum value of k such
thatail< a2 <***<ak,andil<i2 <***<ik. Asanexample,if theinputis3, 1,4,1,5,9, 2, 6, 5, the maximum increasing
subsequence haslength four ( 1, 4, 5, 9 among others). Give an O(n ) algorithmto solvethelongest increasing subsequence problem.

*10.54 Thelongest common subsequence problem isasfollows: Given two sequencesA =al, a2,...,am,andB=bl,b2,...,bn,
find the length, k, of the longest sequence C=c1, c2, . .., ck such that C isasubsequence of both A and B. Asan example, if

A=d y, na mi,c
and
B=p, r, 0 g r,a mmi,n, g,

then thelongest common subsequenceisa m and haslength 2. Give an algorithm to solvethelongest common subsequence problem.
Y our agorithm should runin O(mn) time.



*10.55 The pattern matching problemisasfollows: Given astring S of text, and apattern P, find thefirst occurrenceof Pin S.
Approximate pattern matching allows k mismatches of threetypes:

1. A character can bein Sthat isnot in P.

2. A character canbein P thatisnotin S.

3. P and Scan differ in aposition.

Asanexample, if we are searching for the pattern "textbook" with at most three mismatchesin the string " datastructurestxtborkk",
we find amatch (insert an e, change an r to an o, delete ak). Give an O(mn) algorithm to solve the approximate string matching

problem, wherem= |P|and n = |S.

*10.56 One form of the knapsack problem isasfollows: We are given aset of integers A = al, a2, ...,a andaninteger K. Istherea
n
subset of A whose sumisexactly K?

(a) Give an algorithm that solvesthe knapsack problemin O(nK) time.

(b) Why doesthis not show that P = NP?

*10.57 Y ou aregiven acurrency systemwith coinsof (decreasing) value cl, c2, ceey cn cents.

(a) Give an agorithm that computes the minimum number of coinsrequired to give K centsin change.
(b) Givean algorithm that computesthe number of different waysto give K centsin change.

*10.58 Consider the problem of placing eight queenson an (eight by eight) chessboard. Two queensare said to attack each other if

they are on the same row, column, or (not necessarily main) diagonal.

(a) Givearandomized algorithm to place eight nonattacking queens on the board.
(b) Giveabacktracking algorithm to solve the same problem.

(c) Implement both algorithms and compare therunning time.

di stance

shortest( s, t, G)

{

di stance dt,tnp;

if(s==1t)

return 0;

dt = w;

for each vertex v adjacent to s

{

tnp = shortest( v, t, G);
f +t d
ey rtm<d)

=c + tnp;
t \

i
d
}
return d
t



Figure10.79 Recur siveshortest path algorithm

*10.59 In the game of chess, aknight in row r and column ¢ may move to row 1 &r' 5B and column 1 =c' =B (where B isthe size of
the board) provided that either

lr -r'] =2and |c- c| =1
or
lr -r'] =1and |c- c| =2

A knight'stour isaseguence of movesthat visitsall squares exactly once beforereturning to the starting point.

(a) If Bisodd, show that aknight'stour cannot exist.

(b) Giveabacktracking algorithm to find aknight'stour.

10.60 Consider therecursive agorithm in Figure 10.79 for finding the shortest weighted path in an acyclic graph, from sto t.
(a) Why doesthisalgorithm not work for general graphs?

(b) Provethat thisalgorithm terminatesfor acyclic graphs.

(c) What is the worst-case running time of the algorithm?
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CHAPTER 11: AMORTIZED
ANALYSIS

In this chapter, we will analyze the running time for severa of the advanced data
structures that have been presented in Chapters 4 and 6. In particular, we will consider
the worst-case running time for any sequence of m operations. This contrasts with the
more typical analysis, in which aworst-case bound is given for any single operation.

As an example, we have seen that AVL trees support the standard tree operations in O(log
n) worst-case time per operation. AVL trees are somewhat complicated to implement, not
only because there are a host of cases, but also because height balance information must
be maintained and updated correctly. The reason that AvL trees are used is that a sequence
of ® (n) operations on an unbalanced search tree could require ® (n?) time, which would
be expensive. For search trees, the O(n) worst-case running time of an operation is not
the real problem. The major problem is that this could happen repeatedly. Splay trees
offer a pleasant alternative. Although any operation can still require & (n) time, this
degenerate behavior cannot occur repeatedly, and we can prove that any sequence of m
operationstakes O(m log n) worst-case time (total). Thus, in the long run this data
structure behaves as though each operation takes O(log n). We call this an amortized time
bound.

Amortized bounds are weaker than the corresponding worst-case bounds, because there is
no guarantee for any single operation. Since thisis generaly not important, we are
willing to sacrifice the bound on a single operation, if we can retain the same bound for
the sequence of operations and at the same time simplify the data structure. Amortized
bounds are stronger than the equivalent average-case bound. For instance, binary search
trees have O (log n) average time per operation, but it is still possible for a sequence of m
operationsto take O (mn) time.

Because deriving an amortized bound requires us to look at an entire sequence of
operations instead of just one, we expect that the analysis will be more tricky. We will
see that this expectation is generally realized.

In this chapter we shall

*Analyze the binomial queue operations.

*Analyze skew heaps.

*Introduce and analyze the Fibonacci heap.

*Analyze splay trees.



11.1. An Unrelated Puzzle

Consider the following puzzle: Two kittens are placed on opposite ends of afootball field,
100 yards apart. They walk towards each other at the speed of ten yards per minute. At
the same time, their mother is at one end of the field. She can run at 100 yards per minute.
The mother runs from one kitten to the other, making turns with no loss of speed, until

the kittens (and thus the mother) meet at midfield. How far does the mother run?

It is not hard to solve this puzzle with a brute force calculation. We leave the details to
you, but one expects that this calculation will involve computing the sum of an infinite
geometric series. Although this straightforward calculation will lead to an answer, it turns
out that a much simpler solution can be arrived at by introducing an extra variable,
namely, time.

Because the kittens are 100 yards apart and approach each other at a combined velocity
of 20 yards per minute, it takes them five minutes to get to midfield. Since the mother
runs 100 yards per minute, her total is 500 yards.

This puzzleillustrates the point that sometimes it is easier to solve a problem indirectly
than directly. The amortized analyses that we will perform will use thisidea. We will
introduce an extra variable, known as the potential, to allow usto prove results that seem
very difficult to establish otherwise.

11.2. Binomial Queues

The first data structure we will look at is the binomial queue of Chapter 6, which we now
review briefly. Recall that a binomial tree By is a one-node tree, and for k > 0, the
binomial tree By is built by melding two binomial trees By.; together. Binomial trees By
through B4 are shown in Figure 11.1.
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Figure 11.1 Binomial trees By, B1, B2, B3, and By
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Figure 11.2 Two binomial queuesH1 and H2

The rank of anodein abinomial treeisequal to the number of children; in particular, the rank of theroot of Bk isk. A binomial queue
isacollection of heap-ordered binomial trees, in which there can be at most one binomial tree Bk for any k. Two binomial queues, H1

and H2, are shown in Figure 11.2.

The most important operation is merge. To merge two binomial queues, an operation similar to addition of binary integersis
performed: At any stagewemay have zero, one, two, or possibly three Bk trees, depending on whether or not thetwo priority queues
contain a Bk tree and whether or not a Bk treeis carried over from the previous step. If thereiszero or one Bk treg, it isplaced asatree
intheresultant binomial queue. If therearetwo Bk trees, they are melded into a Bk+1 tree and carried over; if there arethree Bk trees,
oneisplaced asatreein the binomial queue and the other two are melded and carried over. The result of merging H1 and H2 is shown

inFigure11.3.

Insertion is performed by creating aone-node binomial queue and performing a merge. Thetimeto do thisism+ 1, wherem
representsthe smallest type of binomial tree Bm not present in the binomial queue. Thus, insertioninto abinomial queuethat hasa BO
tree but no B1 treerequirestwo steps. Deletion of the minimum isaccomplished by removing the minimum and splitting the original

binomial queueinto two binomial queues, which arethen merged. A lessterse explanation of these operationsisgivenin Chapter 6.

Weconsider avery simple problem first. Suppose wewant to build abinomial queue of n elements. We know that building abinary
heap of n elements can be donein O (n), soweexpect asimilar bound for binomial queues.
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Figure 11.3 Binomial queue H3: theresult of mergingH1 and H2
CLAIM:
Abinomial queue of n elements can be built by n successiveinsertionsin O(n) time.

Theclaim, if true, would give an extremely simplealgorithm. Sincetheworst-case timefor eachinsertionis O (log n), it is not

obviousthat the claimistrue. Recall that if thisal gorithm were applied to binary heaps, the running timewould be O(n log n).

To provetheclaim, we could do adirect cal culation. To measurethe running time, we definethe cost of each insertion to be onetime
unit plusan extraunit for each linking step. Summing this cost over all insertions givesthetotal running time. Thistotal is n units plus



thetotal number of linking steps. The 1st, 3rd, 5th, and all odd-numbered stepsrequire no linking steps, since there is no BO present at
thetimeof insertion. Thus, half of theinsertionsrequire no linking steps. A quarter of theinsertionsrequire only onelinking step (2nd,
6th, 10th, and so on). An eighth requiretwo, and so on. We could add thisall up and bound the number of linking stepsby n, proving
theclaim. Thisbruteforce calculation will not help when wetry to analyze a sequence of operationsthat include morethan just

insertions, so wewill use another approach to provethisresult.

Consider theresult of aninsertion. If thereisno BO tree present at thetime of theinsertion, then theinsertion costs atotal of oneunit,
by using the same accounting as above. Theresult of theinsertion isthat thereisnow a BO tree, and thus we have added one tree to the
forest of binomial trees. If thereisaBO tree but no B1 tree, then theinsertion coststwo units. The new forest will havea B1 tree but
will no longer have a BO tree, so the number of treesin theforest isunchanged. Aninsertion that coststhree unitswill create a B2 tree
but destroy a BO and Bl tree, yielding anet loss of onetreein theforest. Infact, it iseasy to seethat, in general, an insertion that costs
cunitsresultsinanetincrease of 2 - ¢ treesin theforest, because a Bc-1 treeis created but all Bi trees0 i < ¢ - 1 are removed. Thus,
expensive insertions removetrees, while cheap insertions createtrees.

Let Ci bethe cost of theithinsertion. Let Ti be the number of trees after theith insertion. TO =0 isthe number of treesinitially. Then
we havetheinvariant

Ci+(Ti-Ti-1)=2
(11.1)

We then have

Cl+ (TL- TO) =2

@+ (T2-T1) =2
L

Cn-1 + (Tn-1 - Tn-2) =2
Cn+ (Tn - Tn-1) =2

If weadd all these equations, most of the Ti terms cancel, leaving

"
> Ci+Ta—Ty=2n
i=1

or equivalently,

S C =2 = (T, — Tl
i=1]

Recall that TO = 0 and Tn, the number of trees after the ninsertions, iscertainly not negative, so (Tn - TO) isnot negative. Thus

ic,-i in

i=1

which provesthe claim.



During the build_binomial_queue routine, each insertion had aworst-case time of O(log n), but since the entire routine used at most
2nunitsof time, theinsertions behaved as though each used no more than 2 units each.

Thisexampleillustratesthe general techniquewewill use. The state of the data structure at any timeis given by afunction known as
the potential. The potential function isnot maintained by the program, but rather isan accounting devicethat will help with the
analysis. When operationstake lesstime than we have all ocated for them, theunused timeis* saved" intheform of ahigher potential.
In our exampl e, the potential of the data structureissimply thenumber of trees. In the analysis above, when we haveinsertionsthat
use only one unit instead of thetwo unitsthat are allocated, the extraunit is saved for later by an increasein potential. When
operationsoccur that exceed the all otted time, then the excesstimeisaccounted for by adecreasein potential. Onemay view the
potential as representing asavings account. If an operation useslessthanitsallotted time, the differenceis saved for uselater on by
more expensiveoperations. Figure 11.4 showsthe cumulativerunning time used by build_binomial_queue over a sequence of
insertions. Observe that the running time never exceeds 2n and that the potential in the binomial queue after any insertion measures
the amount of savings.
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Figure11.4 A sequenceof ninserts

Onceapotential function ischosen, we write the main equation:

Tactual + BPotential = Tamortized

(11.2)

Tactual, the actual time of an operation, representsthe exact (observed) amount of timerequired to executeaparticular operation. Ina
binary search tree, for example, the actual timeto perform a find(x) is 1 plus the depth of the node containing x. If we sum the basic
equation over theentire sequence, and if thefinal potential isat least aslargeastheinitial potential, then theamortized timeisan
upper bound on the actual time used during the execution of the sequence. Noticethat while Tactual variesfrom operation to operation,

Tamortizedisstable.

Picking apotential functionthat provesameaningful boundisavery tricky task; thereisno one method that isused. Generally, many
potential functionsaretried beforethe onethat worksisfound. Neverthel ess, the discussion above suggestsafew rules, which tell us
the propertiesthat good potential functionshave. Thepotential function should



*Alwaysassumeits minimum at the start of the sequence. A popular method of choosing potential functionsisto ensurethat the
potential functionisinitially 0, and alwaysnonnegative. All of the examplesthat we will encounter usethisstrategy.

*Cancel aterminthe actual time. In our case, if the actual cost was ¢, then the potential change was 2 - ¢. When these are added, an

amortized cost of 2 isobtained. ThisisshowninFigure11.5.

Wecan now perform acompleteanalysisof binomial queueoperations.
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Figurel1l.5Theinsertion cost and potential changefor each operation in asequence

THEOREM 11.1.

Theamortized running timesof insert, delete_min, and mergeare O(1), O(log n), and O(log n), respectively, for binomial queues.
PROOF:

Thepotential function isthe number of trees. Theinitial potential is0, and the potential isawaysnonnegative, so the amortized time
isan upper bound on the actual time. Theanalysisfor insert follows from the argument above. For merge, assume the two trees have
nland n2 nodeswith T1 and T2 trees, respectively. Let n = nl+ n2. Theactua timeto perform themergeis O(log(nl) + log(n2)) =

O(log n). After the merge, there can be at most log n trees, so the potential canincrease by at most O(log n). This gives an amortized

bound of O(log n). The delete_min bound followsin asimilar manner.

11.3. Skew Heaps

Theanalysisof binomial queuesisafairly easy example of an amortized analysis. We now look at skew heaps. Asiscommon with
many of our examples, oncetheright potential functionisfound, theanalysisiseasy. Thedifficult part ischoosing ameaningful

potential function.

Recall that for skew heaps, the key operation ismerging. To merge two skew heaps, we mergetheir right paths and make this the new
left path. For each node on the new path, except thelast, the ol d |eft subtreeis attached astheright subtree. Thelast node on the new
left path isknown to not have aright subtree, soitissilly to giveit one. The bound does not depend on this exception, and if the
routineiscoded recursively, thisiswhat will happen naturally. Figure 11.6 showsthe result of merging two skew heaps.



Suppose we have two heaps, H1 and H2, and there are r1 and r2 nodes on their respectiveright paths. Then the actual timeto perform

themergeisproportional to r1 + r2, so we will drop the Big-Oh notation and charge one unit of timefor each node on the paths. Since
the heaps have no structure, it is possible that all the nodesin both heapslie on theright path, and thiswould givea & (n) worst-case

bound to merge the heaps (Exercise 11.3 asks you to construct an example). Wewill show that the amortized timeto merge two skew

heapsis O(log n).

Figure11.6 Merging of two skew heaps

What isneeded is some sort of apotential function that capturesthe effect of skew heap operations. Recall that the effect of amergeis
that every node on theright path ismoved to the left path, and its ol d | eft child becomesthe new right child. Oneideamight beto
classify each node asaright node or left node, depending on whether or not it isaright child, and use the number of right nodesasa
potential function. Although the potential isinitially 0 and awaysnonnegative, the problemisthat the potential doesnot decrease
after amerge and thus does not adequately reflect the savingsin thedatastructure. Theresult isthat thispotential function cannot be
used to prove the desired bound.

A similar ideaisto classify nodes as either heavy or light, depending on whether or not the right subtree of any node has more nodes
than the left subtree.

DEFINITION:A node p is heavy if the number of descendants of p'sright subtreeisat least half of the number of descendants of p,
and light otherwise. Notethat the number of descendants of anodeincludesthe nodeitself.

Asan example, Figure 11.7 shows askew heap. The nodeswith keys 15, 3, 6, 12, and 7 are heavy, and all other nodes arelight.

The potential functionwewill useisthe number of heavy nodesin the (collection) of heaps. Thisseemslikeagood choice, becausea
long right path will contain aninordinate number of heavy nodes. Because nodes on thispath havetheir children swapped, these nodes
will be converted to light nodes as aresult of the merge.

THEOREM 11.2.

The amortized time to merge two skew heapsis O(log n).

PROOF:

Let H1 and H2 be the two heaps, with n1 and n2 nodesrespectively. Supposetheright path of H1 has|1 light nodes and h1 heavy
nodes, for atotal of 11 + hl. Likewise, H2 has|2 light and h2 heavy nodes on itsright path, for atotal of 12 + h2 nodes.
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Figure11.8 Changein heavy/light statusafter a merge

If we adopt the convention that the cost of merging two skew heapsisthetotal number of nodesontheir right paths, then the actual
timeto performthemergeisil + 12 + hl + h2. Now the only nodeswhose heavy/light status can change are nodes that areinitially on
theright path (and wind up on theleft path), since no other nodes have their subtreesaltered. Thisis shown by theexamplein Figure
11.8.

If aheavy nodeisinitially ontheright path, then after the merge it must become alight node. The other nodesthat were on theright
path werelight and may or may not become heavy, but since we are proving an upper bound, wewill have to assume theworst, which
isthat they become heavy and increase the potential . Then the net changein the number of heavy nodesisat most 11+ 12 - h1 - h2.
Adding the actual timeand the potential change (Equation 11.2) givesan amortized bound of 2(I1 + [2).

Now we must show that I1 + 12 = O(log n). Sincel1 and |2 arethe number of light nodeson the original right paths, and theright
subtree of alight nodeislessthan half the size of thetreerooted at thelight node, it followsdirectly that the number of light nodeson

theright path isat most log n1 + logn2, which is O(log n).

The proof iscompleted by noting that theinitial potential isO and that the potential isalwaysnonnegative. It isimportant to verify this,
since otherwise theamortized time does not bound the actual time and ismeaningless.

Since theinsert and delete_min operationsare basically just merges, they also have O(log n) amortized bounds.

11.4. Fibonacci Heaps



In Section 9.3.2, we showed how to use priority queuesto improve on the naive O(|V|2) running time of Dijkstra's shortest-path
algorithm. Theimportant observation wasthat the running timewas dominated by|E|decrease_key operations and |V| insert and
delete_min operations. These operationstake place on aset of size at most |V|. By using abinary heap, all these operationstake O(log
[V]) time, so the resulting bound for Dijkstra's al gorithm can be reduced to O(|E| log |V]).

In order to lower thistime bound, the time required to perform the decrease _key operation must be improved. d-heaps, which were
described in Section 6.5, give an O(logd |V]) time bound for the delete_min operation aswell asfor insert, but an O(d logd |V]) bound
for delete_min. By choosing d to balance the costs of |E| decrease_key operations with |V| delete_min operations, and remembering
that d must alwaysbe at least 2, we see that agood choicefor d is

o = mxz Llel/ Ivl)
Thisimprovesthe time bound for Dijkstra's algorithm to
aleliogadl el Ivlh vl

The Fibonacci heap is adata structure that supports all the basic heap operationsin O(1) amortized time, with the exception of
delete_min and delete, which take O (log n) amortized time. Itimmediately followsthat the heap operationsin Dijkstrasalgorithm
will requireatota of O(|E| + |V| log |V]) time.

*

Fibonacci heaps generalizebinomial queues by adding two new concepts:

*

The name comesfrom aproperty of thisdatastructure, which wewill provelater in the section.

A differentimplementation of decrease_key: The method we have seen beforeisto percol ate the element up toward theroot. It does
not seem reasonable to expect an O(1) amortized bound for thisstrategy, so anew method is needed.

Lazy merging: Two heaps are merged only when it isrequired to do so. Thisissimilar tolazy deletion. For lazy merging, merges are
cheap, but becauselazy merging does not actually combinetrees, the delete_min operation could encounter lots of trees, making that
operation expensive. Any one delete_min could take linear time, but it isalways possible to charge the timeto previous merge
operations. In particular, an expensive delete_min must have been preceded by alarge number of unduly cheap merges, which have
been ableto store up extra potential .

11.4.1. Cutting Nodes in Leftist Heaps

In binary heaps, the decrease_key operation isimplemented by lowering thevalue at anode and then percolating it up toward theroot
until heap order isestablished. Intheworst case, this can take O(log n) time, which isthe length of thelongest path toward theroot in
abalanced tree.

Thisstrategy doesnot work if thetree that representsthe priority queue does not have O(log n) depth. Asan example, if thisstrategy
isapplied to leftist heaps, then the decrease _key operation could take £} (n) time, asthe examplein Figure 11.9 shows.

We seethat for leftist heaps, another strategy isneeded for the decrease_key operation. Our examplewill betheleftist heapin Figure
11.10. Suppose we want to decrease the key with value 9 down to 0. If we make the change, wefind that we have created aviolation
of heap order, whichisindicated by adashed linein Figure 11.11.
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Wedo not want to percolate the 0 to the root, because, aswe have seen, there are caseswherethis could be expensive. Thesolutionis
to cut the heap along the dashed line, thus creating two trees, and then merge the two treesback into one. L et x be the node to which
the decrease_key operation isbeing applied, and let p be its parent. After the cut, we have two trees, namely, H1 with root x, and T2,
whichistheoriginal tree with H1 removed. Thesituationisshownin Figure 11.12.

If thesetwo treeswere both | ftist heaps, then they could be merged in O (log n) time, and wewould be done. It iseasy to seethat H1
isaleftist heap, since none of its nodes have had any changesin their descendants. Thus, sinceall of itsnodes originally satisfied the

|eftist property, they still must.

Nevertheless, it seemsthat this schemewill not work, because T2 isnot necessarily | eftist. However, itiseasy toreinstate the | eftist
heap property by using two observations:

*Only nodes on the path from p to the root of T2 can bein violation of theleftist heap property; these can befixed by swapping
children.

*Since the maximum right path length has at most |.I og(n + 1)] nodes, we only need to check the first |.| og(n + 1)] nodes on the path
from p to theroot of T2. Figure 11.13 shows H1 and T2 after T2 is converted to aleftist heap.
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Figure 11.14 decrease_key (H,x,9) completed by merging HI and H2

Because we can convert T2 to the leftist heap H2 in O (log n) steps, and then merge H1 and H2, we have an O (log n) algorithm for
performing the decrease_key operation in leftist heaps. The heap that resultsin our exampleisshownin Figure 11.14.

11.4.2. Lazy Merging for Binomial Queues



The second ideathat is used by Fibonacci heapsis lazy merging. Wewill apply thisideato binomial queues and show that the
amortized time to perform a merge operation (aswell asinsertion, which isaspecial case) is O(1). The amortized time for delete_min
will still be O(log n).

Theideaisasfollows: To mergetwo binomial queues, merely concatenatethetwo listsof binomial trees, creating anew binomial
queue. This new queue may have several trees of the samesize, soit violatesthe binomial queue property. Wewill call thisalazy
binomial queuein order to maintain consistency. Thisisafast operation, which alwaystakes constant (worst-case) time. As before, an
insertion is done by creating aone-node binomial queue and merging. Thedifferenceisthat the mergeislazy.

The delete_min operation ismuch more painful, becauseitiswherewefinally convert thelazy binomia queue back into astandard
binomial queue, but, aswewill show, itisstill O (log n) amortized time-but not O(log n) worst-casetime, as before. To performa
delete_min, wefind (and eventually return) the minimum element. Asbefore, we del eteit from the queue, making each of itschildren
new trees. Wethen mergeall thetreesinto abinomial queue by merging two equal-sized treesuntil it isno longer possible.

As anexample, Figure 11.15 showsalazy binomial queue. In alazy binomial queue, there can be morethan onetree of the samesize.
We can tell the size of atree by examining theroot's rank field, which givesthe number of children (and thusimplicitly the type of
tree). To perform the delete_min, we remove the smallest element, asbefore, and obtain thetreein Figure 11.16.
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Figure11.16 L azy binomial queueafter removingthesmallest element (3)

Wenow haveto mergeall thetreesand obtain astandard binomial queue. A standard binomial queue has at most onetree of each
rank. In order to do thisefficiently, we must be able to perform the mergein time proportional to the number of treespresent (T) (or
log n, whichever islarger). Todo this, weforman array of lists, LO, L1, . . ., LRma+ 1, where Rmax isthe rank of the largest tree. Each
list Lr contains all of the trees of rank r. The procedurein Figure 11.17 isthen applied.

Each time through theloop, at lines 3 through 5, the total number of treesisreduced by 1. Thismeansthat this part of the code, which
takes constant time per execution, can only beperformed T - 1 times, where T isthe number of trees. The for loop counters, and tests
at the end of the while loop take O (log n) time, so the running timeis O (T + log n), asrequired. Figure 11.18 showsthe execution of

thisalgorithm onthe previouscollection of binomial trees.

Amortized Analysisof Lazy Binomia Queues

Amortized Analysis of Lazy Binomial Queues



To carry out the amortized analysis of lazy binomial queues, wewill usethe same potential function that was used for standard
binomial queues. Thus, the potential of alazy binomial queueisthe number of trees.

THEOREM 11.3.

Theamortized running times of merge and insert are both O(1) for lazy binomial queues. Theamortized runningtime of delete_minis
O(logn).

PROOF:

Thepotential function isthe number of treesin the collection of binomia queues. Theinitia potential is0, and the potential isaways
nonnegative. Thus, over asequence of operations, thetotal amortized timeisan upper bound on thetotal actual time.

/*1*/ for(r =0; r <= Llog nJ; r++ )
[*2%/ while ( |Lr| = 2)
{

[ *3%/ renove two trees fromdLr;
[ *4%] nerge the two trees into a new tree;
/*5*/ add the newtree to Lr+l ;

}

Figure11.17 Proceduretoreinstateabinomial queue
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Figure11.18 Combiningthebinomial treesintoabinomial queue

For the merge operation, the actual timeisconstant, and the number of treesin the collection of binomial queuesisunchanged, so, by
Equation (11.2), theamortized timeis O(1).

For the insert operation, the actual timeisconstant, and the number of treescan increase by at most 1, so theamortized timeis O(1).



The delete_min operation ismore complicated. Let r betherank of thetreethat containsthe minimum element, and let T be the
number of trees. Thus, the potential at the start of the delete_min operation is T. To perform adelete_min, the children of the smallest
node are split off into separate trees. Thiscreates T + r trees, which must be merged into astandard bi Qomi al queue. The actual timeto
performthisis T +r + log n, if weignore the constant in the Big-Oh notation, by the argument above. On the other hand, oncethisis
done, there can be at most log n treesremaining, so the potential function canincreaseby at most (logn) - T. Adding the actual time
and the changein potential givesan amortized bound of 21og n + r. Since al thetrees are binomial trees, we know that r slogn. Thus
we arrive at an O(log n) amortized time bound for the delete_min operation.

*We can do this because we can place the constant implied by the Big-Oh notation in the potential function and still get the

cancellation of terms, which isneeded in the proof.

11.4.3. The Fibonacci Heap Operations

Aswementioned before, the Fibonacci heap combinestheleftist heap decrease_key operation with thelazy binomial queue merge
operation. Unfortunately, we cannot use both operationswithout aslight modification. Theproblemisthat if arbitrary cutsaremadein
the binomiadl trees, theresulting forest will no longer be acollection of binomial trees. Because of this, it will nolonger betruethat the
rank of every treeis at most |.I og nJ Since the amortized bound for delete_mininlazy binomia queueswasshowntobe2logn +r,
we need r = O(log n) for the delete_min bound to hold.

In order to ensure that r = O(log n), we apply the following rulesto all non-roct nodes:
*Mark a(nonroot) nodethefirst timethat it losesachild (because of acut).

*|f amarked node | oses another child, then cut it fromits parent. Thisnode now becomesthe root of aseparate tree and is no longer
marked. Thisiscalled a cascading cut, because several of these could occur in one decrease_key operation.

Figure 11.19 showsonetreein aFibonacci heap prior to a decrease_key operation.

When the node with key 39 ischanged to 12, the heap order isviolated. Therefore, the nodeis cut fromits parent, becoming theroot
of anew tree. Since the node containing 33 ismarked, thisisits second lost child, and thusitis cut from its parent (10). Now 10 has
lost its second child, soitiscut from 5. The process stops here, since 5 wasunmarked. 5isnow marked. Theresultisshown in Figure
11.20.

Noticethat 10 and 33, which used to be marked nodes, are no longer marked, because they are now root nodes. Thiswill beacrucial
observation in our proof of the time bound.

Figure11l.19 A treein theFibonacci heap prior todecreasing 39 to 12
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Figure11.20 Theresulting segment of the Fibonacci heap after thedecrease_key operation

11.4.4. Proof of the Time Bound

Recall that the reason for marking nodesisthat we needed to bound the rank (number of children) r of any node. We will now show
that any node with n descendants hasrank O(logn).

LEMMA 11.1.

Let x beany nodein a Fibonacci heap. Let ci betheith youngest child of x. Thentherank of ci isat leasti - 2.

PROOF:

At thetime when ci was linked to x, x already had (older) childrencl, c2, ..., ci-1. Thus, x had at least i - 1 children when it linked to
ci. Sincenodesareonly linked if they have the samerank, it followsthat at thetimethat ci waslinked to x, ci had at least i - 1 children.
Sincethat time, it could have lost at most one child, or elseit would have been cut from x. Thus, ¢i has at least i - 2 children.
FromLemma11.1, it iseasy to show that any node of rank r must have alot of descendants.

LEMMA 11.2.

Let Fk bethe Fibonacci numbersdefined (in Section 1.2) by FO = 1, F1 = 1, and Fk = Fk-1 + Fk-2. Any node of rank r 21 hasat least
Fr+1 descendants(includingitself).

PROOF:

Let S bethe smallest tree of rank r. Clearly, 0 = 1 and S1 = 2. By Lemma11.1, atree of rank r must have subtrees of rank at least r -
2,1-3,...,1 and0, plusanother subtree, which has at | east one node. Along with theroot of S itself, thisgivesaminimum value

§, =2+3028

for Sr>1 of i . Itiseasy to show that S = Fr+1 (Exercise 1.9a).

Becauseitiswell known that the Fibonacci numbersgrow exponentially, itimmediately followsthat any node with s descendants has
rank at most O(log s). Thus, we have

LEMMA 11.3.
Therank of any nodein a Fibonacci heapisO(logn).

PROOF:



Immediate from the discussion above.

If all wewere concerned about was thetime bounds for the merge, insert, and delete_min operations, then we could stop here and
provethedesired amortized time bounds. Of course, thewhole point of Fibonacci heapsisto obtain an O(1) time bound for

decrease_key aswell.

The actual timerequired for a decrease_key operationis 1 plusthe number of cascading cutsthat are performed during the operation.
Since the number of cascading cuts could be much morethan O(1), wewill need to pay for thiswith alossin potential. If welook at
Figure 11.20, we see that the number of treesactually increaseswith each cascading cut, so we will haveto enhance the potential
function to include something that decreases during cascading cuts. Notice that we cannot just throw out the number of treesfromthe
potential function, sincethenwewill not be ableto prove the time bound for the merge operation. Looking at Figure 11.20 again, we
seethat acascading cut causes adecreasein the number of marked nodes, because each node that isthe victim of acascading cut
becomes an unmarked root. Since each cascading cut costs 1 unit of actual timeand increasesthetree potential by 1, wewill count

each marked node astwo unitsof potential. Thisway, we have achance of canceling out the number of cascading cuts.
THEOREM 11.4.

Theamortized time boundsfor Fibonacci heapsare O(1) for insert, merge, and decrease_key and O(log n) for delete_min.
PROOF:

The potential isthe number of treesin the collection of Fibonacci heaps plustwice the number of marked nodes. Asusual, theinitial
potential is0 andisalwaysnonnegative. Thus, over asequence of operations, the total amortized timeisan upper bound on thetotal

actual time.

For the merge operation, the actual timeis constant, and the number of treesand marked nodesisunchanged, so, by Equation (11.2),
theamortized timeis O(1).

For the insert operation, theactual timeisconstant, the number of treesincreasesby 1, and the number of marked nodesisunchanged.

Thus, the potential increasesby at most 1, so the amortized timeis O(1).

For the delete_min operation, let r be the rank of the tree that containsthe minimum element, and let T be the number of trees before
the operation. To perform adelete_min, we once again split the children of atree, creating an additional r new trees. Notice that,
athough thiscan remove marked nodes (by making them unmarked roots), this cannot create any additional marked nodes. These r
new trees, along with the other T trees, must now be merged, atacostof T+r +logn =T + O(log n), by Lemma11.3. Since there can
be at most O(log n) trees, and the number of marked nodes cannot increase, the potential changeisat most O(logn) - T. Adding the

actual timeand potential change givesthe O(log n) amortized bound for delete_min.

Finally, for the decrease_key operation, let C be the number of cascading cuts. The actual cost of adecrease key isC + 1, which isthe
total number of cuts performed. Thefirst (noncascading) cut createsanew tree and thusincreasesthe potential by 1. Each cascading
cut createsanew tree, but convertsamarked node to an unmarked (root) node, for anet loss of one unit per cascading cut. Thelast cut
a so can convert an unmarked node (in Figure 11.20 it isnode 5) into amarked node, thusincreasing the potential by 2. Thetotal
changein potential isthus 3 - C. Adding the actual time and the potential change givesatotal of 4, whichis O (1).

11.5. Splay Trees



Asafinal example, weanalyzetherunning time of splay trees. Recall, from Chapter 4, that after an access of someitem x is
performed, asplaying step moves x to the root by a series of three operations: zg, zig-zag, and zig-zig. These tree rotations are shown
inFigure11.21. We adopt the convention that if atreerotation isbeing performed at node X, then prior to the rotation p isits parent
and g isitsgrandparent (if x is not the child of the root).

Recall that thetime required for any tree operation on node X is proportional to the number of nodes on the path from theroot to x. If
we count each zig operation as one rotation and each zig-zig or zig-zag astwo rotations, then the cost of any accessisequal to 1 plus
the number of rotations.

In order to show an O(log n) amortized bound for the splaying step, we need apotential function which can increase by at most O(log
n) over theentire splaying step, but which will also cancel out the number of rotations performed during the step. It isnot at all easy to
find apotential function that satisfiesthesecriteria. A simplefirst guessat a potential function might bethe sum of thedepthsof all
thenodesin thetree. Thisdoes not work, becausethe potential can increase by & (n) during an access. A canonical example of this

occurswhen elementsareinserted in sequential order.

A potential function @ which doeswork, is defined as

®(T) = > logSiil.

iET

(i) represents the number of descendantsof i (including i itself). The potential functionisthe sum, over al nodesi inthetree T, of the
logarithm of S(i).
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Figure11.21 zig, zig-zag, and zig-zig oper ations; each hasasymmetric case (not shown)

To simplify the notation, we will define

R(i) = logs(i).

Thismakes



$(T) = > Rii}

=T
R(i) representsthe rank of node i. The terminology issimilar to what we used in the analysi s of the digjoint set algorithm, binomial
queues, and Fibonacci heaps. In all these datastructures, the meaning of rank is somewhat different, but isgenerally meant to be on
the order (magnitude) of thelogarithm of the size of the tree. For atree T with n nodes, the rank of theroot issimply R(T) = log n.
Using the sum of ranksasapotential functionissimilar to using the sum of heightsasapotential function. Theimportant differenceis
that while arotation can change the heights of many nodesin thetree, only x, p, and g can have their ranks changed.
Before proving themain theorem, we need thefollowing lemma.
LEMMA 11.4.
If a+ b=c, and aand b are both positiveintegers, then
loga+logb=2logc- 2.
PROOF:
By the arithmetic-geometric mean inequality,

vab=(a+ b)/2

Thus

—

Jab = ef2

Squaring both sides gives

ab = 02/ 4

Taking logarithms of both sides provesthelemma.

With the preliminariestaken care of, we are ready to prove the main theorem.

THEOREM 11.5.

The amortized timeto splay atreewithroot T at node x isat most 3(R(T) - R(x)) + 1 = O(log n).
PROOF:

The potential function isthe sum of theranksof thenodesin T.

If xistheroot of T, then there are no rotations, so thereisno potential change. The actual timeis 1 to accessthe node, thusthe

amortized timeis 1 and the theorem istrue. Thus, we may assumethat thereisat |east onerotation.



For any splaying step, let Ri(x) and S(x) be the rank and size of x before the step, and let Rf(x) and Sf(x) be the rank and size of x
immediately after the splaying step. Wewill show that the amortized time required for azig is at most 3(Rf(x) - Ri(x)) + 1 and that the
amortized timefor either azig-zag or zig-zig is at most 3(Rf(X) - Ri(x)). Wewill show that when we add over all steps, the sum
telescopesto the desired time bound.

Zig step: For the zig step, the actual timeis 1 (for the singlerotation), and the potential changeis Rf(x) + Rf(p) - Ri(X) - Ri(p). Notice
that the potential changeis easy to compute, becauseonly x and p'strees change size. Thus

ATzig = 1 + Rf(x) + Rf(p) - R(x) - Ri(p)

From Figure 11.21 we seethat Si(p) E‘S‘(p); thus, it followsthat Ri(p) E'Rf(p). Thus,

ATzig &1+ RE(x) - R(x).

Since S(x) 25 (%), it follows that Rf(x) - Ri(x) =20, sowe may increase the right side, obtaining
ATzig S 1 + 3(Ri(x) - Ri(x)).

Zig-zag step: For the zig-zag case, the actual cost is2, and the potential changeis Rf(x) + Rf(p) + Rf(g) - Ri(X) - Ri(p) - Ri(g). This
gives an amortized time bound of

ATzig-zag = 2 + Rf(x) + Rf(p) + Ri(g) - Ri(x) - Ri(p) - R(9).

From Figure 11.21 we see that Sf(x) = S(g), so their ranks must be equal. Thus, we obtain
ATzig-zag = 2 + Rf(p) + Rf(g) - R(x) - Ri(p).

We also seethat S(p) 2s (x). Consequently, Ri(x) =Ri(p). Making thissubstitution gives
ATzig-zag = 2 + Rf(p) + Rf(g) - 2R (x).

From Figure 11.21 we see that Sf(p) + Sf(g) =Sf(x). If we apply Lemma 11.4, we obtain
log Sf(p) + log Sf(g) =2 log SF(x) - 2.

By definition of rank, this becomes

Ri(p) + Ri(g) = 2R(x) - 2.

Substituting thiswe obtain

ATzig-zag & 2Rf(x) - 2Ri(X)
S 2(Ri(x) - Ri(x)

Since Rf(X) =Ri (), we obtain

ATzig-zag & 3(Rf(x) - Ri(x)).



Zig-zig step: Thethird caseisthe zig-zig. The proof of this caseisvery similar to the zig-zag case. The important inequalities are Rf(x)
= R (g), Rf(X) ZRf(p), Ri(X) SRi(p), and S(x) + S(g) SS(X). We leave the detail s as Exercise 11.8.

Figure11.22 Thesplaying stepsinvolved in splaying at node 2

The amortized cost of an entire splay isthe sum of the amortized costs of each splay step. Figure 11.22 showsthe stepswhich are
performed in asplay at node 2. Let R1 (2), R2(2), R3(2), and R4(2) be therank of node 2 in each of thefour trees. The cost of thefirst
step, whichisazig-zag, isat most 3(R2(2) - R1(2)). The cost of the second step, whichisazg-zig, is 3(R3(2) - R2(2)). Thelast step is
azigand hasacost no larger than 3(R4(2) - R3(2)) + 1. Thetotal cost thustelescopesto 3(R4(2) - R1(2)) + 1.

In general, by adding up the amortized costs of al therotations, of which at most one can be a zig, we see that the total amortized cost
to splay at node x isat most 3(Rf(x) - Ri(x)) + 1, where Ri(x) istherank of x beforethefirst splaying step and Rf(X) is the rank of x
after thelast splaying step. Sincethelast splaying step leaves x at the root, we obtain an amortized bound of 3(Rf(T) - Ri(x)) + 1,
whichis O(log n).

Because every operation on asplay treerequiresasplay, theamortized cost of any operation iswithin aconstant factor of the
amortized cost of asplay. Thus, al splay tree operationstake O(log n) amortized time. By usingamoregeneral potential function, itis
possibleto show that splay treeshave several remarkable properties. Thisisdiscussed in more detail inthe exercises.

Summary

Inthischapter, we have seen how an amortized analysis can be used to apportion chargesamong operations. To perform theanalysis,
weinvent afictitious potential function. Thepotential function measures the state of the system. A high-potential datastructureis
volatile, having been built on relatively cheap operations. When the expensive bill comesfor an operation, itispaid for by the savings
of previousoperations. Onecan view potential as standing for potential for disaster, in that very expensive operations can only occur
when the data structure has a high potential and has used considerably lesstime than has been all ocated.

Low potential in adatastructure meansthat the cost of each operation has been roughly equal to theamount allocated for it. Negative
potential means debt-- moretime has been spent than has been allocated, so the allocated (or amortized) timeisnot ameaningful
bound.

Asexpressed by Equation (11.2), theamortized timefor an operation isequal to the sum of the actual time and potential change.

Taken over an entire sequence of operations, the amortized timefor the sequenceisequal to thetotal sequencetime plusthenet



changein potential. Aslong asthisnet changeis positive, then the amortized bound providesan upper bound for the actual time spent
and is meaningful.

Thekeysto choosing apotential function areto guarantee that the minimum potential occursat the beginning of the algorithm, and to

havethe potential increasefor cheap operationsand decreasefor expensive operations. It isimportant that the excessor saved timebe
measured by an opposite changein potential. Unfortunately, thisis sometimes easier said than done.

Exercises

11.1 When do m consecutiveinsertionsinto abinomia queuetakelessthan 2m time units?

k-1
11.2 Suppose abinomial queue of n=2 elementsisbuilt. Alternately performminsert and delete_minpairs. Clearly, each
operation takes O(log n) time. Why doesthisnot contradict the amortized bound of O(1) for insertion?

*11.3 Show that theamortized bound of O(log n) for the skew heap operations described in the text cannot be converted to aworst-
case bound, by giving asequence of operationsthat lead to a mergerequiring £ (n) time.

*11.4 Show how to merge two skew heaps with one top-down pass and reduce the merge cost to O(1) amortized time.
11.5 Extend skew heapsto support thedecrease _key operationin O(log n) amortized time.
11.6 Implement Fibonacci heapsand comparetheir performancewith binary heapswhen usedin Dijkstra'salgorithm.

11.7 A standard implementation of Fibonacci heaps requiresfour pointers per node (parent, child, and two siblings). Show how to
reduce the number of pointers, at the cost of at most aconstant factor in the running time.

11.8 Show that the amortized time of azig-zig splay is at most 3(Rf(x) - Ri(x)).

11.9 By changing the potential function, itispossibleto provedifferent boundsfor splaying. L et theweight function W(i) be some
function assigned to each nodein the tree, and let S(i) be the sum of theweights of all the nodesin the subtreerooted at i, including i
itself. The specia case W(i) = 1 for all nodes correspondsto the function used in the proof of the splaying bound. L et n be the number
of nodesinthetree, and let m be the number of accesses. Prove thefollowing two theorems:

a Thetotal accesstimeisO(m + (m + n)log n).

*h. If gi isthe number of timesthat itemi isaccessed, and gi > Ofor dl i, then thetotal accesstimeis

O (m + > qiloglm/ g

i=1

11.10 a. Show how to implement the merge operation on splay trees so that a sequence of n -1 merges starting from n single-element
treestakesO(nlog n) time.

*b. Improve the bound to O(n log n).



11.11 In Chapter 5, we described rehasing: When atable becomes morethan half full, anew tabletwice aslargeis constructed, and
theentire old tableisrehashed. Giveaformal amortized analysis, with potential function, to show that the amortized cost of an
insertionisstill O(1).

11.12 Show that if deletions are not allowed, then any sequence of minsertionsinto an n node 2-3 tree produces O(m + n) node splits.
11.13 A dequewith heap order isadatastructure consisting of alist of items, on which thefollowing operationsare possible:
push(x,d): Insert item x on the front end of deque d.

pop(d): Removethefront item from deque d and return it.

inject(x,d): Insert item x on the rear end of deque d.

gject(d): Removetherear item from deque d and return it.

find_min(d): Returnthe smallestitem from deque d (breaking tiesarbitrarily).

a. Describe how to support these operationsin constant amortized time per operation.

**h, Describe how to support these operationsin constant worst-case time per operation.
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